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properties of the functions:

&(x,D)=P{B, €D,B,€D,...,B, €D}
B: = Brownian motion (twice the speed) in RY, D C RY open connected
(referred to as "domains”), x € D,

O<ti<tr---<tp
Same as studying Multiple Integrals:

m
(‘I)m(X,D):/ .../Hpgjzltj_l(xj—)(J-,l)dxl...de,
p Jpj

1

T alyPrar
(4rt)dr2©

xo=x and p{?(y) =

More general, study for any times:

m
d,(x,D) = /D . --/DHpEJ?)(xj — Xj_1)dxy ... dXm, 0 < tj < oo
j=1
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But Why? Not Terribly Exciting, you may say. | agree!

What is the smallest Dirichelt eigenvalue \; ., for the rotationally invariant stable
processes of order 0 < « < 2 for the interval (—1,1)?

v

Note: | learned this from Davar Khoshnevisan about 8 years ago.
Has been investigated by

@ Investigated by: M.Kac-H. Pollar (1950). H. Widom (1961), J. Taylor
(1967), B. Fristedt (1974), J. Bertoin (1996), Khosnevisan—-Z. Shi (1998).

v

@ | don't know the answer and, to be perfectly honest, don't care.

@ In the process of investigating this “simple” question we "discovered” that
little is known about the "fine" spectral theoretic properties of stables.

@ More Exciting: The techniques give new Theorem for the Laplacian (BM).

v
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But, what is it known?

R.B.and R. Latala and P. Méndez (2001) and R.B.and T. Kulczycki (2004)

)
(%)

r(
20T (1+

Coc,d =

NS LSS

B(0,1) = unit ball in RY.

1 1 B(d/2,0/2+1)
< Ma(B(0,1) <
Cog — " (B(0,1)) wd B(a/2,a+1)

For o = 1 (Cauchy processes), B(0,1) = (—1,1) (as in Davar's question)

1< < 3% ~ 1.178

T _ ™
8 2 V4

That is, eigenvalue for Cauchy is not the square root of the one for

Note:

Brownian motion!
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Variational Formula: For any D c R

The Dirichlet form, (£, F), for stables processes, 0 < o < 2, in RY is

E(Frg) = Aug /Rd [ (f(x) — f(¥))(&(x) — &(y)) d dy

|X_y|a+d

and
. 2
F={fel}RY: // [f(x) = FWI” dx dy < oo
Rd Jra |X — y|otd

ar( dga)
Aa d —
4T Qimagd2r(1 - g)

with
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From this we have for any region D C R¢:

ua0) = int {Ana [ [ IO oy am [ utoohote)on

where “inf" is over all u € (5° with

[ t)Pay 1.

dy
Kole) = [ =y

Rodrigo Baiiuelos (Purdue University) F.D.D May, 2008/Seoul 6 /34



Eigenvalues and eigenfunctions enter into path properties of BM

Theorem (Chungs's LIL. Set B} = Supg<s<t |Bsl)

log log t\ /2
Iiminf(%) Bi=Z as. (1)

But, is 7 really just our “good-old-friend” 7 or is it something else?

(1) comes from Borel-Cantelli arguments and the “small balls” probability
estimate.

2
Po{Bf <e}m~e 2Z, -0

Po{B; < ¢} = Py {EBt < 1} =P {BE% < 1} = P {T(_Ll) > 62}

T(—1,1) = inf{t >0: B; ¢ (—1,1)} = first exit time from the interval
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As we shall see,

1
Po {m_11) > t} & e %1 (0) / el ¢ = om,
1

where A1 is the smallest eigenvalue for one half of the Laplacian in the interval
(=1, —1) with Dirichlet boundary conditions and 1 is the corresponding
eigenfunction. That is, 72/4 and the “sin” function.

For any 0 < o < 2, let X be the rotationally invariant stable process of order a.
A similar statement holds for the “small ball" probabilities and there is

Theorem (J. Taylor 1967)

log log ¢\ */® 1/
lim inf (t> X = (a)Ye, as. )

t—oo
v

For several other occurrences of the eigenvalue in “sample path behavior,” see
Erkan Nane: “Higher order PDE's and iterated Processes” and “lterated
Brownian motion in bounded domains in R"” "

v

Rodrigo Baiiuelos (Purdue University) F.D.D May, 2008/Seoul 8 /34



Recall

A Lévy Process is a stochastic process X = (X;), t > 0 with

@ X has independent and stationary increments
@ Xp =0 (with probability 1)

e X is stochastically continuous: For all € > 0,

lim P{[X; — X;| > ¢} =0

Note: Not the same as a.s. continuous paths. However, it gives
“cadlag” paths: Right continuous with left limits.

