SHARP /» INEQUALITIES FOR DISCRETE SINGULAR INTEGRALS
RODRIGO BANUELOS!, DAESUNG KIM2, AND MATEUSZ KWASNICKI?

Abstract. This paper constructs a collection of discrete operators on the d-dimensional
lattice Z%, d > 1, which result from the conditional expectation of martingale
transform in the upper half-space Rﬂlfl constructed from Doob h-processes. Spe-
cial cases of these operators are what we call the probabilistic discrete Riesz
transforms. When d = 1, they reduce to the probabilistic discrete Hilbert trans-
form used by the first and third authors to resolve the long-standing open problem
concerning the /P norm, 1 < p < oo, of the discrete Hilbert transform on the inte-
gers Z. The construction for d > 1 is motivated by a similar problem, Conjecture
5.5, concerning the norm of the discrete Riesz transforms arising from discretiz-
ing singular integrals on R? as in the original paper of A. P. Calderén and A. Zyg-
mund, and subsequent works of A. Magyar, E. M. Stein, S. Wainger, L. B. Pierce
and many others, concerning operator norms in discrete harmonic analysis. For
any d > 1, it is shown that the probabilistic discrete Riesz transforms have the
same /P norm as the continuous Riesz transforms on R? which is dimension inde-
pendent and equals the norm of the classical Hilbert transform on R. Along the
way we give a different proof, based on Fourier transform techniques, of the key
estimate used to identify the norm of the discrete Hilbert transform.
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1. Introduction

The probabilistic representation a la Gundy-Varopoulos [36] of the classical
Riesz transforms and other singular integrals and Fourier multipliers as condi-
tional expectations (projections) of stochastic integrals, in combination with the
sharp martingale inequalities of Burkholder [19] and their versions for orthogo-
nal martingales [14] and non-symmetric transforms [11, 24], have proven to be
powerful tools in obtaining sharp, or near sharp, LP-bounds for these operators
in a variety of geometric settings. A particular feature of these techniques is that
they give L”-bounds independent of the geometry of the ambient space, including
dimension. For example, such representation was used to show that the LP-norm,
1 < p < oo, of the Riesz transforms on R?%, d > 1, is the same as that of the
Hilbert transform on R found by S. Pichorides [55] and to obtain the first explicit
bounds for the Beurling-Ahlfors transform, see [14]. The former was first proved
using the method of rotations in [42]. For some history on norm estimates for
the Beurling—-Ahlfors transform motivated by the celebrated 1982 conjecture of T.
Iwaniec [41], and the current best known bound, see [8] and the overview article
[4].

One advantage of the martingale approach in obtaining explicit bounds is that
it immediately extends to geometric and analytic settings well beyond R¢, includ-
ing Wiener space, quite general semigroups including those of Lévy processes
and discrete Laplacian on groups. The interest on dimension free estimates for
Riesz transforms and other operators in harmonic analysis was sparked by the
results and questions raised in Stein [64] and Meyer [51]. For some of the now
vast literature on dimension free, and sharp bounds, for Riesz transforms and
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Fourier multipliers in a variety of geometric and analytic settings, we refer the
reader to [2,4-7,10-13, 15,21, 22,25-32,34,37,47-49, 52-54, 61, 69] and refer-
ences contained therein.

In his celebrated 1928 paper [62], M. Riesz solved a problem of considerable
interest at the time by showing that the Hilbert transform

(1.1) Hf(a:):p.v.%/f(xT_y)dy, feL’(R),

is a bounded operator on L”(R), 1 < p < co. For some history of this problem
and Riesz’s solution in 1925 before its publication in 1928, we refer the reader
to M. Cartwright’s article “Manuscripts of Hardy, Littlewood, Marcel Riesz and
Titchmarsh,” [23]. In his paper Riesz also showed that the boundedness of H on
LP(R) implies the boundedness of the discrete version Hg;s on (?(Z), where the
latter is defined by

(1.2) Huf) =~ 3 W fer@).

meZ\{0}

In fact, Riesz showed that the operator norms satisfy
(1.3) | H||lp—zr < [[Hais||er—ser, || Hais||er—ser < C||H || o510,

where C'is a constant independent of p.

The discrete Hilbert transform was introduced by D. Hilbert in 1909 who also
verified its boundedness on EQ(Z). Proving that the operator norms of H and H;,
1 < p < oo, are the same has been a long-standing open problem motivated in
part by an erroneous proof of E. C. Titchmarsh in 1926, [67,68]. In [55], S. Pi-
chorides showed that | H||r—» = cot(m/(2p*)), where p* = max(p,p/(p — 1)). In
[45], the same is shown for Hg; when p is of the form 2% or 28 /(28 — 1), k = 1,2,...
The proof is attributed to I. Verbitsky. For further history and references related
to this problem, see [2,25-28,38,45]. In [9], the equality of the norms was proved
forall 1 < p < oo by extending the Gundy-Varopoulos construction for Riesz trans-
forms to martingale transforms of Doob h-processes where the harmonic function
h corresponds to the periodic Poisson kernel. It was shown there that the discrete
Hilbert transform arises as the convolution of the projection of one of these Doob
martingale transforms, which has the desired bound, with a probability kernel.
Hence although this more general construction a la Gundy-Varopoulos does not
lead to an exact representation of the discrete Hilbert transform, unlike the situ-
ation of the continuous version of the Hilbert transform and the Riesz transforms
on R?, the extra step of convolving with a probability kernel preserves the norm
and resolves the equality of the norms of H and Hg; forall 1 < p < oo.

Given the successful use of the probabilistic techniques in deriving sharp and
dimension free estimates for singular integrals and Fourier multipliers as dis-
cussed above, and the interest on discrete analogues of many classical operators
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in harmonic analysis as studied in [18, 50, 56-60, 65, 66] (and many other refer-
ences contained therein), the following questions naturally arise.

Question 1.1. Can the construction of the probabilisitic operators in [9] be car-
ried out in higher dimension to obtain a collection of operators on Z%, d > 1, which
are closely related to the Riesz transforms and that have ¢?(Z%)-norms indepen-
dent of d? Are the extension of these operators to R? obtained simply by replacing
the discrete variable n € Z® by the continuous variable z € R® in their kernels with
the appropriate modification for the singularity at z = 0, also bounded on LP(R%)?
Are they Calderon-Zygmund operators?

Question 1.2. [s it possible to extend the sharp result in [9] for the discrete
Hilbert transform in 7 to the case of the discrete Riesz transforms in 7Z¢ where
the latter are defined as discrete convolutions with the corresponding Calderon-
Zygmund kernels, i.e., as defined in the classical paper of Calderon and Zygmund
[20, pg. 138]? The precise formulation of this question, which we state as a
conjecture, is found in Section 5.2.

In this paper we show that there is a natural collection of discrete operators on
Z¢ which have norms independent of the dimension and with the same constants
as those in the martingale transform inequalities of [19] and [14]. From these
operators we define what we call the probabilistic discrete Riesz transforms, de-
noted by Tym, £k =1,2,...,d, and show that for all d and all &,

(1.4) ||TH(k) ngﬁgp = COt(ﬂ'/(zp*)), 1< p < oQ.

These operators are closely related to the discrete Calderon-Zygmund Riesz trans-
forms. When d = 1, they reduce to what we call the probabilistic discrete Hilbert
transform, denoted by Ty, for which, with the additional step that Hg is the
convolution of Ty with a probability kernel, gives

T
(1.5) ||THHM=||Hdis||wz||H||Lw:cot(2—p*), 1 <p<oo

2. Organization and summary of results

The paper is organized as follows.

e Section 3.1 introduces the periodic Poisson kernel h on R%, d > 1, from which
we will define the Doob h-process used throughout the paper and derives some
of its basic properties. An important difference between d = 1 and d > 1 is
that in the first case we can write a simple explicit expression for h from which
many explicit computations are possible. A similar formula is not available for
d>1.

e Section 3.2 defines the h-harmonic extension of the function f : Z¢ — R and
discusses a connection to an interesting problem of Magyar, Stein, and Wainger
in [50], see Remark 3.4.
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e Section 3.3 defines the Doob h-process associated with the function h, their
martingale transforms and recalls the relevant martingale inequalities.

e Section 4.1 defines the projection operators, denoted by 74, as the conditional
expectations of the martingale transforms. Theorems 4.1 and 4.4 compute
their kernels and prove their boundedness on (?(Z%) with the same constants
as those in the martingale inequalities.

e Section 5.1 considers the discrete Calderén-Zygmund operators given by (5.4)
and proves their boundedness properties, see Propositions 5.1 and 5.2. Con-
jecture 5.5, and the weaker Problem 5.6, on the norm of the discrete Riesz
transforms a la Calderén-Zygmund are formulated in this section.

e Section 6.1 defines the probabilistic discrete Riesz transforms on Z¢ and shows
that their /?(Z?)-norms are the same as the norms of the classical Riesz trans-
forms on LP(RY), 1 < p < oo, see Theorem 6.6. From this it follows that the
p-norms of the classical Riesz transforms on L?(R%), the classical Hilbert trans-
form on LP(R), the discrete Hilbert transform on ¢?(Z), and probabilistic dis-
crete Riesz transforms on ((Z?) are all equal to cot(r/(2p*)). This gives further
evidence of the validity of Conjecture 5.5.

e Section 7 computes the Fourier transform of the probabilistic discrete Hilbert
transform. This allows for a new proof of the key Lemma 1.3 in [9] which
shows that the discrete Hilbert transform Hyg;, is the convolution of the prob-
abilistic discrete Hilbert transform with a probability kernel, see Theorem
7.1. The proof here, based on the Fourier transform and Bochner’s theorem
on positive-definite functions (Lemma 7.6), is computationally much simpler
than the one given in [9]. From this, the sharp /’-bound for Hyg; follows. The
natural question for Z¢, d > 2, is stated at the end of this section, see Question
7.7.

e Section 8 shows that replacing the discrete variable n € Z? by the continuous
variable z € R? in the kernel for the probabilistic discrete Riesz transforms, and
after a modification which does not affect the discrete operator, gives operators
that are bounded on LP(R%), 1 < p < oo, and except for discontinuity on the
sphere they satisfy (5.3) in the definition of Calderé6n-Zygmund kernels, see
Theorem 8.1 and Corollaries 8.3 and 8.4.

e Section 9 discusses a “method of rotation” by constructing certain discrete
Riesz transforms on Z¢ motivated by the classical ones and verifying that these
Riesz transforms have the same norms as the discrete Hilbert transform Hg;,
and the probabilistic discrete Riesz transforms 7y, see Theorem 9.5. This
section ends with Theorem 9.6 summarizing the /’-norms for the various dis-
crete versions of Hilbert and Riesz transforms studied in this paper.

e Section 10 presents some numerical calculations comparing the relative sizes
of the kernels for the discrete Riesz transforms, the probabilistic discrete Riesz
transforms and the discrete Riesz transforms constructed in the method of ro-
tations.
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Notation. The Fourier transform of a function f on R? is denoted by f where

-~

f(§) = f(x)e?™=¢d¢  for x € RY.
Rd

For a function f : Z¢ — R, the Fourier transform is denoted by F(f), where

F()E) =) fln)e ™€ for¢ e :=[-},3)"
nezd
Here, () is often called the fundamental cube.

The standard notations || f||.» and || f|l are used for the p-norm of functions
in LP(RY) and (P(Z%), respectively. ||T|r»—z» will denote the operator norm of
T : LP(R?) — LP(R?), and similarly |||z for the operator norm of T : ¢?(Z¢) —
(7).

The gradient and Laplacian of functions u(z,y) on the upper half-space R x
R, = {(z,y) : x € R% y > 0} are denoted by

ou ou Ou ou
Vu— (a_xla 78_l_daa_y) — <V:):u7 a_y)

d
Pu  *u ou?
=1

and

axf

respectively. By abuse of notation, for f : R? — R we will still use Af = Zle %

to denote its Laplacian on R¢.
Throughout the paper,

p*:max{p,L}, 1<p<oo.
p—1

C,Cy,Cy,...,C4will denote constants that depend only on d and whose value may
change from line to line.

3. Preliminaries

3.1. The periodic Poisson kernel. Let d > 1. The Poisson kernel for the upper
half-space R? x R, is given by
d+1
(3.1) p(l'ay>:$d+17 (l’,y) eRdXRJm Cd:F< il )7]_42“.
(jaf? +42)F 2
For 7,z € RY and y € R, we set p.(x,y) = p(x — 2,y). Since Ap.(x,y) = 0 and

p.(z,y) > 0 for all (z,y) € RY x R, and 2z € R?, we see that the function % defined
by

(3.2) Wz, y) = palz,y)

nezd

is also positive and harmonic. In addition, it is periodic in z in a sense that
h(z + m,y) = h(z,y) for all m € Z?. We call the function h(z,y) the periodic
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Poisson kernel. The following properties of h(z,y) will be used frequently in the
sequel.

Lemma 3.1. We have lim, ,, h(z,y) = 1 uniformly in z € R%. In particular, for
each yy > 0, there exist constants C,Cy > 0 such that C; < h(z,y) < C,, for all
r € RY and y > y,.

