GEOMETRY OF THE CANONICAL MAPPINGS OF A TOWER OF
LOCALLY HERMITIAN SYMMETRIC SPACES OF FINITE VOLUME

SAI-KEE YEUNG

ABSTRACT. Let {M;} be a tower of coverings of non-compact locally Hermitian symmetric
spaces of finite volume. We show in this paper that there exists i, > O such that the L>
canonical sections on M; gives an embedding of M; when i > i,. Furthermore, if M, is a
smooth toroidal compactification of M, we show that 2Kz, is very ample if i > i1 for some
i1 sufficiently large. The proof also verifies the convergence of normalized dimension of the
space of holomorphic k forms to its von-Neumann dimension on the universal covering, as
well as stability of Bergman kernel in taking the limit on the level of the tower.

§1. Introduction

1.1 Let M = G/K be a Hermitian symmetric space of non-compact type, where G is a semi-
simple Lie group and K is a maximal compact of G. Let I be a lattice. Then M =T'\G/K
has finite volume with respect to the Bergman metric on M. We call M a finite locally
Hermitian symmetric space in this article.

By a tower of coverings {M;} of M, we mean a sequence of finite coverings M; 1 — M;
with My = M, such that 7 (M;y1) < m1(M;) is a normal subgroup of 7;(M;) with finite
index and M52, m;(M;) = {1}. For a locally symmetric space I'\G/K, a tower of coverings
corresponds to a sequence of nested normal subgroups {I';} of the lattice I'.

Two natural questions arise. The first is whether

HI (M, aKyy,) — HY (M, aK )

in a certain sense when i is sufficiently large. The second is whether interesting geometric
properties of M; can be reflected from the universal covering M. The questions are inter-
esting in geometry and beyond, since the sections give rise to automorphic forms of low
weights for j = 0 and a small. In this paper, we concern with the case of j =0 and a =1,
the more difficult situations for complex geometric methods.

There are lots of discussions in variants of above problem for I' cocompact in the litera-
ture. A sample of results closer to the interests of this paper include [A], [D], [DW], [Rh],
(K], [HT], [L], [LZ], [W], [Y2], [YY], [YZ] and references therein.

The results in the case of cofinite I' is much more limited. Papers in this direction includes
[S], [CF], [Y3] and more recently [DS]. Cofinite locally Hermitian symmetric spaces are just
as interesting as the cocompact ones, but there is the difficulty of estimates at the infinity
that one needs to handle.
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This leads to the first result in this paper. We say that a Hermitian holomorphic line
bundle (L, h) on a non-compact manifold complex M equipped with a K&hler metric g to
be L? very ample if its L?-sections with respect to the Hermitian metric h and the volume
form induced by g give an embedding of M. Similarly, given any N > 0, we say that L is
L? N-jet generating if the L?-sections of L with respect to the Hermitian metric h and the
volume form induced by g generates N-th jet at every point on M.

In the case that L is the canonical line bundle, we equip the line bundle with the metric
induced by the Bergman metric.

Theorem 1. Let M be a locally Hermitian symmetric manifold of non-compact type. Let
{M;} be a tower of coverings of M. Then there exists i, > 0 such that Ky, is L? very
ample with respect to the Bergman metric on M; for i > i,. Furthermore, given any N > 0.
There exists iy such that Ky, is L? N-jet generating if i > iy .

The main difficulty with the cofinite case lies in the fact that we need to rule out unex-
pected concentration of geometry near infinity. One needs to enforce some sort of uniform
estimates near the boundary divisor. We remark that there are examples of complex ball
quotients with trivial h%(M, Kjy), including fake projective planes and fake projective four
spaces as given in [PY1-3] and references therein. Hence going to a finite unramified covering
is in general reasonable if very ampleness is required.

1.2 The information about a manifold M as above reflects geometric properties of its suit-
able compactification. There are quite a lot of interests and activities trying to understand
the algebraic and complex geometric properties of smooth toroidal compactifications of M;.
Results in this direction include [Mu], [T] and more recently [DD], [BT].

The leads to the second result of this paper.

Theorem 2. Let M be a locally Hermitian symmetric manifold. Let {M;} be a tower of
coverings of M. Denote by M; a smooth toroidal compactification of M;. Then there exists
1o > 0 such that 2Kﬁi 1s very ample on M; for i > i,.