Rodrigo Baiiuelos (Purdue University) .D. May, 2008/Seoul 9 /34



@ Stationary increments: 0 < s <t < 0o, A€ R? Borel
P{X; — Xs € A} = P{X;_s € A}
@ Independent increments: For any given sequence of ordered times
O<ti <t < - <ty <o,
the random variables
X, — Xo, Xe, — Xeyy ooy Xe,, — Xty
are independent.

The characteristic function of X; is

pel€) = E (¢57%) = / e/ py(dx) = (27)*/25i(¢)

where p; is the distribution of X;. Notation (same with measures)

(&) = (27T1)d/2 /R ) e™Ef(x)dx, f(x = (27T1)d/2 /R ) e X EF(€)dE
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The Lévy—Khintchine Formula

The characteristic function has the form ,(¢) = et?(€), where

p€) =€~ 56 Ac+ [ (€97~ 1= it xlen () ()

Rd

for some b € RY, a non—negative definite symmetric n X n matrix A and a Borel
measure v on RY with {0} = 0 and

/]Rd min (|x|2, 1) v(dx) < oo

p(&) is called the symbol of the process or the characteristic exponent. The
triple (b, A, v) is called the characteristics of the process.

Converse also true. Given such a triple we can construct a Lévy process. )
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7. The rotationally invariant stable processes: These are self-similar
processes, denoted by X&, in R? with symbol

p(&) = —I¢1%, 0<ac<2

That is,
pel€) = E (e5X7) = et

a = 2 is Brownian motion. o = 1 is the Cauchy processes.

Transition probabilities:

P X € A} = / pX(x —y)dy, any Borel ACR?
A

« 1 —i&x — «
pr(x) = (27)? /Rde Exemthl d§

p2(x) = ———=e a,  (log-concave) « =2, Brownian motion

Gyt
pi(x) = W, (NOT log-concave) «a =1, Cauchy Process
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Subordinators

A subordinator is a one-dimensional Lévy process { T;} such that

(i) T: > 0 as. for each t > 0, (ii) Ty, < Ty, a.s. whenever t; < t,

Theorem (Bertoin, p.73: Laplace transforms)

E(e ) = e M x>0,

P(N) = b\ + /OOO (1—e ) v(ds)

b >0 and the Lévy measure satisfies v(—00,0) = 0 and [~ min(s, 1)v(ds) < cc.
1 is called the Laplace exponent of the subordinator.

v

Theorem (Applebaum, p. 53)

If X is an arbitrary Lévy process and T is a subordinator independent of X,
then Z, = X7, is a Lévy process. For any Borel A C R,

pz(A) = / ” o, (A)pr (d5)
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Lévy semigroup

For the Lévy process {X(t);t > 0}, define
T.f(x) = E[f(X(1))| X0 = x] = Bo[f(X(t) +x)], f € S(RY).
This is a Feller semigroup (takes Co(R?) into itself). Setting
pt(A) = Po {X; € A} (the distribution of X;)

we see that (by Fourier inversion formula)

T = [ 1t o) = poo ) = oo [ eSO (e

with generator

Ay = I i 2 (B gr(x(0)] - £(0)
1

= ﬁ/ e %€ p(€)F(€)dE = a pseudo diff operator, in general
(27T) RY
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Many questions on the “fine” potential theoretic properties of solutions for
(—A)*/2 and more general Lévy processes, especially subordinations of Brownian
motion, have been studied by many authors in recent years. Examples:

@ Regularity of heat kernels, general solutions of “heat equation”, Sobolev,
log-Sobolev inequalities, “intrinsic ultracontractivity,” ...

@ “Boundary” regularity of solutions, including boundary Harnack principle,
“gauge theorems,” Fatou theorems, Martin boundary, ...

| am interested in the “fine” spectral theoretic properties of these processes

@ Estimates on eigenvalues, including the ground state A; , and the spectral
gap A2,o — A1,o, Number of “nodal” domains (Courant—Hilbert Nodal
domain Theorem), geometric properties of eigenfunctions, including a
“Brascamp-Lieb" log—concavity type theorem for ¢y , ...
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The semigroup for regions D C R

From now on X; = X;* is rotationally invariant stable with symbol
(&) =—lg*,  o0<a<2