Proof. Recall that Q = [, 1)®. For z € R? and y > 0, we have
1=/p(fc—z,y)dZ=Z/ p(:c—z,y)dz:Z/pn(rc—z,y)dZ-
Re nezd V"R nezd’ @

We will estimate the quantity
pa(T,y) — / po(r —2,y)dz = / (Pu(,y) — pul® — 2,9)) dz.
Q Q

All constants (', C, ... below are positive and depend only on d. Observe that we

have
)

(]2 +y2) 2+
for all (z,y) € R? x R,. Furthermore, if z € R%, y > 1, 2 € Q and n € Z%, then

|z —n— 2> +y* > Colz — nf* + 42
It follows that

Yy
(o= — =2+ )"
S C3 Y d
(o = 2+ )7
<c, puly) o PalT,y)

(z—nl2+y2): =y
Thus,

n\T, (T,
im0z = i ) < C 200 o < 0 220,

We conclude that

) =11 = |3 [ o)z =l = z.0))d
nezd Q
< z:/Ipn(x,.y)clz—pn(ffﬁ—z,y)ldZ
nezd Q
< Z/C5Md2:%'
nezd Q y y

This proves the first statement of the lemma. The second assertion (ii) follows
from (i) and the fact that i(z,y) is positive, continuous, and periodic in z. O
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Clearly, h(z,y) > p(x,y), and thus for some constant C; depending only on d
we have h(z,y) > Cyy whenever z € () and y € (0,1). Since h(z,y) is periodic in
r with period 1, the same estimate holds for all # € R? and by combining this
inequality with Lemma 3.1, we find that

(3.3) h(x,y) > Comin{1, y}

for all (z,y) € RY x R,. Similarly, we have h(z,y) > p(z,y) > Cs when

Yy
Vatty?
r?+y* < 1landy € (0,1). For all other (z,y) the last estimate is weaker than (3.3)
(up to a constant factor), so we conclude that

(3.4) h(z,y) > C) ——2

Va2 +y?
holds for all (z,y) € R x R,.
We recall the Poisson summation formula.

Proposition 3.2 ([35, Theorem 3.1.17]). Suppose that f, fe L*(RY) and
[f@)| + [ f(2)] < CO+[z)?
for some C, 6 > 0. Then f and fare continuous and

(3.5) S flatn) =Y fln)erine

nezd nezd

for all x € R<,

Applying to the function f(x) = p(x,y) for which f( ) = e~27I"lv, we obtain that
(36) h(l’, y) = Z pg($ + n, y) = Z e—27r|n\y€27rin':c.

nezd nezd

From the fact that the Poisson kernel for the unit disc P,(f) is given by

2

_ 3 el — LT 0<r<1, 0<6<o2m
= 1+7r2—2rcosf’

we see that ford =1,

sinh(27y)

cosh(2my) — cos(2mx)

1
(3.7) h(z,y) = 5—Pe-am(2m2) =

This explicit expression for ~ when d = 1 is well known, see for example [40,
pg.70]. It was derived in [9, Lemma 3.1] by a different argument and used there
for many calculations. In particular, for d = 1, such formula permits explicit
calculations for various quantities involving the function ( .y see [9]. In Section
7 we will use this in the calculation of the Fourier transform of the kernel Ky
for the probabilistic discrete Hilbert transform. For d > 2, while we can express
h(z,y) in various other forms besides (3.2) and (3.6), it does not seem possible to
write such a convenient closed formula that will facilitate calculations with
in a similar manner.

h(r )
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3.2. h-harmonic extension. Let f : Z? — R be a function of compact support,
that is, f(n) = 0 all but finitely many n € Z<. Define

nezd
Note that uy is h-harmonic. That is, A(huy) = 0. Equivalently, u((z,y) is harmonic
in the upper half-space relative to the operator

1 Vh(z,y) -V
A4 —7
22 Thzy)

The following proposition provides information on the boundary values of u;.

Proposition 3.3. For each z € R, p,(z,y)/h(z,y) converges as y — 0. Let
U(z) be the limit, and f € (P(Z%) be compactly supported. Define f..(z) =
> neza f(M)¥(z —n). Then, fou(n) = f(n) for alln € Z* and || foxt||r < || f]]er-

Proof. Suppose = = 0. Note that p,(0,y)/h(0,y) < 1 and
h(0,y) = Oy—l—any Oy—l—z prEm)

nA0 n#0 \W +y ) E
< p(0,y) +cay Y In| 4.
n#0
Since the sum on the left hand side is finite, we have
1 < p(0,9)
L+ Caydtt = n(0,y)
Thus, if z = 0, the limit exists and ¥(0) =
Suppose z =n € Z%\ {0}. Then, lim, o p(n,y) = 0 and
Lo L,
< = —y :
h(n,y) ~— p(0,y) ca
Thus, the limit exists and ¥(n) = 0. For z € R?\ Z%, we have lim, o p(z,y)/y =
cqlz|7?1 and

<1

. (d+1)
71;—>0 = G Z |.CE ’

nezd

Since the sum is finite for each z € R?\ Z%, we conclude that ¥(z) is well-defined.

Note that
Z / Pu( ?J -1

nezd

Rd x,y

and

p pn
Sy

neZd
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By Fatou’s lemma, we have

/ U(x)dr <1, Z\Il(x—n)gl.

nezd

Thus, it follows from Holder’s inequality that

S 1P [ v —n) cz:c) (Z w—n)) < 1171

nezd nezd

| fextl[e = /Rd | fext ()P dz < (

0

Remark 3.4. Due to this Proposition, we call uy the discrete harmonic extension
of f.

When d = 1, we can use (3.7) to compute that

sin?(7z) 0
\Ijl(ﬂf) :\I](.T) — { m2x2 ) Z ?é )

1, xz=0.
For an arbitrary d = 1,2, ..., set U,(z) = [[°_, ¥, (z;) and consider the function

Jxt(x) =D f(n)¥a(z —n).
nezd
It was proved in [50] that for all d > 1, there exists a dimensional constant A; > 1
such that

1 ~
(3.9) A—HfHep < M fextlle < Adllf|lev-
d

The compact support of the Fourier transform of V,(x), which we are not able to
verify in our case for V(x) when d > 1, is crucial for the first inequality in (3.9).
The bounds in (3.9) were used in [50, Proposition 2.1] to show that the L”-norm of
a continuous Fourier multiplier operator T, when the multiplier is bounded and of
compact support, controls the /?-norm of its discrete version Ty, with a constant
depending on d. More precisely, suppose

K& = | K(z)e ™ ¢dy

Rd
is bounded and supported on the fundamental cube Q = [—3,3)%. Define the
Fourier multiplier 7 f(¢) = K (¢)f(¢) and its discrete version by

Thisf(n) = Z K(m)f(n—m).

meZd
Fix 1 < p < co. If T is bounded on L?(R?), then Ty is bounded on (?(Z4) and
(3.10) | Taisl| v —er < Cal|T || Lo 10,

where C,; = 3742,

Remark 3.5. The problem raised in [50, Remark (1), pg. 193],
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“it would be interesting to know if C; can be taken to be indepen-
dent of d, or for that matter if C; =1,”
has been shown not to be the case, at least for p near 1. See [44] for details.

3.3. The Doob h-process and martingale transforms. For the function A(z,y)
defined in (3.2), let Z; be a solution of the stochastic differential equation

VI(Z)
h(Z)

dZ; = dB; + dt,
where (B;):>o is the (d + 1)-dimensional Brownian motion starting from (z, yy) €
R? x R,. The lifetime of Z; in the upper half-space is defined by 7 = inf{t > 0 :
Y; = 0}. The lifetime 7 is finite with probability one and the process Z; only exits
the upper half-space on Z? x {0}. Indeed, at its lifetime Z, approaches the point
n € Z? with probability p,j((fj)), where (z,y) is the starting point of Z,. For the basic
properties and stochastic calculus for the Doob h-processes we refer the reader
to [16, Chapter 3].

We denote by (?(Z?) the space of all compactly supported functions in (P(Z4).
For f € (2(Z%), we define

M, = M = ug(Z,), forte (0,7).

By It0’s formula, Mtf is a martingale and satisfies

t
(3.11) M =M+ /vuf 5) - dZ, +;/ Aus(Z,)ds
Vh(Zy) - Vus(Z,)
f f
= M; /Vuf / A ds

:Mg"+/ Vug(Z
0

where (B;)>o is the (d + 1)-dimensional Brownian motion.
Let M441)(R) be the space of all (d + 1) x (d + 1) real matrices and denote its
norm by

|A]l = sup{||Av|| : v € R™*", |Ju]| < 1}.
By abuse of notation, for a matrix-valued function A : R? x R, — 9ﬁ<d+1)(R), that

is, A(z,y) = (Ai;(z,9))1<ij<ar1 for all z € R? and y > 0, we define

Al = sup  [[A(z,y)ll = sup{[|A(z, y)vl| : v € R™, [u]] <1, (z,y) € R x Ry}

(z,y)ERIXR

We say a matrix A(z,y) = (Aij(z,y)) € M1 (R) is orthogonal if (A(x,y)v,v) =
> i Ayjviv; = 0 for all (z,y) € R x Ry and all v € R*!. Let A(x,y) be a matrix-
valued function on R? x R, and f € ?(Z?). The martingale transform of (M )0
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with respect to A(z,y) is defined by

(Ax M7, = /t A(Z)Vuy(Z,) - dBs

:/0 A(Zs)vuf(zs).dzs_/o A(Zs)Vuz(éz))-Vh(zs) .

From the martingale inequalities in [19] (general A) and [14] (orthogonal A),
respectively, we have the following

Theorem 3.6. Let 1 < p < oo and recall that p* = max{p, I%}.

(i) Let A be a matrix-valued function with ||A|| < co. Then we have
A= M, < (0" = DA M7,
(ii) If A is orthogonal, then

™

40t < cot () A1),

4. Discrete operators arising from martingale transforms

4.1. The projection operators 7, and their / boundedness. For the rest of
this paper we fix our starting point (g, 1) to be (0,w), w > 0. For A : R? x R, —
M 11y (R) with ||A| < oo, f € 2(Z?) and n € Z¢, we define

(4.1) TH(f)(n) = B | (A* M),

XT:n]

We call these operators “projections of martingale transforms.” Our next goal
is two fold. Firstly, we show that when w — oo, they give rise to a family of op-
erators, denoted as T4, which are bounded on (2(Z%), 1 < p < oo, with the same
(P-bounds as those given in Theorem 3.6. In particular, these bounds are indepen-
dent of d. Secondly, we compute their kernels. Although these constructions are
in the style of Gundy-Varopoulos [36], we follow the approach in [3, Section 2]
using the occupation time formula in terms of the Green’s functions to compute
their kernels.

For each n € Z¢, we consider the processes (Z;);>o starting at (0,w) and con-
ditioned to exit the upper half-space at (n,0) and denote it by Zj*. Then Z} is
just Brownian in the upper half-space with drift %. Let us denote the Brownian
motion which arises as the martingale part of Z' by B;’, and the expectation of
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(Z;")e=0 by Efy,y- Then T} (f) can be written as
T3 (f)(n) = B | (Ax M) | X, =1

= E(o,w) /OT A(Z)Vug(Zs) - dZs — /OT A(ZS)Vuf((ZS .

:E”w_/AZ;‘Vu Zg-ng+/ s
(0, )_ 0 ( ) f( ) 0 pn(Z")

_/ A(Z)Vuy(Z7) - Vh(Z”)dS]
0 hZY)

T Vpn(Z™) Vh(Z”))
:Enw[/Azgvu Zg.( o) _ s ds]
o] J, AIVED Sz hz)
Next, we use the occupation time formula to write this expectation as an inte-

gral over R? x R,. Let us denote the Green’s function for the upper half-space
with pole (0, w) by G, (z,y). Then

2 2
L (W Q=1
2m 22 4 (y — w)?
Gw(xay) = F(d_l) 1 1
d2+1 d—1 d—1 ) d Z 2.
2 \([zP+|w—-y*) =z (2P +w+yP)=

Since the occupation time measure for the process Z;' is given by

Pn(2,y)Gu(7, y)

pa(0,w)
it follows from the occupation time formula that
n Vo, Vh(zx,
/ / pu(z,y)G y)A(mjy)Vw(m’y)_ ( pa(r,y)  Vh(x y)) Ay
Re JRy Pn( 0 w)

n(@y)  h(z,y)
:/Rd/R @G Y) 4 Tus(z,y) (Vp(n( ;J) pn(@,y)Vh(z, y)) Ay

b (0 w) h(z,y)?
/Rd /ﬂh ol 0 w) y)A(af,y)Vuf(w,y)-V (%) dydz.

For m,n € Z4, we define the kernel for the operator T by

(4.2) Ky (n,m) = T4 (6m)(n)

where 6,,(n) = 1 if m = n and otherwise 0. Note that us,, (z,y) = h(( .y and hence
we have

(4.3) T{(f)(n) = Y KE(n,m)f(m),

meZd
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where

(4.4) K% (n,m) = /IRd/]R %h(m,yﬂl(m,y}v <%n> -V <%> dydz.

With the kernels K% (n, m) defined for all w > 0, we like to compute the limit as
w — 0 and study their properties. For each m,n € Z? and f € (?(Z%), we define

(4.5) Ka(n,m) = h_I)Il K% (n,m)

and

(4.6) Ta(f)(n) = ) Kaln,m)f(m).
mez?

The following theorem shows that 7'y is well-defined and gives an explicit expres-
sion for it.