Let us elaborate a bit on the setting. Denote by K77 the canonical line bundle on a

smooth toroidal compactification M; of M;. Tt follows from the work of Mumford [M] and
Tai [T] that there exists i, > 0 such that M; is of general type for i > i,. In the special case
that M a complex ball quotient,for n > 3, it is proved in [BT] that Kyz, is ample. From
[N1], [WY2], it is also known that M is complex hyperbolic for i > i,. Theorem 2 gives very
ampleness of 2Ky, for 7 sufficiently large. Note that without going to a finite unramified
covering, it may not even be true that K37 is ample in the case of n = 2. Examples include
those of Hirzebruch in [Hil.
We have the following immediate corollary to Theorem 2.

Corollary 1. For all finite locally Hermitian symmetric in the setting of Theorem 2 above,
K7 is ample if © > i, is sufficiently large. In particular, the Kodaira dimension of M is n.

1.3 Along the way of proving Theorem 1, we have also proved the convergence of the
normalized dimension of the space of Alf—holomorphic forms on M; to its von-Neumann
dimensioin on the universal covering M, again in the cofinite setting. This is stated as
Proposition 1 in §3. The corresponding results for cusps forms have been proved by Savin
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in [S]. We have also proved a stability result in the sense of point wise convergence of the

k-th Bergman kernel on M; to the corresponding one on M. This is stated as Proposition
2 in §4. Theorem 1 was proved in §5. Theorem 2 is proved in §6.

§2. Preliminaries and formulation

2.1 Let us recall some standard terminologies involving L?-cohomology. Let M be a com-
plete Ké&hler manifold. Let (L, h) be a Hermitian line bundle on M. Denote by H(Q)(M, L)

the space of L? Og-harmonic L-valued (0,i)-forms on M with respect to the Hermitian
metric h of the line bundle L and the volume form on M. This corresponds to the reduced
L? cohomology on M. The L?-norm of ¢ is defined by

lol? = / o .
M

- / of2n
M

where w is the Kéhler form on M and *¢ is the Hodge dual of ¢ with respect to h and w. In
the setting of Hermitian symmetric space of non-compact type M and L being a multiple
of Ky, the metric A is induced from the Bergman metric, and w” is the volume form of the
Bergman metric with Kahler form w on M. We would also omit h in the subscript when
there is no danger of confusion.

Let {fx} be an orthonormal basis of H EQ)(M ,L). The Bergman kernel is defined to be

By (w,y) - ka ) A fr(y)-

As such we are regarding B2 as a section of pt () @ L) ® p3(Qh" " @ L*), where p, is
the projection of M x M into the a-th factor, a =1, 2. ‘

We are mainly interested in the trace of the kernel, ng o (x,x). We define the von-
Neumann dimension of L-valued i-form to be 7

04 0,i
hv,(2) _/EBM,L(:C"/L‘)v

where 3 is a fundamental domain of M.
As the Bergman kernel is independent of the choice of a basis, for each fixed point x € M,
the trace of the Bergman kernel

By 1 (z,7) = sup |f(@)l; = sup | for(@)|*he",
fEH (ML), f|=1 feHs (ML) [|f]|=1
where || - || stands for the L%norm, and we have written f = fy(dz;, A--- Adz;,) ® e in
terms of local coordinates (z1,. .., 2,) and local basis e of L.

Let 3; a the fundamental domain of M; in M. We may assume that 3; C Y. Y =3
is a fundamental domain of M on M. We fix such a ¥ in the following discussions.
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The von-Neumann arithmetic genus on the universal covering M of M is defined by
n n
. 04 0 o~
Yo (D) = S(~17%%, (1) = 3" (~1)hiS, (D),

i=0 i=0
from the Hodge identities on a complete Kdhler manifold, where hg’é )( ) dim H" 22) (M ).

In general, for L a holomorphic line bundle on M invariant under deck-transformation,
define
r i10i (77
Xv,(2)(M7 L) = Z(_l) hv’(2)(M,L).
=0

2.2 In this paper we are mainly interested in holomorphic forms. These are also the space of
harmonic forms of type (i,0) on a Kéahler manifold. Let L be a Hermitian holomorphic line
bundle. We will use H?Q[))(M L) to denote the space of holomorphic (¢,0) L-valued forms

which are L? with respect to the Bergman metric on M and the Hermitian metric on L.
The corresponding Bergman kernel is
Z fr(@) A fily

The space of all such L? holomorphic sections of the canonical line bundle is also denoted
by F(Z) (M, KM) = Hn’O(M, O)

From Hodge theory, these spaces reflect the reduced L?-cohomology on a complete non-
compact manifold, cf. [Da].