Let D be a bounded connected subset of RY. The first exit time of X2 from D is

p =inf{t >0: X ¢ D}

Heat Semigroup in D is the self-adjoint operator

TPf(x) = E [f(Xf‘);TD > t], fel?D)

= /Dp?"’(x,y)f(y)dy,

Pe(x,y) = pi(x = y) = EX(1p < t: {1, (XS5, ¥))-
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p?’a(x, y) is called the Heat Kernel for the stable process in D.

a o (e —d/a 1 — €™ —d/a
P (x,y) < pE(x —y) < p(0)t=4/ = ((27r)" /Rde ‘ dg) e
— 4d/a Wd /Oo e 5s(2-1) s
(27T)da 0

oo T (/)
(2m)da

The general theory of heat semigroups gives an orthonormal basis of
eigenfunctions

{ematme on Lz(D)
with eigenvalues {\, o} satisfying

0<)\1,a<A2,aS)\3,aS"'_>OO

That is,

A

TPoma(x) = e maton, o (x), x € D.
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_Al,at

D,OL m [e?
pe(xy) = e Mo o (X)p1a(y) + Z e o 0 (X)Pm.aly)

Theorem (From “Intrinsic Ultracontractivity”)

)\1 @it D,a

pe " (x,y)

—(X2,a—A1a)t < _— 2L = J4
e su
P1a(X)e1,a(y)

< —1| < C(D,a)e”Pea=ralt ¢ > 1,
x,y€D

For a = 2 this is valid for “many” domains but not all. For 0 < a < 2, valid
for any bounded domain.

i

Theorem (Implied by the Intrinsic Ultracontractivity result)

tlim e p frp >t} = s01,a(X)/ ©1,a(y)dy, (3)

1
tlim : log Px{mp > t} = —A1.a; (4)

uniformly for x € D.

v
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The Long and Twisted Conclusion

If I want to study the eigenfunction ¢1 , and A1, and how these are affected by
the geometry of the domain D, | should (better, must, ...) study the distribution
of the exit time 7p of the process. That is, study

PX{TD > t}
as a function of D, x € D, t > 0.
But (modulo a technical point):
P{mp >t} = PAXIeD; Vs,0<s<t}
= I|m PAXi/m€D,j=1,2,...,m}
= mlpoo/ / pt/m pt/m(xm Xm—1)dX1 . .. dXm
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PAXy eD,.... X, € D}

:/ / Hpg‘_tl;l(x,'—X,'_l)dxl...an
D Diz1

o (/D.../Dﬁlp;(x,_x,_l)dxl...dxn>

n

X Hga/2(ti — ti_1,S;)dsy...dsy

= / / PX{B251 € DvB2(Sl+52) S D""7B2(S1+52+-~+s") = D}
0 0

X Hga/Z(ti — ti_1,5;) dsy ... dsp.
Must study the function

b ,,(x, D) / / pr — Xj—1) dXy ... dXpm, X0 = X

No order on t;.
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For A C RY, A* =ball centered at the origin and same volume as A. Y% = xa-
f:RY - R,

o0
= [ g
(Compare this with)

fun—Amwaanm

Properties:

) =17(y), IxI=lyl, £ (x)=F(y), IxI<lyl
{x:f*(x) >t} ={x: |f(x)] > t}* (same level sets)

= m{x: *(x) > A} = m{x: |f(x)] > A}
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Theorem (Luttinger 1973)

Let fi,. .., f, be nonnegative functions in RY and let f, ..., f} be their
symmetric decreasing rearrangement. Then for any xo € D we have

/ Hf(xJ Xj_1)dxq - - dxmg/ H Xj — Xj_1)dxq - - - dXp.
bmiy D~ }"’ —2

D*=ball center at zero and and same volume as D

Theorem (R. B. Latala, Méndez, 2001 (d = 2), Méndez 2003, d > 3)

D c RY convex of finite inradius rp and S infinite strip of inradius rp Let
fi,...,fn be nonnegative radially symmetric decreasing on R?. For any zy € RY,

/ /H —Zji_1)dz - - dz, <
j:1

/.../ﬂ(zl)Hﬂ-(zj—zj_l)dzl-~~dzm
s Js i3

V.
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Corollary (Isoperimetric property for stable and symmetric Lévy Processes)

®pn(x, D) < &,(0,D%)
P A5 > t} < Po{75. > t}

sup Ex(75) < Eo(75+)
xeD

M, o(D*) < A\1,o(D) The Faber-Krahn Theorem
Capa(A) = Capa(A®),

(a-capacity version of a theorem of Polya—Szego. Proved by Watanabe 1984,
conjectured by Mattila 1990, Proved by Betsakos 2003, P. Méndez 2006)