Theorem 4.1. Let A(x,y) be a matrix-valued function with ||A|| < co and m,n €
Z%. Then, K%(n,m) converges as w — oo and

Pm Pn
4.7) Ka(n,m) = lim KY(n,m)= /]Rd/ 2yh(z,y)A xy)V(h>-V(%)dydx.

wW—00

Lemma 4.2. Letd > 1, n € Z¢, and (z,y) € R? x R,. Then we have

W—00 pn(07w)
Ifn e Z¢

G’LU )

(z,9) < 29 (g)

Pn(0,w)

where
log(1+4t(t—1)7%), d=1,

4:.8 t - 1
(4.8) g(t) = {ﬁ 1, 150

Proof. The case d = 1 was proven in [9, Lemma 3.3]. For d > 2, we use the mean
value theorem to get
1 1
e = 2(d = Dwy(|z]* + |w — y* + dwye)~F
(Jz?+|w—yl) = (2P +|w+yl) =
= 2(d — Dyw™ (1 + |£ + [£]* 4 2(2e — 1)4)~
for some ¢ € (0,1). The first part follows now from

Gu(z,y) _ T(F)2(d = Dyw (1 + 2P + |2 +2(2c - 1)%)"

d+1 ]2 ) d+1

pn(0,w) — on%t cdw_d(l%—‘ E

d+1

a+1

2 y 441

_ 2y(1+ 1op
1+ 22+ |22 4 2(2e - DE)S
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and the other one is a consequence of the inequality

|n|? )%

Gu(t.y) _ 291+ up < 2y )
Po(0,w) (14212 4 |22 4226 — 1)) 5 — “\E -1 7

2 d+1

when w > |n. O
Lemma 4.3. Letd > 1,n € Z%, v € RY, and y > 0, then we have

Vpa(e,y) _d [Vhizy)l _d

polzy) ~ vy hlzy) Ty

Proof. Direct computation gives

0 ca(d +1)(x; — i)y (d+1)(2; —ny)

4.9 a_ FPnld, = - 3 — n\+, )

@9 ou;” ) (lz — n|? +y2) % e—nPry? " (@)
9 callr =n|* —dy*)  (Jz —n|* = dy?)

(410) 5 PnlT, = 13 n\ L, Y)-
R PR = P e LR

This in turn gives

’Vpn(x,yﬂz 1 2 2 2 2 212
pa(@, )2 g2(jx — nf? + y?)? <(d+ 1?92z — nf* + (Jz — n|* — dy?) )
1
= 2 (|lz — nf? + y2)? (|I — n|4 + (d2 + 1)y2|x _ n|2 + d2y4>
1
— g (e o+ )l =+ )
|z —nf + @y
2z -2+ y?)
d2
< —.
S

Let N > 0 and set h"(z,y) = 3,z <y Pn(2, y). Note that 2"V(z,y) — h(z,y) and

VhY (z,y) — Vh(z,y) as N — oo uniformly on compact sets in R? x R,. We then
have

VEN(zy) < Y [ Vpa(ay)l

n€Zd In|<N
d pn(,y)
S —h(l’,y) Z
y neZd,|n|<N h(z, y)
d
< —h L,Y)-
) (z,y)

Letting N — oo, we get the desired result. 0
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Proof of Theorem 4.1. Let

(2, Y, w) = %h(fc,y)z‘l(%y)v (%’”) Y% (%) :

then KY(n,m) = [[ jnm(x,y, w)drdy. Let w > |n| and define

z,Y, U}) = jn,m (ZE, Y, w)1{0<y<w/2}a
z,Yy, w) = jn,m(xa Y, w)ﬂ{yzw/Q}'

o
S
3
—~

We claim that

’ (1) dd://Qh AV (B) v (B) dyd
wg%o//j”’m@’y’w) xdy vt e yh(z,y) V<h> V(h) ydx,
o // 3,y w) dady = 0.

wW—00 ’

By Lemma 4.3, we have

Pm(T,Y) \Vpm(z,y)| | [Vh(z,y)| _ 2d
|V<1gh( ))|< pm(z,y) " h(z,y) = y

009 (0220 g (12 s

(z,y) h(z,y) Y
Note that if 0 < y < w/2, then g(y/w) < C for some C' > 0. By Lemma 4.2,

Guw(2,y)/pn(0,w) < 2yg(y/w) < Cy.

and

Thus, we have

J0, 2,y w) = SelE) Pty (1og ) - 7 (tog 2

pn(0,w) A
Ca,aPm (2, y)pa(z, )
yh(z,y) '
If y > 1, then it follows from Lemma 3.1 that

y2

(|£E|2 + y2)d+1 ’

/ /Rd |x]2 2y dxdy < o0,

it follows from the dominated convergence theorem that

. > Drm Dn
] ) dady = 2h A Pm) v (22 dady.
wgrolo/ /Rdjnmxy, xdy /1 /Rd yh(z,y) (fv,y)V(h> V(h> wdy

P (2, )P0 (T, y)
h(z,y)

< Cpm(% y)pn(xv y) < Cd,m,n

Since
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Suppose 0 < y < 1 and n # m. Using p,,(x,y) + pa(z,y) < h(z,y), we get

P (2, Y)Pn(®,y) _ cqy
h(z,y) ‘<|x—n|2+y>d“ (| —mf2 +y2)F
2 cay
(= nP e - mP 2y
- Cdy
2w — (BEm)]2 + y2 + |25 [2)
< Canm Y

TP+
1 1
—  _dady < o,
/0 /R (P+r®
we obtain that

1
li (n ( dd://Qh Az v (22) . v (22 ded
wggo//RdJnmxy, wdy i Rdy(%y) (z,y) (h) (h>xy

when n # m.
Suppose 0 < y < 1 and n = m. For f = §,, it follows from It6’s formula that

Mtf = Uf(Zt) = uf(O,w) —|—/0 VUf(ZS) : st = p}?<<()()’75)) +/0 \Y% (p}?((ZZ:))) 'st.

Note that Eg,)[M/|X, = n] = 1. Applying (4.4) with A(z,y) = Id, we get
t b 00
pn(ZS)) / / Gu(z,y) P\ |?
Eow /V< -dBy|X, =n| = Zr D I (a, ‘v(—)
o | [ ¥ (555 =0 e a0 "0V G
which leads to
* [ Gu(z,y) Pa\ 2 Pn(0, w)
4.11 S\ Y) g (—)’ dody = 1 — P20
(411 /0 /R (0, V[V G| drdy 70, w)
Fix N > 0. Note that it follows from the proof of Lemma 4.2 that there exists a

constant C' depending only on d such that for large w,

Gu(z,y)

____L_.Z(jy

P (0, w)
forall 0 < y < 1 and |z| < N. Thus, we obtain

/01 /x|§N yh(z,y) ’V (%) ‘2 dzdy < C.

By Lemma 4.2 and the dominated convergence theorem, we get

1
lim// i (,y,w d:cd:// 2uh(z, ) Az, )V (22} - v (22 dedy.
Jim WNJ y, w) dedy i lIISNy( y)A(z,y) (h> (h) y

Since

dxdy,
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Since |;!1] is integrable over R?, we have

1
/ / i (x, y, w) dwdy — 0
0 Jzl>N

as N — oo. Using the previous argument, we see that

12yh(x,y)A(z, y)V (%) -V (%) | < Cm <C y - (|& — n|? + y2)@+D/2°

Since the integral of (|z — n|? + y?)~(@+1)/2 over |z| > N converges to 0 as N — oo,
we get

1 1
: (1) _ Pn) g (Pn
u}ggo/o /Rd Jna(®,y, w) drdy /0 /Rd 2yh(z,y) Az, y)V ( h) \Y ( h) dzdy

as desired.
For the other integral, we have

(2) y? y, 1
; <Cypma——2 . oyg(L). =
.]n,m(xvy7w> = Ydn, ,A(|x|2+y2)d+1 yg(ﬂ}) y2
Yy Yy
Since
= y y RN 1
LA — - Y dzd
AL@“wMW+wWny ﬁ;“wwHLAMMJWIxQ
Ca [ g(t)
T owd . |t|d+1dt
Cy
S E?
we conclude that lim,_,« [[ 35 (2, y, w) dedy = 0 as desired. O

Theorem 4.4. Let f € (*(Z%), 1 < p < oo, and A(x,y) be a matrix-valued function
with ||A|| < co. Then

(4.12) [Ta(F)ller < (" = DA ler-
If in addition, A(xz,y) is orthogonal for all (z,y) € R? x R,, then

T
2p*

(4.13) \mmwsm( MMMW

Proof. Suppose f : Z¢ — R is compactly supported. By the sharp martingale
inequality (Theorem 3.6) and Jensen’s inequality for conditional expectations, we
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have
a0, w) »
(4.14) > T Ipﬁ = Eo,u) [| T4 (f)(X:)I]
nezZa ,’LU
= Eu)[|Euw)[(4 % M), | X, = n]|?]
< Eo.0) B[] (A * M7)|P| X, = n]]
= E(u)[| (A * M) 7]
< (p" — D AlPE o, [| M 7]
pn w)
(p* = DPIAIP > [ f(n !p >~
nezd
Since
(0, w) = w1 _a
R -
we get

— Z (T3 () () Pupa(0,w) < (0" = DPJA[P Y |f(n)]?

nEZd neZzd

Recall that 74(f)(n) is the (pointwise) limit of 7 (f)(n). By Fatou’s lemma, we
get

SO TA (AP < liminf = 3 T2 0) Pwpa (0, w)

nezd nezd
< (p = 1PIAIP D If )
nezd
which proves (4.12). The proof of (4.13) follows from the same argument using
the second part of Theorem 3.6. 0

The following Littlewood-Paley inequality is the analogue in our current setting
of the inequalities in [4, Corollaries 3.42 and 3.9.2].

Corollary 4.5. Letp € (1,00), g =p/(p— 1), f € (*(Z%), and g € (9(Z?), then
| [ 2ohle )l VustepliVu, o) dedy < (7 = 1)1l
0 R

Proof. Let A(z,y) be a matrix-valued function with ||A|| < co. Assume that f and
g have compact supports. By (4.7) and Theorem 4.4, we have

\Zm H (// 2yh(a, ) A, )V (B2) - v (2 dydw)ﬂm)g(n)\

:’/ / th(x,y)A(x,y)Vuf(x,y)-Vug(x,y)dyda:’
Re SR,

< (0" = DIIA[l[fllerllglea-
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Define
Ojug(x,y)O0ug(z,y)
Ay _ Y\ g\
1Y) = G (e, ) Vg, 9]

for 1 <i,57 < d+ 1. Here, we used the notations 9, = 0,, fori = 1,2,--- . d and
Oa+1 = 0. Since ||A|| <1 and AVu;Vu, = |Vuy||Vu,|, the proof is complete. [

5. Discrete Calderén-Zygmund operators

5.1. Discrete Calderon-Zygmund operators and norm estiamtes. Let 7" be
an operator acting on the Schwartz space of rapidly decreasing function on R
We say 7' is a Calderén-Zygmund operator if it is bounded in L? and can be written
as

(5.1) Tf(x)=puv. | K(z,2)f(z)dz

Rd
where K is continuously differentiable off the diagonal with the bounds

C C C

|z — 2|

for x # 2, for some universal constant C.

The Calderén-Zygmund operator 7' as above are bounded in L?, for 1 < p < oo
(see [35, Chapter 8]). Here we will consider Calderéon-Zygmund operators which
are of convolution type. That is, their kernels are of the form K(z,z) = K(z — z)
satisfying

(53)  KeC'®\{0). |K@)|<ald™ VK@) < wl @,

for some universal constant x.
For these operators, Calderén and Zygmund [20] defined their discrete ana-
logues by

(5.4) Tas(f)(n)= > K(n—m)f(m), fer@.

meZa\{n}

As already mentioned in the introduction, M. Riesz [62] showed that in dimen-
sion 1, the boundedness of H on L?(R) implies the boundedness of Hy;s on (?(Z).
In the “Added in proof” section of their paper they observed that the boundedness
of T on L*(R?) leads to the boundedness of Ty, on (?(Z%). In fact, they remarked
([20, pg. 138]) that “for n = 1 this remark is due to M. Riesz, and the proof in
the case of general n follows a similar pattern" (here their n = d). However, no
further details are provided. For the sake of completeness and because we wish
to keep track of constants, we provide the proof here. Recall that the truncated
operator 7. is defined by 7.(f) = K. * f where K.(z) = K(z)l{j>., T: satis-
fies ||T.f||zr < Cpl|f|r, where C, is independent of ¢ and the lim._,o 7. f exists in
L?(R%) and a.e. We denote the limit operator by 7.
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Proposition 5.1. Let T be the Calderén-Zygmund operator with convolution ker-
nel K (x) satisfying (5.3). Then, Ty, is bounded on (?(Z%), 1 < p < co. Further-
more, we have

| Tais||p—er < | T3 || r—2e + C(d, K).

Proof. As asserted by Calderén and Zygmund, the proof follows the argument of
Riesz. Let p € (1,00) and ¢ be the conjugate exponent, that is, % + % = 1. Let
f € P(Z% and g € (%(Z%). Define F € LP(R%) and G € LY(RY) by F(z) = f(n) and
G(z) =g(n) forz e n+Q, Q = [—1,1)%. Then,

[ nRwee = [ [ K- oP@G) iy
B n,gﬁi (/m—&-Q n+Q i <y - I) dxdy> f(n)g<m)
= > Tus(H)m)g(n)+ > Ki(n—m)f(n)g(m),
where |

fi(n—m)=/ Ki(y — z) dedy — Ki(m — n)
m+Q Jn+Q

_ / /(Kl(m—n+s—t) — Ky(m — n)) dtds.
QRJIQ
Using |VK,(z — 2)| < k|l — 2|~V we have
K1 (n—m)| < C(k,d)|n —m| =+,

for |m — n| large enough. Since |m|~(**!) is summable, we have

1/p
> Kiln,m)f(ng(m)| < | > [Ka(n.m)||f(n)]? > Ko, m)lg(m))?
n,meza n,meza n,mez?
< C(d, 5)[[ flerllglles
and this gives
HTdisH£P*>€p < HTlHLPHLP + C(d, /ﬂ),
where the constant C'(d, x) depends on d and x but not on p. O

Riesz’s argument as above is adopted in [39] to prove a discrete A,-weighted
version of the celebrated Hunt-Muckenhoupt-Wheeden Theorem for the Hilbert
transform. For a non-duality argument (again in the case of the Hilbert trans-
form), see [45].

In [67], Titchmarsh gave (with a slightly different version of H) a different proof
of Riesz’s theorem by first showing that Hg;s is bounded on /7 and from this that
H is bounded in L? and that in fact ||H||zr—r» < ||Hais|lee—er. We show next that
a similar result holds for singular integrals that commute with dilations. More

1/q
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precisely, consider singular integrals with kernels of the form K(z) = ?(Id) , Where

() is homogeneous of degree zero; ()(rx) = Q(x), for all r > 0. We assume that 2
satisfies the necessary hypothesis (see for example [63, Theorem 3]) so that the
singular integral is bounded on L”. That is, (i) €2 is bounded, (ii) Dini continuous,
and (iii) its integral on the sphere is 0.

Proposition 5.2. Suppose K(x) = gﬁg‘ﬂ) is as above and Q(z) = Q(—=x) for all

x € R\ {0}. For1 < p < oo, we have ||Tyller—er > || T 1o 10

Proof. We define the continuous-discrete operator Tuis on LP (R%) by

Tus(F)(2)= Y K(mF(x—n), FelL’ zeR%.
nezd\ {0}

Let Q = [—3,3)% For f € (?(Z%), let F(x) = >, cza f(n)1g(x — n). Then,

Tdis(F)(n): Z K(m)Zf(l)]lQ(n—m—l)

meZa\{0} lezd

= > Km)f(n-m)
meZ4\{0}

= Tais(f)(n),

which implies |||l < || Tuis||ir—ro. On the other hand, for any F € L? we
have,

Tttt = [ | ¥ KmFe—m)|ds
mezd\{0)
p
- Z / Z x+n—m)‘ dx
nezZd\{0} meZA\{0}
<N Taslly o > / F(x+ n)Pda
nezd\ {0}

= HTdiSHZgPazPHFHLP

= || Tais| v e -
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Letc > 0 and define 7. F(z) := ¢# F(cz). Then ||~ F|, = ||F|,, for F € L?(R?). Let
T5.F(x) = 11Ty F(z). Now suppose F' is smooth with compact support. Then

fjiSF(x) = Z K(m)F(z —em)

mezd\{0}
Q
Z (em) F(x —em)e®
|em|?
mezd\{0}
d Q
_ = Z ‘g;ﬁz)(F(x—em) — F(z +em)).
mezd\{0}
For each r > 0, we have
- Q(em) 1 Qy)
o > o (Fl—em) = Fla+em) = 5 /| e F@— 9 = Pt )dy
ez4\{0}
lem|>r

On the other hand, since () is bounded and F' is smooth of compact support, it
follows that
g4 Q(em) 1

5 Z —(F(x—em) — F(x+em))| < Ce? Z — =Cr.

|€m’d—1
mez\ {0}, mez\ {0},
leml<r lem|<r

Similarly,

‘ /| ) f;f” (Flz —y) — F(z +v))dy

<c [ pitay=cr
ly|<r

Therefore, we get

- d
(5.5) lim 75, F(z) =lim = Y Q(”’? (F(z — em) — F(z + em))
e—0 e-0 meziN(o} lem)|
1 Qy)
=gl [ R0~ F )y
= T(F)(2).

By Fatou’s lemma, we get
ITE) e < i inf [T (F) e < [ Tass(F)l v
which finishes the proof. O

The “continuous-discrete operator” versions have been used in several places
to bound the norm of the continuous version by that of its discrete versions, see
for example [45, 56].
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5.2. A conjecture on the /’-norms of the discrete Riesz transforms. The
canonical examples of Calderén-Zygmund operators that satisfy the assumptions
of both Propositions 5.1 and 5.2 are the classical Riesz transforms on R? defined
by

(5.6) RW® f(x) = lim K® () flx—2)dz, k=1,2,...d
€79 z>e
with
2k F(w)
(5.7) K®(z) = chTH forz#0, c¢g4= W%Ql :

The Riesz transforms arise naturally from the Poisson semigroup and its con-
nection to the Laplacian. That is, if we let P, f(z) be the convolution of the func-
tion f with the Poisson kernel p(-,y) as in (3.1), then in fact,

5.8 RO = [ @) dy = 5 (-8) (o)

With this interpretation the Riesz transforms can be defined in a variety of ana-
lytic and geometric settings, including manifolds, Lie groups, and Wiener space.
We briefly recall here the Gundy-Varopoulos [36] representation of R**), referring
the reader to [4] for details and applications. Let B; be the standard Brownian
motion in the upper half-space R‘fl and 7 its exit time. Consider the conditional
expectations operators

(5.9) Ey[/ H®VU(B,) - dB,
0

szx},

where Us(z,y) = P, f(x) and EY are expectations with respect to the measures on
path space obtained by starting the Brownian motion on ]Ri“ according to the
Lebesgue measure on the hyperplane at level y and for each £ = 1,2,--- ,d, we
define the (d + 1) x (d + 1) matrix H®) = (az(.f)) by

1, i=kj=d+1
(5.10) =21 i=d+1,j=k
0, otherwise.

Then (under the assumption that f is sufficiently smooth), the quantity in (5.9)
converges pointwise to R%) f(z), as y — oo.

We remark here that verifying the convergence of (5.9) to the Riesz transforms
is much simpler than the corresponding convergence results in Section 4.1; see
for example [4, p. 417]. It is also worth mentioning here that the original Gundy-
Varopoulos paper used the so called “background radiation" process in the con-
struction. That background radiation is not needed was shown in [3].

When d = 1 the Riesz transform reduces to the Hilbert transform

Hf(x)= llim Mdz.

T e—=0 |z|>e Z



DISCRETE SINGULAR INTEGRALS 25

It is well-known that forall k =1,...d,

T
(511) ||R(k)”Lp_>Lp == ||H||Lp_>Lp = cot (Qp*) s

for 1 < p < co. Furthermore, it is proved in Laeng [46] that the LP-norm of the
truncated Hilbert transform ., defined by
1 _
H.f(z) =~ fle=2) dz,

T Jiz>e z

coincides with that of the Hilbert transform H. That is,

every € > 0.

The upper bound in (5.11) is proved in [42] using the method of rotations and
in [14] using martingale inequalities and the probabilistic representation in (5.9).
Both methods extend the upper bound to the truncated Riesz transforms. Let
Kg(k)(z) = K®(2)1 >} and Rék)f(a:) = K® « f(z) be the truncated Riesz trans-
form. Our claim is that

T
(5.12) T P—— (QP*) ,

H.|pp = cot (2;;) for

for all € > 0. To see this observe that by Fatou’s lemma, it suffices to show the
upper inequality

(5.13) |RM|| 1oy 1p < cot ( T ) .
2p*

This follows from the method of rotations ([35, Equation (4.2.17)]) applied with
Qy) = cafy and the additional observation that

d—1

2m 2 2
Q(6)] b = O] dO = cqmr— = =
/%dly ( )’ Cdel‘ k‘ Cdr(d;rl) T

Following Calderén-Zygmund, we now define the discrete analogues as in (5.4)
by
k My
(5.14) REfn)=ca Y. |m|—d+1f(n —m).

mezd\ {0}

In the sequel we call these operators “Calderon-Zygmund discrete Riesz trans-
form” or in short “CZ discrete Riesz transform.”

Remark 5.3. It is important to note here that these operators do not arise as
“genuine” Riesz transforms of semigroups associated with discrete/semi-discrete
Laplacians for which many results exist and to which the "usual” Gundy-Varopoulos
construction applies, see for example [1,2,27].

With (5.12) and the bounds in Propositions 5.1 and 5.2 we have
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Corollary 5.4. For1 < p < oo, k = 1,2,...,d, the P-norms of the CZ discrete
Riesz transforms satisfy

cot (%) < |RY | < cot (%) +C(d),
where C'(d) is a dimensional constant.

Corollary 5.4 and the fact that

T
| Hais|lev—er = || H| Lo 10 = cot (f)
P

lead to the following

Conjecture 5.5. Foralld>1,1<p<oo, k=1,...,d,

(k) T
(515) HRdisH@ S cot (2—]9*) .

Problem 5.6. A weaker, but also interesting problem, is to show that

(5.16) IR |l < C,,

where C, is independent of d.

This problem is also motivated by the remark in [50, pg. 193] already discussed
in connection to inequality (3.10).

6. Discrete Riesz transforms and their probabilistic counterparts

6.1. Probabilistic Discrete Riesz Transforms and their norms. The proof of
the Conjecture 5.5 for d = 1 in [9] rests on the probabilistic construction of the
operators in Section 3.3 for d = 1 applied to the operator 7j; as in (4.13) with the
matrix

0 —1
(6.1) H:[l 0},

which is orthogonal and of norm 1. Motivated by this and the Gundy-Varopoulos
[36] probabilistic representation of the Riesz transforms R® on R%, d > 1 as in
(5.9) and its many variants studied over the years (see for example [4, 5] and
the many references therein), we consider the operators 7y, where for each

=1,2,---,d, the (d + 1) x (d + 1) matrix H® is given by (5.10). Note that H*)
is orthogonal, |[H®| = 1, and H¥v - w = —H®w - v for v,w € R*™!'. We call
the operators Tyw), kK = 1,...d, the “Probabilistic discrete Riesz transforms”. By
Theorem 4.1, their kernels are given by

(6.2)  Kuw(n,m) = /R d /0 " oy, y) HOV (%) v <pg(i’yy))) dyds.
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Using the fact that h(z+m,y) = h(z,y) for all m € Z9, a change of variables shows
that
o (z,y) (z,y)
(k) PolZ, Yy Pn—m\T, Y

Ky (n,m) = Kywx (n—m) /Rd/ 2yh(z,y) HWV ( h(z, y)) V( h(z.7) ) dydz.

Note that when d = 1 the matrices in (5.10) reduce to the matrix H in (6.1) and
we denote the corresponding operator by 7y. This is what we call the “probabilis-
tic Hilbert transform” to which we return in Section 7 below.

Remark 6.1. Forn = (ny,ny,--- ,nq) € Z%, define
n=(ny,ng, -, —Ng,...Ng).

It follows from (6.3) (or from (6.6) below) that Kyx)(n) = —Kyw (n). Thus we
have Kyw(n) = 0, if np, = 0, and in particular, Kyw (0) = 0. It also follows that
Ky (n) = —Kyw(—n). These properties of Kyx) will be used below in several
computations.

By (4.13) of Theorem 4.4 and (4.7) of Theorem 4.1, we obtain the following
Theorem 6.2. Suppose f € (*(Z%), 1 < p < co. Set

(6.4) T (f)(n) = Y Ky (n —m) f(m).
meZd

Then,

(6.5) | T fller < COt( )Hf”gp, k=1,2,...,d.

In the following proposition, we derive a different integral representation for
the kernel Ky (n) which will provide a relationship between the operators Ty
and the CZ discrete Riesz transforms Rgfs). As we shall see, this representation
allows to prove that the /P-bound in (6.5) is best possible; see Theorem 6.6. By
Remark 6.1, Ky (0) = 0 and note that for n € Z%, 1,>03(n) = Lyn>13(n).

Theorem 6.3. We have

(6.6) KH(k) (/ / dyd:c) 1{\n\21}(n)
R4
> S
= ( / / d dr — / / dydx) ]1{‘n|21}(n)
Rd Rd

2¢3(d + 1)zy?
(WP+y);ﬂ$—nP+y)
4¢%(d + 1) %yt
Tz, y) = 5 Qd@ 5 5
3(afP +92) 2 |z =l +y
and U, (z,y) = 45,(x,y) — 3T,.(z,y).

where

Sn(z,y) =

d+3 )
)
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Proof. We first note that on the numerator of (4.10) we have (|z — n|?> — dy?).
Splitting this into |z —n|?*+y* and —(d+1)y?, then the first term can be absorbed in
Sy(x,y) and the other in T),(x,y). Thus, integration by parts with (4.9) and (4.10)
gives that

(6.7)

> (Y OpoOpn  ypo OhOp,  ypo Oh Opn
Ky (n) = 4 2200 | T dyd
a) (n) /]Rd/o <h Oxy, Oy + h? Oy O h2 Oxy 8y .

1 8p0
=—4
/Rd / h al‘k n) dydx

TRy’
—8cdd+1/ / — dydx
R ) (o2 +92) 5 (Jo =+ y2) 5
1 Yy’
—4c2(d+1 / / dydzx.
O Jou o Wow) (P g T e —nf 5 g F

O

Remark 6.4. When d = 1 using the expression for

sinh(27y)
cosh(2my) — cos(2mx)’

h(z,y) =

the right-hand side of (6.7) and (several) integration by parts, we can obtain

1 & 293
(6.8) Ky(n) = — (1 +/0 (42 + 72n2) st (y) dy) 12\ f03(n)

1O+/m 2y d>ﬂ (n)
= — n>13 ().
™m o (y2 + 72n2)sinh*(y) v) Hinz1}

This formula was computed in [9] with a slightly different approach. We will
return to this formula below in Section 8.

Recall that Rgfs) are the CZ discrete Riesz transform given by

(69) dlS = Cd Z ’ ’d+1 Z K gfs) B n)’

nezd nezd
n#0
where
Ny F(ﬂ)
Kagt) = cappartano @) =g

The following expresions for the CZ discrete Riesz kernels will be frequently
used below.
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Proposition 6.5. We have

o (/Rd/ oy dydx) Lz (7 (/Rd/ S,y dyd:v) Ljn>13(n)
(/]Rd/ (z.y dyd“’) Ljn>13(n).