Corollary (Same for the Trace)

z:(D) = mi Ana(D) / 520 (x, ) dx
< [ AP xn)de s Y el = 20

m=1
V.
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Classical Isoperimetric Inequality

Amongst all regions of equal volume the ball minimizes surface area. It
follows from “trace inequality” and

Theorem (M. Kac, “Can one hear the shape of a drum?")
With o = 2,

0D|=surface area of boundary of D,

Z%(D) ~ Cyt~9?vol(D) — C4t=@=D/219D| + o(t=@=D/2 t 0

The first term is trivial from

1 —Ix=y|?
We 4t PX{TD > t|Bt = y}

PP (x,y)

= free motion times Brownian bridge in D
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A detour into Weyl’s asymptotics

. v —tA H Y e —
tllmot /0 e du()\) =A= aI|m a ,u[O,a) F( 1)

Theorem (Weyl's Formula, ar = 2. Np(\) = #{j > 1: A; < A})

Np(X\) ~ Cqvol(D)A/2, X\ — oo

More difficult (and no probabilistic treatment exists):

Np(X) ~ Cqvol(D)AY/2 — C4|ADINI=1/2 4 o(Ald=1)/2)

Theorem (R.B. and T. Kulczycki (2007). 0 < o < 2)

/ PP (x, x)dx ~ Cyat=*vol(D) — Cit~@=1/*9D| 4 o(t~(d- 1/
D

as t — 0. This gives Weyl's version for all 0 < o < 2.
The $$ Question: Is there an a—version of the more general Weyl?
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Back on main road: Fixing other parameters besides volume

Question

Amongst all convex domains D C RY of inradius 1, which one has the largest exit
time for Brownian motion? Also, lowest eigenvalue? Answer: The infinite strip:

S=RI¥1x(-1,1)

A,

Theorem (For D convex with inradius 1.)

&(x, D) < ®(0,S), xe D

R.B. Méndez-Latala (2001), d = 2 and (2003), d > 3. (Convexity is essential
here!)

N

Corollary (For D convex with inradius 1 and 0 < o < 2.)

PX{TD > t} < Po{Ts > t} = PO{T(—l,l) > t} (5)
)\l,a(flal) S )\l,a(D) (6)1
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The Brascamp-—Lieb log—concavity result

Definition: F :RY — R is said to be log-concave if

log F(Bx + (1 — B)y) > Blog F(x) + (1 — B) log F(y), x,y € R?

F(Bx+ (1= B)y) > F(x)’F(y)*?
Examples: .
F)= (47r)f’/2eflx‘z/4
and
F(X) = XD(X)a

D c R? is convex, are log—concave.

Theorem (Prékopa (1971))

Convolutions of log-concave functions are log-concave.

Corollary (D c RY convex)

For Brownian motion, the function ®,(x, D) is log-concave.
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Corollary (Brascamp-Lieb (1979))

For any bounded convex domain D C R? and for Brownian motion, the
function P,{7p > t} is log-concave and therefore so is the “ground state”
eigenfunction ¢; 5(x). In fact, this holds for the “ground state”
eigenfunction for the Scrodinger operator —A + V where V : D — [0, 00) is
convex.

Note: Unfortunately we cannot conclude the same for 0 < a < 2. Why?

Question (D c RY convex, 0 < a < 2)

Are the functions P, {7p > t} and/or ¢ ,(x) log-convex?

Known only for « =1, D = (—1,1). In fact, in this case the functions are
concave, just like for o = 2.

Several other partial results are known for special doubly symmetric
domains in the plane.
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Definition

D C RY be a convex symmetric relative to each coordinate axes. J any line
segment in D parallel to the x;-axis intersecting dD only at the two points.

F : D — R, is mid—concave on J if it is concave on mid half of J. F mid—concave
along the x;—axis if it is mid—concave on every such segment contained in D
parallel to the x;—axis. Same for mid—concavity along the x-axis, - --. F
mid—concave on D if it is mid—concave along each coordinate axes.

.

Theorem (R.B.-Méndez-Kulczycki, 2006)

Q C RY a rectangle. ®p(x, Q) = P{XX € Q,..., X € Q} is mid—concave in
Q for any 0 < « < 2. In addition, if x = (x1,...,x,) € Q, then
0 . 0 .
—F(x) >0, ifx; <0, and a—F(X) <0, ifx; > 0.
; X;

OX;

.