Proof. Let N = #. By the definition of Gamma function,

dxd
/ /Rd |x!2+y)N(\x—n!2+3/2>N P
R e 2 N1y N=2—u(lz[*+y*)—v(lz—nl*+v?) 1, Jodaed
F(N /0 /Rd/o /0 TpY U U Y

1 /Oo/ /oo oo 2. N—1, N=2 _—(u+v)|z——2-n|?2— 2% |n|2—(utv)y?
= TRy u vt e wte T dudvdxdy.
N)I'(N — 0 aJo Jo

Since we have

/ gpe” =TT gy = / (mk +— 1) e (wrlzl gy
Rd Rd U+ v

v
_ - / o~ u)lel g,
u + v R4

d
T2V
= —N
(u+ v)*e ’

=

and

NZ3

4 Y

0

it follows from Fubini’s theorem that

[e%S) 2
/ / kY dxdy
o Jra (|22 +y*)V (|l —nl? + 2N

d+1

— T2 Mk / /oo N 1 N 1 — € uTv'anud/U
AT(N)T(N —1) (u+ o)V

da+1
_ e N—2,N— 1 N—1_—st(1—t)
- N1 -t dsdt
4F(N)F(N—1 yn|d+1/ / )T °

1
2(d+ 1)y ]n]d“
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Similarly, we have
4

TRy
/ / ; 5 o3 dxdy
re (|2[2 +y2) % (Jz — nf2 +y2) 3

/ / / / T y4uN 1, N— 16—(u+v)|a:—u+v
Rd

NlN

d+1
B 37T2
- |n|d+1/ [ o

4cd(d +1)? |n\dJrl
0J

n|2 u+v‘n‘2 u—l—v)y dudvdxdy

Theorem 6.6. The (?-bound of Tyt in Theorem 6.2 is best possible. That is, for

alld>1,k=1,...d, (22*).
The result will follow from the next two lemmas.

Lemma 6.7. With the notation introduced earlier in this section, we have

lim |n|d‘KH(k) (n) - KR(J?) (n)| =0.
[n]—o0 dis
Proof. Recall that
Ky (n / / ydr,  Kpm(n / / (z,y)dyda,
Rd dis Rd
where
8p0 0
Un ) = —4— ) a n\+4s .
(z,9) 9, (z,y) 3y (ypn(z,9))

po(ex, ey) and p,(x,y) = e p.,(ex, ey). Therefore,

Observe that py(z,y) = ¢
Un(,y) = 2 Us (e, ey);

here and below we abuse the notation and we allow n in p, and U, to be an

arbitrary vector in R?. It follows that

(x,y
K
H(k) /Rd/ :L‘, )
2d+1/ / n(ex €y dyda
Re Jo
= ¢ / / EIL 1 d dx.
R4 Z Y

we find that

n n €T
In|? Ky (n / / /|| x) dydzx.
weJo h(Inlz, [nly)

If we choose ¢ = Tl |,
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Similarly,
|n| KREQ / / n/‘n| x,y dydx
Therefore,
(6.10) ol Ko (n) — K o (n |</ / Ut (a2 9)] X | — 1] dyda.
h(|nlz, [nly)

By the estimate (3.4), we have

for a constant (', that depends only on the dimension d, and by Lemma 3.1, the
left-hand side converges point-wise to zero as [n| — co. On the other hand, by the
explicit expression for U, |, given in Theorem 6.3, we have

yery |Un i ( S\ ki & ey

xz y)| i3
y y (|22 + )% (Jo — H17+42)F
4 03\/x2+y2 |$k|y
d+3 d+3
v (a4 ) F (- 2Py

Tk |y
02 dt2
(o +92) 5 (|r — &2+ )5
\xk\y
(|22 +y2) % (o — w2+ y2)F

+1

+ C

d+1

for some constants (5, C3 and C) that again depend only on d. We have thus
shown that

1
h(Inlz, [nly)

—1' < C\Cy Y ,

dt1
(|22 +y*) 5 (o — Z P+ 2%

(6.11)  |Upypni(z,9)] X

and additionally, as |n| — oo, the left-hand side converges point-wise to zero.
Observe that if we denote by Q,, an orthogonal transformation of R which maps
|Z—‘ toe; = (1,0,0,...,0), then the above estimate takes form

1
h(|n|Onz, [n]y)

Y

|Un/|n\(@n$a y)’ X 1
(22 +y2)F (Jz — e +42)F

+1

— 1‘ < 10y
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and the right-hand side no longer depends on n. Since the right-hand side is
integrable, by the dominated convergence theorem we find that

1
lim / / Unjin|(x,y — 1{dzdy
s [ U ()] h(|n|z, [nly)
1
= lim / / Unin (O, X — 1ldzdy = 0.
i Jo Sy (Ot O X oG Ty
The desired result now follows from (6.10). O

Let us consider the continuous-discrete operator

TawF(z)= Y F(z+n)Kym(n).
nezZ\{0}

(Recall that Kyu) ) = 0 per Remark 6.1.) By the argument of Proposition 5.2, the

norm of the operator Ty on LP(RY) is equal to the norm of the operator Ty on
(7).

For ¢ > 0, 1 > p < oo and a function F on RY, denote 7.F(z) = £¥/PF(ex)
and T¢ e = Tl/gTH(k)TE Observe that ||7.F||, = || F||,, and hence the norm of the

operator 7¢ =& on LP(R?) does not depend on ¢.

We claim that as ¢ — 07, the operators 1=

v approximate the continuous Riesz
transform. More precisely we have

Lemma 6.8. Suppose that F' is a smooth and compactly supported function on
R¢. Then

lim 7% = wF(r) = RPF(z),

e—0t+

for every x € R4,

Proof. We write

TewF(x) = Y Fla+en)Kun(n)

nezZ\{0}
— % Z (F(z +en) — F(z — en)) Kyw (n)
neZ\{0}
(6.12) 1
=3 (F(x +¢en)— F(x — sn))KRg@ (n)
neZ\{0} )
1
+5 D (Fle+en) = Flo —en)(Kyo (n) = Kym(n)).

nez\{0}

We treat the two terms in the right-hand side separately.
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Since K, (n) = ’Kpa(en), the first term in the right-hand side of (6.12) is

dis

just the Riemann sum
d

% Z (F(x+en) — F(x —en))Kgw(en)
nezd\ {0}
of the integral
1
ROF(@) =5 [ (Fa+y) = Flo - ) Ko ).
R

By (5.5) of Proposition 5.2 applied to the kernels for R*) we have,

El_i)r& % Z (F(x +en) — F(x —en))Kgw (en)
nez\{0}
—5 [P ) = Fla = ) Kno )y

Thus, it remains to prove that the other term in the right-hand side of (6.12)
converges to zero. To this end, we apply Lemma 6.7. First, there is a constant (',
(which depends on F) such that |F(z 4+ y) — F(z — y)| < Cily|. If R > 0 is large
enough, so that F(z + y) = 0 whenever |y| > R, we have

S Pt en) Pl en) (B (n) — Ko ()
neZd\ {0}
<4 P! ( K - K
< 3 s.r)(en)len] [Kyw (n) — Ky (n)].
neZd\ {0}

Given any 0 > 0, by Lemma 6.7 there is r > 0 such that | Ky (n) — K w (n)| < dn
dis

, we find Ehat

when |n| > r. Thus, denoting Cy = sup,, .o [Kyw (1) — K (n)
dis

1

Z (F(z4en) — F(x —en))(Kgw(n) — Ko (n))‘

dis
nezd\ {0}

C16 .
<22 N pemlen)len] |~ + 37 pon(@)enl

nezd\{0} nezd\{0}

Cioe N eNe:
< Z L.z (n)Inl* d+T Z Lgo,)(n)Inl.

2 nezd\{0} nezd\{0}

C1Cy

The first sum in the right-hand side is bounded by % for an appropriate constant
(3, and the second one is a constant. Since § > 0 is arbitrary, we conclude that

lim = S (o +en) — F@ — en) (K (1) — K 0 (n)

e—0t dis
nezd\{0}

=0,

and the proof is complete. O
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Applying Fatou’s lemma, exactly as in the proof of Proposition 5.2, proves that
|R®|| 2o 1o < || Ty |0 This and the equality (5.11) give the assertion of The-
orem 6.6.

Remark 6.9. From the martingale inequality in [14, Theorem 1] we also obtain
the following version of Essén’s inequality for the probabilistic discrete Riesz

transforms
- 2
< 1+(cot< )) 1 £ ler-
r 2p*

Let F € LP(R?) be such that F(z) = f(n) forx € n+ Q, n € Z*. Then, it follows
from Lemma 6.8 with Fatou’s lemma that

~ 1/2
(1T P2 + | FP)
Lp

(6.13) | (1T 12 4 1712)

= H (|R(k)F|2 + |F’2)1/2

Let r.F(x) = /7 F(cx). Since 7,/ R®7. = R® and || F||, = ||F

p, We have

[areEp+172) ™)

=Y @Ry 4 mER) "

L

Since any function G € LP(R?) can be approximated by 7.F where F(x) is of the
form F(z) =Y, 50 f(n)1,1q(z) for f € (P(Z%), with the help of the Fatou’s lemma,
we see that the inequality (6.13) is also sharp.

Remark 6.10. Similarly, using the matrices A, as in [14, pg. 595] would lead
to what one may call “probabilistic discrete second order Riesz transforms” with
¢?-norms bounded above by (p* —1). Notice, however, that even if we had the ana-
logues of the above Lemmas for these operators (which we do not currently have),
the (p — 1) bound will not be sharp. Instead one would expect the sharp bound
to be 3 (p — 1) when j # k and the Choi constant when j = k, see [11,34]. Similar
quest1ons could be asked about the probabilistic discrete Beurling-Ahlfors oper-
ator, its sharp norm on ¢? and the relationships to the discrete Beurling-Ahlfors
operator which Calderén and Zygmund highlight in their discussion on discrete
singular integrals, see [20, pg. 138]. Based on Iwaniec’s conjecture [41] that the
norm of the Beurling-Ahlfors operator on LP(R?) is (p* — 1), 1 < p < oo, one would
conjecture that the CZ discrete Beurling-Ahlfors operator should also have norm
(p* — 1) on (P(Z?*). We have not explored these questions.

7. Fourier multiplier of the probabilistic discrete Hilbert transform

In this section we focus on the case d = 1 and compute the Fourier transform
of the probabilistic discrete Hilbert transform 7y whose kernel is given by

°°18p(3
(7.1) ——4// 1oz 9y (ypn) dydz.

This representation for the kernel of the probabilistic discrete Hilbert trans-
form Ty together with the computation from Proposition 6.5 makes it clear that
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there is a connection between this operator and the discrete Hilbert transform
Hyis. However, this by itself does not yet give the bound || Hajs|er—e < cot(g:). In
order to derive this bound from the bound of ||Ty||»—_», we show that, up to con-
volution with a probability kernel, the discrete Hilbert transform equals the prob-
abilistic discrete Hilbert transform. This crucial fact was derived in [9, Lemma
1.3] using explicit computations to construct such a kernel. In what follows we
provide a completely different proof of this fact, based on the formula from Lem-
mas 7.3, 7.4, and Bochner’s theorem on positive-definite functions, which gives
an explicit formula for the Fourier transform of such a kernel. Although not clear
at all at this point, it may be possible that such approach based on the Fourier
transform (as opposed to the complex variables approach in [9]) could lead to a
similar results for the CZ discrete Riesz transforms in d > 1.
From (3.7) we have the explicit expression

sinh(27y)
h _
(z.) cosh(27y) — cos(2mx)

which gives

= coth(27my) — cos(2mx)

1
h(z,y) sinh(27y)
(a linear combination of 1 and cos(27z) for y fixed). This is crucial for the compu-
tations below.
Let ¢(z) be the digamma function defined by

where v is the Euler constant.

Theorem 7.1. There exists a kernel P such that P(n) > 0 foralln € Z, ), ., P(n) =
1, and Hgs = Ty * P. That is, for all f : Z — R of compact support,

Haisf(n) = (Ta * P) f(n),
where x denotes the convolution operation.
An immediate corollary of this is the main result in [9].

Corollary 7.2.
m

| Hais||er—er < || Tha|[ep—er < COt<2p*

).

Lemma 7.3. The kernel for the probabilistic discrete Hilbert transform is given
by

Ku(n) = —i /R %M(@)esz d¢
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where

e €] > 1,
M(§) =
L+ (1= [€]) Qa4 1€]) = »1) + [l (1 + [€]) = ¢'(1)), €] < 1.

Proof. We begin by observing that

(§§< )>A(§) — omige 2y,

(%(ypn(~,y)))A(§) = (1 — 2n|¢|y)e2minée2mlely

Then,
10p\" op\” 1 op\"
(332) ©=comzm) (3£) (© - s (coszrn) ) (9
and
ap\" 1 AN
(cos(Qﬂx)aaU) (6) = (5(62””34_ —27%)%) ()
=m ((5— De 2=ty (& 4 1) —27r|£+1|y)
2mi 'é’e 2l (|¢] cosh(2my) — sinh(27y)), 1€l > 1,
'|§| 2 (¢ cosh (2 |¢ly) — sinh(2x[€ly)), 1€ < 1.

If | > 1, then

On the other hand, if [¢| < 1, then

(G2) (0 = 2w 11+ - ko) () )
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Thus by Plancherel’s theorem,

Rl =~ [~ ( [G2) ©(2wen) © dé) y
= —8mi /£|>1 /OOO %e—“'ﬂyu — 2w |¢|y)e*™ ™ dydé
~ i / » / £y — anlely)es (16l + (1~ 1) (S ) ) dode

9 i 2min-g < B > ( B |§|y> e Y — e~ (1+EDy ; ) ;
QZ/lﬁlsl €]° a |§|)/0 =7 1—ecv y ) ds.
Since

= o~y _ o—(1+Dy
/0<1—’§'y> e dy = (1 [el) () + S g v,

2 1—e¥
where 1) are the digamma function, we obtain that

. 6 2min€
— —M dg.
i [ e

Lemma 7.4. For{ € Q = [—5, 5) and a compactly supported function f on Z, the

Fourier transform of the probabilistic discrete Hilbert transform Ty(f) is given
by

O

gN

M(&)F(f)(€)
where

M) = 14 (1 = 216N ((1 + [€]) + (1 = [€]) = 20(1)) + [E](1 = [ED (' (1 + [€]) — ' (1 = [€])).

Proof. By the Poisson summation formula for periodic distribution (see [33, The-
orem 8.5.1, Corollary 8.5.1]), we have

FTu()E) = —i S S Mg+ m)F()(E +n).

€ + 7]
neZ
Since F(f)(§ +n) = F(f)(§) for all n € Z, it suffices to show
E+n § ~
— S
D e M€ ) = M)

for ¢ € [0, 1]. By the series representation for the digamma function

(1 + 2) ——y+Z(——m+Z>,
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we have
{+n e 1 1
e 6t |M(§+ )_mz::z(erm f—m)
N 1 11 1 26
_;<m+€_5 E_m—f)Jrl—ﬁQ
28
=0(1-9 - v+ + =g
Using the recurrence relation (1 + z) = ¢¥(z) + 1, we have
§+1 £-1
— o~ (L2 -9 — (1) + £ - O 2 - — W (1)

o % — (14 26((1 — &) — (1)) + £(1 = ) (W(1 — &) — /(1))

Therefore, for £ € [0, 3], we have

% |§iZ|M(§+n) :M(§)+|§>:2 éiZ|M(§+n)+ |§E|M<§+1)+ é:HM(g_ 1)
=14+ (1 -89 2WA+E) —v(1) + &' (1 +E) — (1))
HU1-) v+ + g 1 g
— (14201 =&) — (1)) + 60 - (1 =& —¢'(1)))
= M(©),
which completes the proof. 0

Remark 7.5. One can show that ||]T4J||OO = 1. This implies that Ty is bounded
in (*(Z) and its norm is 1, as we already know. Since M is symmetric, periodic,
M(0) =1, and M(1/2) = 0, it suffices to show that M () is decreasing in [0, 1]. Let

—

o(x) :==Y(1+x)+¢(1—x)—2¢(1) where ¢ is the digamma function. Then, M can
be written as

M(&) =14 (1= 2[¢De(I€]) + 1€1(1 = €)' (1€])-
By the definition of ¢, p(x) has the integral representation

@(I):Q/Omwdy,

ey —1
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L 1 L L L L 1 L L L L 1 L L L L 1 L L L L ol

0.1 0.2 0.3 0.4 0.5

Figure 1. Comparison between the Fourier multipliers for the clas-
sical Hilbert transform (orange), the discrete Hilbert transform
(blue), and the probabilistic discrete Hilbert transform (green).

It follows from this that L= (z) <0 foralln =0,1,2,--- and z € [0, 1]. Then,

> 1
_ 2 _
=2z Znnz—:ﬁ)’ __4372 —x2
> n —|—3x
42 TR
Thus,
M'(z) = —2¢(x) +2(1 - 22)¢' () + 2(1 — 2)¢"(x)

oo

= 4 Z m (—2*(n® — 2*)* + 2(1 — 22)n*(n® — 2°) + 2(1 — 2)n*(n® + 32%)) .

The numerator in the summand can be written as

— 2% (n? — 2%)? + 2(1 — 22)n*(n® — 2*) + 2(1 — 2)n*(n? + 327)
= (1—-22)(2+2)n* —2%(2® — 7o +2)n* — 2°
=(1—-22)2+2)(n* —n*) + (1 —22)2+2) — 2%(2* — T + 2) — 2%)n? + 2°(n* — 1)
= (1-22)(2+2)(n* —n?) — (x — 1)*(z* + 22° + 42 — 2 — 2)n* + 2%(n* - 1).

Since z* + 22° + 42? — x — 2 < 0 for all = € [0, 3], we conclude that M'(z) < 0 for

z € 0,1].

Recall that a function u : R? — C is said to be positive-definite if for any
k€N, &, & € R ¢+ € C, it satisfies 37 u(é — &)ag; > 0. A
function u : R? — C is called negative-definite if for any k € N, &,--- ,&, € RY,
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Ciy" - ,Ckec,

k

Z (u(&) +u(§) — u(& — &))eic; > 0.

1,j=1

Bochner’s theorem (see [43, Theorem 3.5.7, p.108]) says that a function u :
R? — C is the Fourier transform of a probability measure ;. if and only if u is con-
tinuous and positive-definite with «(0) = 1. Note that the definitions of positive-
definite and negative-definite functions and Bochner’s theorem can be extended
to functions on locally compact abelian groups in a natural way. In particular, if
u : @ — C is positive-definite and continuous with «(0) = 1 where Q = [-1,3),
then there exists (P(n))ncz such that P(n) > 0 foralln € Z, ), P(n) =1, and
F(P)(&) = u(&). See [17] for further information.

Lemma 7.6. Suppose that a nonnegative continuous function u : R — R satisfies
w4+ n) =u() forall{ € R, n € Z and u(0) = 0, and is increasing and concave
on (0, 3]. Then, there exists a probability kernel (P(n)),cz (that is, P(n) > 0 and

> nez P(n) = 1) such that

—2miné __ 1
:ZP(n)e E_—1+u(§)'

nez

Proof. By Bochner’s theorem, it is enough to show that (1 + u(£))™! is positive-
definite. Let v(§) := w(1/2) — u(&), then v is decreasing and convex. By [43,
Theorem 3.5.22], we know that v(¢) - 1(€) is positive-definite and so there exists
a bounded nonnegative measure x such that 1 = v - 1o by Bochner’s theorem.
Since a translation of a Fourier transform corresponds to a multiplication of a
positive-definite function, v(&) - 13¢(¢) is also positive-definite. We claim that v is
positive-definite. Let k € N, ¢1,--- , ¢, € C, and & € R. Since v is periodic in @, it
suffices to consider ; € (). Since & — ; € 3(), we obtain

k

k
Z v(& — &5)aicy = Z — &) s(& — &)aic; 2 0
ij=1

as desired. It then follows from [43, Corollary 3.6.10] that v(0) — v(§) = u(§) is
negative-definite. By [43, Corollary 3.6.13], we see that (1 + u(£))™! is positive-
definite. O

Proof of Theorem 7.1. The Fourier multiplier for the classical discrete Hilbert
transform Hg;, with kernel Ky, (n) = =+ is

ie—%inf = — Z j—; sin(2mné) = —%i(l —2(¢))

‘F(KHdis)(g) = Z |€|

nezZ\{0} m neZ\{0}
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for ¢ € [-3,—3). Thus, we have

€ 1—2[¢]

(1 =2[¢]) = F(Ku)(§) —=—_—-
el M(¢
By this and Lemma 7.6, it is enough to show that u(z) := M(:c)/(l —2lz]) — 1is
increasing and concave on [0, 1/2] with «(0) = 0. Since M (0) = 1, we immediately
have u(0) = 0. Since

‘F(KHdis) (f) =

~—

() = 5+ o@) + T Dty -
= s (U @)+ ela) - (@)~ 1
41 —2z)" 7 4 i 7 ’
() = g+ )+ s + e e) - T @),

it follows from L'hospital’s rule and the recurrence property of polygamma func-
tions that

W(1/2) =~ (1/2) + ¢/ (1/2) =0
Thus, it suffices to prove that u”(x) < 0 for € [0, 3]. Let
v(z) = (1 —22)*u"(2)
=2(4+¢'(2))+ (1 —22)(1 +2(1 — 22)*)¢" (z) + (1 — z)(1 — 22)*¢"" (z).
Note that
V(@) = (1 22)* (=120 (2) + 4(1 — 22)p" () + 2(1 — ) (2)).
Using the series representation for ¢(z) (see the remark above), we get

— 126 (@) + 4(1 — 22)¢P (&) + 2(1 — 2)pV(2)

> n
= Z m(rﬁ —52(1 — 2z)n* — 52%(2 — x)n® — 2°)
n=1

= Z (= m2 nS —n?) + (1 —2)°n* +52°(2 — 2)(n* —n?) + (n* = 1)2°) >0

n=1

for all z € [0,1]. Since v'(z) > 0 and v(1/2) = 0, we obtain that v(z) < 0 and so
u"(x) < 0 for z € [0, 3] as desired. By Lemma 7.6, we conclude that there exists a
probability kernel P such that Hgs = T * P. O

Question 7.7. Does Theorem 7.1 hold for d > 1? More precisely, is there a
probability kernel P*) on Z¢ such that

dlS Z P TH(k)f( )

mezZd
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8. Probabilistic continuous Riesz transforms

Given that discrete operators obtained from Calderén-Zygmund kernels as de-
fined in (5.3) simply by replacing the continuous variable 2z by the discrete vari-
able n and avoiding the singularity at {0} in the sum are bounded on ¢* (Propos-
tion 5.1), it is natural to ask if the the opposite is also true in the current situation.
More precisely, is it true that the kernels obtained from Ky simply by replacing
k € 74 with z € RY, |z| > 1, together with the some modification for |z| < 1, are
Calderéon-Zygmund kernels satisfying (5.3)? In this section we give a formula for
such continuous kernels that satisfy (5.3), with the exception of the C! property
on the sphere |z| = 1, and are also bounded on LP(R%), 1 < p < oo with rather
precise norm bounds. Since we are able to find various explicit constants for the
case d = 1, we consider the cases d = 1 and d > 1 separately.

From formula (6.8) a natural version of a continuous kernel which gives the
probabilistic discrete Hilbert transform a la Calderén-Zygmund would be

(8.1)

1 o0 23 1
Ku(z) = — 1+ dy ) 15, + 1y, . z€eR
u(2) = — ( /O (7 + 7222) s (y) y) (el (2) + —Lgaj<np(2), 2

Similarly, for d > 1 from (6.7) a natural definition of version of a continuous kernel

which gives the probabilistic discrete Riesz transforms for £ = 1,2,...,d would
be
(8.2)
1 8pg 0 2k
K ) dydx ) 1y, —— 1y,
o (2 ( /Rd/ T g) Dy 3y VP=) 56) a1z () + Car gy Lreny (2)

— (Il(Z) + IQ(Z)) ]l{|z‘21}(2) + CdW]l{\ZKl}(Z)’

where

](k / / 80d(d—t1)xky - drdy,
R iz, y)(Jof2 +y2)F (Jo — 22 +y2) 3

4es(d + 1
/ / Cd( ++ ) xky d+3 dxdy
o h(z,y) () +y2) T (| — 22 +42) 5
d+1

and ¢y = (&) "2,
Notice that Kyw) is not continuous on |z| = 1 and hence not a Calderén-
Zygmund kernel requiring (5.3). Nevertheless, with these definition we have

and

Theorem 8.1. For any d > 1 and k = 1,...d, the kernels Kyw (z) (Kg(z) when
d = 1) satisfy
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(i)
c, )
(8.3) |KH(1€)(2)’ < W, z€eR \{O}
(ii)
Cy d
(8.4) [VKa® (2)] < z € R\ {0}, [2]#1,

.

where C; depends only on d. Furthermore,
(iii) Ford =1,
(y*/7* +1)
sinh?(y)

_ 2 [yl
(8.5) sup |Km(€)] < 1+ —/ v dy ~ 1.09956.
¢eR ™ Jo

(iv) Ford > 1 and all k =1,...d, we have

(8.6) Kum (6)] < Cy, forall ¢ e R\ {0}

Proof. We first show the case d = 1 which is computationally much simper and will
give explicit constants, particularly the bound for the Fourier transform. Clearly

m(2)| = 51
IKu(2)| = WM for 0 < |z| < 1. On the other hand, since
oo 3 o] 3
y 1 / y
dy < d
/0 (y2 + 7222) sinh®(y) V=g o sinh®(y) Y
S N L
o252 €2y(1 _ 6—2y)2 Yy
= / yPe M dy
g
= 1
8.7 = — = ¢(3
8.7) 27r 22 Z k3 27r 22 3)

k=1

From this it follows that |K(z)| < <, for all |z| > 0. Similarly, for |z| > 1,

mal = |- (14 [ e @) - [ o @
nZ? o (y2 + m222)sinh?(y) o (y2 + m222)2sinh?(y)
&
=~ W;

and again we have [Kj(z)| < ‘2
constant. Thus Ky satisfies (i) and (ii).
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In addition, we have, in the principal value sense,

:/K(z)ezmz‘édz
R
1 ) 1 [ee] 2 3 —27iz-&

@8 = [ ety [0 ( / ﬁdﬁ dy

R T2 7T Jo sinh*(y) (z>13 2(y? + 7222)

o 1 00 2y3 e—2m‘z~§

= —sign(& +—/ . (/ —————dz | dy
(&) T Jo sinh?(y) (z>13 2(Y? + 7222)

- L gy sin(2n €]
= —isign(§) (1 + ;/0 Snh2() (/{z|>1} S T 72?) dz) dy> )

By Fubini and the identity, obtained by integration by parts,

/°° ( 1 alZ:ln(y2/7r2+1)7

z(y? + m222) 292

we have

i ) 2 ([ )
— S — _— Z —
smh (y) \Jgz>1y 2(y? + 7222) YI=x o sinh?(y) \Ji z(y?+ 7222 Y

1 /°° yI(y*/7* +1) |
7/ sinh?(y) Y
(8.9) ~ 0.0497822.

Hence for all ¢ € R,

. 2 [ yln(y?/n + 1
K(¢)| < 1+—/ yInly/m 1) 0~ 1.00956,
™ Jo sinh*(y)

which is the claim in (iii).
We now suppose d > 1. By (6.11) and a change of variables we have, for |z| > 1
and z =

| Ky (2)] < Cd/ / dxdy
: 20 (|z[2 + 1) 30x—zw+yf“

dxdy.
Izld/ /R (lz]2 + y2)* (| — 024 92) %
Since

/ / xdy</ / Y o7 dxdy
re (]2 +y2)* (! — )2+ ) fa-oi<t) (1 +42)% (|z 9|2+y)
dxdy
/ /{x 6]>1} val2+y) (z +y) S

S/ 1/ 1dmdy<Cd
0 u+y>2 ra (o2 +1)%
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This together with the obvious bound for the second term in (8.2) gives that
| Ky (2)] < ‘f—fg for |z| > 0. Next, for j = 1,2,--- ,d, differentiation and (3.4) gives
that for |z| > 1,

2 s
2 \—od!/ [ s,
0z v B, y) (|2 +92) T (lv — 22 +y2)F
]xkx]\y
dxdy
d+1 / /Rd (|22 + y*) 5 (Jo — 2 + 42) %

Cd|ZJ| |xkzj|y
(@+2) / / 2 2 a3 ey
zl e (|22 +2) % (|z — 02 + 12)

where z = |z|0. Similarly, we can obtain the same upper bound for %]ék)(z),
|z| > 1, which leads to |VKyw (2)| < Mcﬁ for all |z| > 0 and |z| # 1.