But (recall, xo = x)

1 1 m
dn(x) = /1 . / . Hpgfz)(x,-_lfx,-) dxy ... dx,, not concave on (—1,1) for all t;.
- -1z
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“Hot—spots” conjecture of Jeff Rauch (University of Michigan)-1973

The maximum (and the minimum) of the “first” non-constant Neumann
eigenfunction for bounded convex domains are attained on the boundary
and only on the boundary of the domain.

Many partial results: R.B.-K.Burdzy (1999), D.Jerison-N.Darishavilli
(2000), M. Pascu (2001), R. Bass—K. Burdzy (2000), R.B.-M. Pang
(2003), R.B. M.Pang-Pascu (2004), R.Atar K.Burdzy (2005)

Counterexample: K. Burdzy-W. Werner (2000), K. Burdzy (2005)

Believed to be true for any simply connected domain, conjectured to be
true for any convex domain.

Unknown even for an arbitrary triangle in the plane!
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“Hot—spots” Conjecture for conditioned Brownian motion

Conjecture: The maximum and minimum for the first nonconstant eigenfunction
for the semigroup of Brownian motion conditioned to remain forever in a convex
domain are attained on the boundary and only on the boundary of the domain.

That is, the function ¢y /1 attains its maximum and minimum on the boundary
and only on the boundary of D.
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“Hot—spots” Conjecture for conditioned Brownian motion

Conjecture: The maximum and minimum for the first nonconstant eigenfunction
for the semigroup of Brownian motion conditioned to remain forever in a convex
domain are attained on the boundary and only on the boundary of the domain.

That is, the function ¢y /1 attains its maximum and minimum on the boundary
and only on the boundary of D.

Nodal line either: a) s—
or
b)  —
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Let D be a bounded domain in R? which is symmetric and convex with respect to
both axes.

(i) Ifz1=(x,y1) € DT, zo = (x,y2) € D" and y; < y», then

le{TD+ > t} Pzz{TD+ > t}
le{TD>t} Pzz{TD>t} ’

for any t > 0. In particular, the function

PZ{TD+ > t}

VD= B

for each t > 0 arbitrarily fixed, cannot have a maximum at an interior point
of DT.

(i) If z2 = (x1,y) € DT and z, = (x2,y) € DT with |x| < |x

, then

le{TD+ > l’} < Pzz{TD+ > t}
le{TD > t} - Pzz{TD > t} ’

for any t > 0.
T —— e — T —— S — T —
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Corollary

D C R? as in Theorem , be such that its nodal line is the intersection of the
x-axis with the domain. Without LOG, v, > 0 in D" and ¢, < 0 in D~. Set

V=p/p1.
(i) If z1 = (x,y1) € DT and z, = (x,y2) € Dt with y1 < y», then

\U(Zl) < \U(Zz).
(ii) Ifz1 = (x,y1) € D~ and z, = (x,y») € D~ with y» < y1, then
\U(Zl) < \U(ZQ).

In particular, W cannot attain a maximum nor a minimum in the interior of
D.

(ili) Ifz1 = (x1,y) € DT and z = (x2,y) € Dt with |x2] < |x1|, then

V(z1) < V(z). @)

.
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Corollary (Exact analogue of D. Jerison and N. Nadirashvili (2000) for classical

“hot—spots”)

Suppose D C R? is a bounded domain with piecewise smooth boundary which is
symmetric and convex with respect to both coordinate axes and that ; is as in
Theorem 1.2. Then strict inequality holds in (7) unless D is a rectangle. The
maximum and minimum of W on D are achieved at the points where the y-axis
meets OD and, except for the rectangle, at no other points.

Nodal line either: 2) s———
or

b)  —

Rodrigo Baiiuelos (Purdue University) F.D.D May, 2008/Seoul 34 / 34



	Lecture 1
	Question: Is the lowest eigenvalue for stable processes in an interval ``knowable" (as in the case of Brownian motion)?
	But, what is known?
	K.L. Chung's (and Taylor's) LIL--also irrelevant
	Quick review of Lévy Processes (probably not necessary nor sufficient)
	``Heat" semigroup for Brownian motion and stable processes and their eigenvalues and eigenfunctions

	Lecture 2
	Eigenvalues and eigenfunctions as survival time (lifetimes) probabilities
	My long and twisted road to Finite Dimensional Distributions (F.D.D.)
	Isoperimetric and Isoperimetric--type inequalities: Fixed volume, inradius, diameter, problems, questions, etc...