It remains to show that the Fourier transform of K(k)(z) is bounded. By (6.7)
and Proposition 6.5, we have that

> Opo(z,y) O _ Cqzy
(8.10) 4/Rd/0 O ay(ypz(:c,y)) dydx = E |z| > 0.

This formula can also be easily verified using the Fourier transform. More pre-
cisely, we have

4 o 27rz'z~§dd d
LI 32 axk 5ol = 2 dydad:

1 = (, —27|€ly efQﬂix-gd dr
L] gt e s ay

—— / (1 — 2ely)e el gy
0

&
I8
which implies (8.10). Thus we can write (8.2) as

(8.11)
A 1\ Opol(z,y) O Z
Kmm(z)—( 4/0 /Rd (h 1) o, ay((wz(fay))dfvdy ]l{|2|21}(z)+cd|z|d+1'

Since the Fourier transform of the second term is —i% (the Fourier transform of
the classical Riesz transforms), it is enough to show that

[ et [ e
{lz[=1} {lz[=1}
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are uniformly bounded in ¢, where

o0 1 xkyQ
8.12) JH(z ::/ / (——1) : _ dxdy,
CE= L\ y) (22 + 42) 5 (jo — 22 + y2) 5

e 1 Yyt
8.13)  JP(z :_/ / ( —1> . _ dady.
> (2) o Jra \N(z,y) (|I|2+y2)d%(|95_2|2+92>%

_1 1‘ S Cd—\wl and
h(z,y) y

By the estimate (3.4),

da+1

(8.14) / (|z]* +y*) 2 do < / 2|~ dz < ¢y
{lz[>3} {

for 0 <y <1 we have

1 2
1 Tk |y
—1 dxdydz
/{zm /0 /{mg;} ’ Iz, y) ’ (22 + 42) F (jz — 2 + g2) &

1 2
1 1 |z |y
< / / / dz ‘ — 1‘ dxdy
0 J{a1<iy ( (o223} (|o — 22 +12) 5 ) h(z,y) (Jof? +y2) 5
1
< C’d/ / ¥ 7 dedy < Cy.
o Jlei<dy (2> +y?) =

Note that in the first inequality, we used the fact that if [z| < § and |z| > 1, then
|z — z| > . Similarly,

w( o7 dwdydz

2

/{z|21} / /{|z§;} h(z,y) (|x]? + y?) |z — 2|2 +y?) =

1
oo 1
ol (o)
1 {2124} (|7]* +9%) = {l2|<1}
< Cd/ / y~ Tt dady < Cy.
1 {lz|<3}

On the other hand, it follows from (3.4), (8.14), and the bound

!kuyQ

1 |2k |y?
— 1| dz | dy
h(z, y) ’ (o2 +32)F

(8.15) / Y dx<Cy
{2121} (Jo — 22 +92) 2
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that
1 |2k |y
— o dedydz

1
/{z|zl} /o /{|z|z;} h(z,y) ‘ (|72 + 427 (|l — 22 + 427
1
Y 1 ||y
- _dz '——1'—d:cdy
/o /{x|z;} </{z|21} (Jo — 2|2 +2) % ) h(z,y) (Jof2 +y2) 5
1
of |
0 iz (Jof2 + y2) "

1
1
< Od/ / L drdy<Ca.
0 Jielzty (J22 +2)F

By Lemma 3.1, we know that |1/A(z,y) — 1| < % for y > 1. Using this,
h(z,y) - i3 a7 dadydz

/{Z|>1} /1 /{Ir>§} (|2 +32) 7 (Jz — 22+ 42)
h Y 1 |2k ly
- dz ‘——1‘—.dxdy
/1 /{x|z§} </{|z|21} (Jo — 2|2 +y2) % ) h(z,y) (|lz|? + 42) %
> 1
< Od/ / —dady
1 Stz (22 + 92

~ |
gc/ —dy/ Y <o,
Ny Jea (1) ¢

In the last inequality, we have used the change of variable wy = x. Thus, we get

||y

dxdy

1 R
h(z,y)

1 2
1‘ 21|y

(8.16) ' / JP (2)e 2= 1| < / 1J® ()| dz < Oy
{lz|>1} {lz[>1}

Using the trivial bound y?/(|z —z|*+y?) < 1, it follows from the previous argument
that

‘/ Jék)(z)e—%rizf dz
{lz|>1}

= / /oo/ 1 B 1‘ d+?!xk‘y4 a5 dadydz
(=13 Jo o Jra |B(z,y) (22 + 427 (|z — 2|2 +92) 7
h _ |z|y”
= -1 ' dxdydz
/{|Z|Zl}/0 /Rd h(l’,y) ‘ (’$‘2+y2)%(’x_2|2+y2)%
< Cy.
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Remark 8.2. Note that the proof of the boundedness of the Fourier transform
for d = 1 shows that in fact the function

0= ([ w2y> sy ) Baen

is in L'(R) with ||J|;x &~ 0.09956. Similarly, for d > 1, the proof shows that
P () sy (2) and J5F (2) 1,513 (2) are in L'(R?) with bounds depending only
ond.

This gives the following

Corollary 8.3. For d = 1, the continuous probabilistic Hilbert transform is given

by
1 > 2y° 1
Ra(z) = — {1+ dy ) 1y b1,
w(2) WZ( /0 (y2 + m222) sinh®(y) y) (1213 (2) 2 U <1 ()
1
(8.17) — J(2) + —,
Vv

where ||J||1: ~ 0.09956.
Similarly for d > 1,

k k 2k
(8.18) Ky (z) = J& + J§ )+Cd‘z|d+1’
= g® “k
=J +cd|zld+1’

where || J®)||;1 < C4 where C,; depends only on d.
We record the LP-boundedness of the operators in the following Corollary.

Corollary 8.4. With J and J* as above, the probabilistic continuous Hilbert and
Riesz transforms are of the form:

(8.19) RKuy*f=Jxf+HFf,

(8.20) Kgw * f=J® s« f+R® « f, k=1,...,d.

Forl < p < oo,

(8.21) IKgl|| r—ze < || ]|z + cot(m/(2p*)) ~ 0.09956 + cot(w/(2p*))
and

(8.22) Kz | oo < | T® 22+ cot(m/(2p%)) < Cu + cot(n/(2p")),

where C,; depends on the dimension d.

We conjecture that the LP-norm of the operator Ky is independent of d. As to
the sharp value, that is not easy to guess with the information at hand.

Our proof above shows that the choice for the second terms in (8.1) and (8.2)
is quite natural given the relationship of the first term to the Hilbert and Riesz
transforms. The question of choosing different second terms in (8.1) and (8.2)
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that could lead to continuous operators with smaller p norms, perhaps even
cot(m/(2p*)), would be interesting to explore.

Remark 8.5. Recall that the smoothness condition |VK (z)| < r|z|~@*") can be
relaxed with Hormander’s condition

(8.23) sup/ |K(x —y) — K(z)|de < B < o0,
Y70 Jlz|>2]y|

see [35, Theorem 4.3.3] and [63, Corollary on p.34, Theroem 2, p.35]. In particu-

lar, if K satisfies |K (z)| < x|z|~¢ and Hérmander’s condition, then the convolution

operator T' with kernel K is bounded on L?, 1 < p < co. We claim that the kernel

Kyx) satisfies Hormander’s condition. We have already seen that

IVKH(’“) (x)\ < for ‘3;" #0,1.

|z |dH1”
Suppose |y| > 1. If |z| > 2|y| then

0(z —y) + (1 = O)x| = |z — Oy > (1 = §)lz[ > (2 - )]y
for all 0 < 0§ < 1. By Taylor’s theorem, we have

Cly| Cly|
’KH(k)(x - y) - KH(k> (.flf)‘ é ’VKH(M (I - ey)Hy‘ S ‘QZ’ _ 0y|d+1 S |$’d+17

which leads to

[e.e]

1
/ Ky (z —y) — Kyw (z)| dz < Cly| —dr < C < oo.
|2y "

2ly
Iflyl <1and|z| > |y|+1, then |z —0y| > 1 for0 < # < 1. Thus, the same argument
yields

/| y Kuw (z — y) — Kyw (z)| dz < C < 0.
z|>|y|+1

Let 1 < |y| <1 and2Jy| < |z| < |y| + 1. Using |[Kyw (z)] < k2|~ and |z — y| > 3|z

we get
+1
/ Ky (z —y) — Kym (2)] dz < C/ 2|~ dx = C |log <|y| )
2y <lei<lyl+1 2lyl<fel<lyl+1 2ly|
which is bounded for |y| € (1,1]. Suppose |y| < 1 and 3 < |z| < |y| + 1, then the
same argument gives

/3 Ko (& — ) — Ko ()] do < C / 2]~ de = Cllog(2(y] +1))] <
3 <lal<lyl+1

3
3 <Jal<lyl+1

7

Ifly| < 1 and2Jy| < |z| < 2, then |z — 0y| < 1. Thus it follows from the gradient
bound that

3
11
/ , |KH(k)(ac—y)—KH(k)(x)|dx§C’|y|/ —dr < C < oo.
2ly|<|z|<§ 2yl "

Y

Q.
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Therefore the kernel Ky, satisfies Hormander’s condition and the LP(R?)-boundedness
of the operators for 1 < p < oo also follows from the Calderon-Zygmund theory.

9. A method of rotations for discrete Riesz trasforms

Given the fact that the classical method of rotations can be used to show that
the Riesz transforms (and other singular integrals) in R? have norms bounded
above by the norm of the Hilbert transform, as discussed in Section 5.2, it is
natural to ask if there is a discrete version of such a technique that would reduce
the boundedness of operators on (?(Z%) (with some assumptions on their kernel)
to the boundedness of Hg;s on ¢?(Z). While this does not seem to be the case for
the setting of the CZ discrete Riesz transform as defined in (5.14), we can define
closely related operators for which such a procedure is possible.

9.1. Two-dimensional case. We first consider the d = 2 case where a particu-
larly simple expression for the discrete transform is available. For j = 1,2, from
(5.6) we have

i 1 Ty —Yi
ROf(x) = —pv. | [f(y) JF
R2 -

27 |z
Note that
Plyl 1y -y vl
oy yl WP WP P
where i = 1, if j = 2 and i = 2, if j = 1. Hence, the kernel of R is given by
1 &y|
Yi 8yj2. '

Although not necessarily natural, this motivates the following definition for a
different variant of discrete Riesz transforms
RO f Zf In —m+ej| + |n—m —e;| —2|n —m)|

n; —m;

Limin,}-
mEZ2
For simplicity, we consider : = 1. Fix a,b € R and define the directional discrete
Hilbert transform via the formula

f(m
abf Z ny, — ]l{nﬁémhng lani4b)=ma—|am1+b]}-

mZ2

The intuition behind this definition is as follows. We split Z? into an infinite family
of “one-dimensional” sets

Fopa = {(k, Lak—l—bj—kl):k:EZ}:{neZQ:nQ—Lcml—f—bj =1},

where [ takes arbitrary integer values. Then H,;, acts as a (one-dimensional)
discrete Hilbert transform on each of the fibers F,;;. In particular, the above
interpretation combined with Corollary 7.2 immediately gives that

e pllp—p = cot(55),
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which is the norm of the continuous Hilbert transform.

Theorem 9.1. For compactly supported f : Z?> — R, we have

9.1) R f(n) // +a2 s Hunf (n)dadb,

Proof. Formula (9.1) is equivalent to

|n—m—|—62|+|n—m—62]—2]n—m\

1 1
/ / ﬂ{mzf lam1+b|=n2—|an1+b|} dadb,

—|—a2 3/27Tm1—n

whenever m, # n;. After elementary simplification, we need to prove that

In —m+ e + [n—m — es] — 2|n —m|

1 oo
1
N /0 / W ]l{m27taml+bJ=n2*Lan1+bJ} dadb.

We denote the right-hand side of the above equality by /.

The integrand in [ is a periodic function of b, with period 1. Therefore, we
may integrate with respect to b over an arbitrary interval of unit length. For
convenience, we choose this to be [—an;, —an; + 1), so that |an; + b| = 0, and we
substitute ¢ = any + b. It follows that

—ani1+1
I= / / ]l{m —|lami+b|=n }dbda
[ T Mot

- / /o m ]1{m2—ta(m1—n1)+cjzn2} dcda.

We consider the case m; > n;, the remaining case m; < n; being very similar. We
have

1 00
1
/ / ma—na—c+1)/(m1—n1) 1
—————dadc
(ma—n2—c)/(mi1—n1) (]' +(12)3/2

/ Mg — N9 —C+ 1 Mo — Ng — C

_ — dc
0 \V(ma—ny—c+1)24 (m; —n1)2  /(ma—ng—c)2+ (mg —m)?

- <—\/(m2 —12)2 + (my — n1 )2+ /(Mg — ns — D)2+ (my — n1)2>

— (=V/lms =+ D2+ (= )2 + /(my — )2+ (i — 102

=|m—n—es|+ |m—n-+es| —2|m—n|,

as desired. O
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> 1
L raeprie=?

This, as in the classical method of rotations, immediately leads to the following
estimate.

Note that

Corollary 9.2. We have

||R(1) l|lep—er < cot( 2;* ).

On the other hand, we have the following perfect analogue of Lemma 6.7 which
gives the opposite inequality.

Lemma 9.3. If we denote by Ky (n) the kernel of R™%), then
lim |n\2]KR<k)(n) - K

(k)
[n|—o0 Ry

(n)| = 0.

Proof. The argument boils down to an application of Taylor’s theorem and ele-
mentary estimates. If n = (ny,ny) € Z%, |n| > 2 and n; # 0, then

In —ea| + [n + es] — 2|n| = \/n%—i—(ng—l)g—i—\/n%—i—(ng—l—l)Q—Z\/n%—i—ng

1 n%
[5 o) o e = 2y

and hence

In—ea| +n+es| —2[n| n
(i )

n
1 1
ni ny
|/ a- dr— | (1-|z))——2 4
‘[ﬁ ) G, o [f =) g gy

< [t

n+yes| > |n| — |y| > |n| —1 > 3|n| when |y| < 1 and |n| > 2, so that

ny ni
(nf + (n2 + )32 (nf +n3)>?2

dx.

However,

ni ni
(n + (n2 +2)2)3/2  (nf +n3)3/?

o v 3”1(/’7’2 +y) d
- 2 2\5/2 Yy
o (ni+(n2+y)?)

_ 96[m|(jnal +1) _ 192

when |z| < 1 and |n| > 2. It follows that

In—e|+nte|—2nf m

192 ! 192
<9y/uqmm:f—

~ P nf®

ny n? + n3

when |n| > 2 and n; # 0, and the desired result follows. O
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With the above result at hand, we can follow the proof of Lemma 6.8 and show
that appropriately rescaled operators R*) can be used to approximate (in the
point-wise sense) the continuous Riesz transforms R*), and consequently

2 )

IR lerse0 > [|R®| 2o 0 = cot(

We have thus proved the following result.

Theorem 9.4. The two-dimensional discrete Riesz transforms, defined fori = 1,2
by

; —m+ej|+[n—m-—ej| —2n—m
RO f Z f(m il il —2| |]1{m#m}’

mEZ2 (2 K3

where j = 2 ift1 =1 and j = 1 ifi = 2, have norms on (? equal to the norms on L”
of the corresponding continuous Riesz transforms: when 1 < p < oo, we have

)

9.2. Higher dimensions. The same approach works in higher dimensions, too,
but a closed-form expression for the corresponding kernel does not seem avail-
able. When d > 2, we define

(9.2) RWf(n) = > Kgo(n—m)f(m),

IR eo—seo = || R || 1o 10 = cot(

where the kernel for £ = 1 is given in an integral form as follows. If n = (ny,n) €
Z¢ with n; € Z and n = (ng, ...,ng) € Z%71, and if n; > 0, then

PR S _ dadb,
= (1) ™y . dél]d 1/" b 4[0, 1 )d-1 (1+ |a| )/ !

where () is related to the constant ¢, in (5.7) via

1 —1
C,= d = .
! (/ L1+ [aP)@n ) e

Furthermore, when n; < 0, then Ky (n) = —Kxu(—n). For a general k, the
kernel Ky (n) is equal to K1) (n'), where n' is obtained from n by swapping the
first and k-th coordinate.

By definition, as in the two-dimensional case, for compactly supported f : Z¢ —
R, we have

1
RO =Cif ] o e
f a [O 1]d 1 JRd—1 1 + |a| ) d+1 bf( ) a

where H,; acts as the discrete Hilbert transform with respect to n; on each of
the fibers

Fops={(n1,lany +b] +1):n € Z}y ={n € Z% :nj — |ajm +b;| =1, j =2,3,...,d},
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with [ € Z%~! (here we understand that the floor function in |an,+b| acts component-
wise). Therefore,

HR(I)Hepﬁgp S COt(

2 )

On the other hand, below we prove that (as in Lemma 9.3 for d = 2)

. . n
(9.3) lim ]n]d]KRu)(n)—KRg)(n)\ = lim |n|*|Krm(n) L1y

Inl— In| o0 — |n|(d+1)/2
Once this is shown, by the same argument as in the case of d = 2, we find that
IR0 > IRV o 10 = cot(5%).

Thus, we conclude that in fact the norms are equal. We state this as a theorem.

Theorem 9.5. The discrete Riesz transforms R¥) introduced above have norms
on (P equal to the norms on LP of the corresponding continuous Riesz transforms:
when 1 < p < oo, we have

IR ler o0 = [|R® | 1o v = cOt(55)-
Proof. We only need to prove (9.3). As before, we write n = (ny,n), where
n = (ng,...,nq), and since both kernels are odd functions of n;, without loss

of generality we assume that n; > 0. We have
KRU) (n) - KR(U (n)

ny
- 5 dadb —
/[Ol]d 1/1 b 1[0, Lyd—1 1 + |CL )d+1 a ( %+ |7:L|2)(d+1)/2

|
nd+l "
- dvdb — —
d/o1 [0,1)d—1 nl—i-]n—b—HJ] )(d+1)/2 ( 2 4+ |a)2) @D/

/ / 1 ! dvdb.
= cqn — v
o o141 Jio,nya-1 \ (0] + | — b+ v]2)(@HD/2 - (nF 4 |n|2)d+D/2

Since in the given region of integration we have —b+ v € [—1,1]¢71, it follows that

1 1
(0 + T+ wP)EDP (o + [P P

[Krw(n) = Kpo(n)] < cgni - sup
dis ’we[—l,l]dil

We now simply use the mean value theorem for the function ¢t — ¢~%~! evaluated
att; = /n? + |7+ wl? and ¢, = y/n? + |n|? = |n|: we have

1 1 d+1
N i {172 157}
Since [t; — to| < Jw| < V/d—1, we have t; > to —v/d— 1= |n| —v/d—1 > |n| when
|n| is large enough, and thus

1 1
(0} + |7+ w2) D2 (0] 4 []?)@+ D2

< |ty — ta] X

1

B 29+2(d + 1)
tfliJrl t%lJrl

|n|d+2

<Vd-1x
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when |n| is large enough. We thus conclude that when |n| is large enough, then
d+1 / n

The right-hand side multiplied by |n|? goes to zero as |n| — oo, and the proof is

complete. ]

We remark that a similar construction of the discrete Riesz transform using the
method of rotations can be carried out using the probabilistic discrete Hilbert
transform Ty instead of the discrete Hilbert transform Hg;; applied above. This
procedure will lead to a transform with the same norm on /7, but with a kernel
which is greater in absolute value than the kernel of R*) (in the point-wise sense).
However, we did not pursue this direction.

We summarize in the following Theorem.

Theorem 9.6. (i) Let R"*) be the classical Riesz transforms in (5.6), Rgi? the CZ
discrete Riesz transforms in (5.14), Tyw the probabilistic discrete Riesz trans-
forms in (6.4), and R®) the Riesz transforms obtained by the method of rotations
in (9.2). Then, forl <p<oo,d>2andk=1,...,d,

(9.4) IR0 = Ty [ler = [IRD | = cot(Z=) < [|REer-

2p

(ii) When d = 1, the operators reduce to the classical Hilbert transform H in (1.1),
the discrete Hilbert transform Hg in (1.2), the probabilistic discrete Hilbert

transform Iy in (7.1). The p-norm of all three operators is cot(Qg* ).

10. Numerical comparison of kernels

We end with some remarks on numerical comparisons on the kernels for the
discrete operators Rg;), R*), and Tk . Numerical evaluation of the kernels for
Rgfs) and R¥) when d = 2 presents no difficulties. The situation is quite different
for Tyx), which is given by a triple integral involving the periodic Poisson kernel
hz,y).

In the following numerical simulations we used Wolfram Mathematica 10 and
a relatively naive approach, which may lead to significant errors. That said, the
outcome turned out to be relatively stable when we varied the parameters, so we
believe that our approximations are correct to roughly fourth significant digit.

The periodic Poisson kernel h(z,y) was approximated using the definition (3.2)
when y < %1 and using the expression (3.6) based on the Poisson summation for-
mula when y > i. Additionally, since h(z,y) converges to 1 exponentially fast as
y — oo, for y > 10 we simply approximated h(z,y) by a constant 1. To speed up
numerical integration, we evaluated the above numerical approximation to i(z, y)
in a limited number of points, and then we used appropriate interpolation to find
the values of h(z,y) between these points.

Numerical integration was done using standard methods available in Mathe-
matica. Although Mathematica warned about slow convergence, the estimated
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Figure 2. Values of the kernels of the three transforms: Kpya)(n,n2)
(I‘ed), KR(I) (nl, ng) (blue), and KR(I) (77,1, ng) (black) for niy,Ng €
dis

{—5,—4,...,5}.

error of numerical integration appears to be less significant than the errors in
approximation of the periodic Poisson kernel.

The values of the three kernels are shown in Figure 2. Ratio between the
kernels of the probabilistic and the CZ discrete Riesz transform are shown in
Figure 3, while a similar plot for the method of rotations and the Riesz transform
R}, is shown in Figure 4. Numerical results are presented in Tables 1, 2 and 3.

Our simulations suggest that there is no general point-wise relation between
the kernels of R and Rgfb) nor there is one between the kernels of Ty and
R®*). However, it seems that the kernel of Ty is always greater (in the absolute
value) than the kernel of Rgfs). This leads to the following conjecture which we
know is true for d = 1 by (6.8).

Conjecture 10.1. For all d > 2, we have |Kyu) (n)| > |K ,u (n)| for every n € Z°.
dis

The above numerical findings give little insight into Question 7.7, which asks
whether K A is the convolution of Kyx with some probability kernel. Indeed,
although intﬁsitively point-wise domination asserted in Conjecture 10.1 appears
to be a necessary condition for a positive answer to Question 7.7, neither of these
statements implies the other one.

On the other hand, our calculations strongly suggest that in dimension d = 2
the maximum of K1) (ny, ny) is strictly smaller than the maximum of K Y (n1,n2);

both maxima are attained at (n;,n2) = (1,0). If this is indeed the case, then K e
dis
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Figure 3. Ratio between the kernels of two transforms:
Kya(ny,ng) /K R(1>(n1, ns) (red) compared with constant 1 (black) for
dis

ni,ng € {=5,—4,...,5}. Whenn; =0, we set 0/0 = 1.

Figure 4. Ratio between the kernels of two transforms:
Kra(ny,ng)/K RO (n1,n2) (blue) compared with constant 1 (black)
%

for ny,ny € {—5,—4,...,5}. When n; = 0, we set 0/0 = 1.
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Table 1. Values of the kernels of the three transforms: Kya)(ng,no)
(top row), Kz (ny,n2) (middle row) and KR(l)(nl,nQ) (bottom row)
dis

for ny,ny € {0,1,...,5}, n; # 0. The largest value in each cell is set
in bold, while the smallest one is given in slanted type.

n2
0 1 2 3 4 5
0.2051 0.0698 0.0158 0.0053 0.0024 0.0012
1 0.1318 0.0649 0.0166 0.0055 0.0024 0.0012
0.1592 0.0563 0.0142 0.0050 0.0023 0.0012
0.0446 0.0315 0.0151 0.0071 0.0037 0.0021
2 0.0376 0.0284 0.0147 0.0071 0.0037 0.0021
0.0398 0.0285 0.0141 0.0068 0.0036 0.0020
0.0188 0.0160 0.01006 0.0065 0.0039 0.0025
ny 3 0.0172 0.0149 0.0103 0.0064 0.0039 0.0025
0.0177 0.0151 0.0102 0.0063 0.0038 0.0024
0.0103 0.0094 0.0073 0.0052 0.0036 0.0025
4 0.0098 0.0090 0.0071 0.0051 0.0036 0.0025
0.0099 0.0091 0.0071 0.0051 0.0035 0.0024
0.0065 0.0061 0.0052 0.0041 0.0031 0.0023
5 0.0063 0.0060 0.0051 0.0040 0.0030 0.0023
0.0064 0.0060 0.0051 0.0040 0.0030 0.0023

is clearly not a convolution of K1) and a probability kernel. Thus, we expect
that the analogue of Question 7.7 for R® instead of 7; mtv has a negative answer.

Finally, one can ask if the analogue of Question 7.7 holds for the discrete Riesz
transform obtained with the method of rotations, but using the probabilistic dis-
crete Hilbert transform 7y instead of the usual discrete Hilbert transform H ;..
We did not attempt to answer this question.
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Table 2. Values of the ratios Ky (n4, TLQ)/KR(l)(TLl,nQ) of kernels of
dis
two transforms for ny,ny € {0,1,...,5}, n; # 0.

no
0 1 2 3 4 5
1.2885 | 1.2413 | 1.1127 | 1.0593 | 1.0356 | 1.0235
1.1200 | 1.1067 | 1.0717 | 1.0458 | 1.0303 | 1.0211
1.0615 | 1.0567 | 1.0450 | 1.0333 | 1.0243 | 1.0180
1.0364 | 1.0345 | 1.0298 | 1.0241 | 1.0191 | 1.0150
1.0239 | 1.0230 | 1.0208 | 1.0179 | 1.0149 | 1.0123

3
=
Ol | W N =

Table 3. Values of the ratios KR<1)(n1,n2)/KR<1>(n1, nsy) of kernels of
dis

two transforms for ny,ny € {0,1,...,5}, ny # 0.
N2
0 1 2 3 4 5
11]0.8284 | 1.1530 | 1.1667 | 1.0947 | 1.0574 | 1.0379
20.9443| 0.9959 | 1.0452 | 1.0483 | 1.0385 | 1.0292
ny 3 0.9737 | 0.9873 | 1.0094 | 1.0205 | 1.0221 | 1.0199
410.9848 | 0.9897 | 0.9997 | 1.0077 | 1.0116 | 1.0125
5[0.9902 | 0.9923 | 0.9972 | 1.0022 | 1.0057 | 1.0075
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