2.3 We recall some standard facts about some compactification of M.

Lemma 1. (/BB], [AMRT]) M admits a smooth compactification M, so that D = M — M
s a normal crossing divisor. In particular, D can be chosen to be a union of tori.

For arithmetic lattice I", this follows from Bailey-Borel [BB]| compactification and res-
olution of singularity of Hironka. A smooth toroidal compactification is given by Ash-
Mumford-Rapoport-Tai in [AMRT] for arithmetic I'. For such compactification, D is a
union of tori. .

In the case that I' is non-arithmetic, this only happens if M = Bg. In such case, there
is the work of Siu-Yau [SY] on the compactification of M by a finite number of cusps, and
Mok in [Mo] showed that a resolution in terms of toroidal compactification still works in
this case. In particular, for M = B¢, it is known that D is a disjoint union of tori, cf.
[AMRT], [Mo].

2.4 For a general Hermitian symmetric space M and a finite M = M /T, the compactifying
divisor D has irreducible components which may have non-trivial intersections among them.
In such case, for any x € D C X, there is a neighborhood U C X of z in X with local
coordinates (21, ..., 2,) such that UND = {21 --- 2z = 0} (1 < k < n) and the complement
U=U-UnND = (A /2) x AF C (AMF x A"k, where the Ay, A refer to disk or
puncture disks of radius r in C. By a Poincaré metric on U, by mean the restriction of the
product of the Poincaré metrics on the disks and puncture disks A and A*. Let us first

give some estimates on the Bergman metric near the boundary divisor.
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Lemma 2. The Bergman metric near a point D in a toroidal compactification M of M is
quasi-isometric to a Poincaré metric with Kdhler form given by

vV—1dz1 Ndz7 v —1dz A\ dz;;
= Y Y L V—1g-dz A dz; 1
P TPloglaPR T Talogla 2 VA ()
i some local coordinates near a point on D, where
c1
— < g:< 2
(og =) = 7= 2

with constants a,cy,co > 0.

Proof Let wy, p be the Poincaré metric on U. Since the Bergman metric on M has holomor-
phic sectional curvature bounded from below by a negative constant and wy, p has constant
negative holomorphic sectional curvature, the usual Schwarz Lemma of Ahlfors, cf. [Ro],
implies that there is a constant c3 > 0 such that

9B < C39U,P-

On the other hand, the normal component of gp is well-known to be of the form of the
standard Poincaré metric on the punctured disk. For the component of the metric parallel to
the direction of the divisor, from the fact that the metric is good in the sense of Mumford in
[Mu], we know that there is a lower bound of (logcw for some positive constant o > 0. [

§3. Convergence in asymptotic dimension

3.1 Recall that we denote by hi (2)(]\7 , K7) the von Neumann dimension of the space of

L?-holomorphic j forms on M with respect to M. We need the following result in later
sections.

Proposition 1. For k=0,...,n,
hE (M;, Kar,) N
(2w ¢ k 2
as 1 — 00.

For the space of cusp forms, which correspond to L?-holomorphic forms vanishing at
the cusps, a similar result was obtained Savin in [S]. In our situation, there may be L?
holomorphic forms which do not vanish at the infinity. The proof here is also very different.
The more geometric argument is applicable to general non-compact Kéhler manifolds with
appropriate conditions imposed as well.

As mentioned earlier, this type of statement was classical for compact M; and follows for
example from [K] and [Y1]. Let us explain the non-compact case here.

We know from standard facts that héz)(ﬁ, KJQ\“/]) =0 for 0 <i<nand >0 for i =n.
We try to relate the geometric properties of M; to M. Though the basic strategy is the
same as for the compact analogues used in [Y1] and [Y3], there is the complication given by
non-compactness of M;, which renders Kazhdan’s approach in [K] not applicable without
preventing escape of some sort of mass to the infinity. Eventually we show that such a loss

. . hkg (M, K ;) k /a1 2
of mass to infinity cannot happen and prove that W < h(g)(M , KM) for each k,
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from which index theorem type of argument is applied to prove that equality of the two
quantities for k = n.

3.2

Lemma 3. Let f € T'(9)(M, Kyr) with || f|| = 1. There exists an open neighborhood U of D
in M and such that

sup |f[5(x) < sup |f[5(y) and sup|f|3(x) < sup |f[3(y)
zeU yeoU zeU yeolU

where the first one is measured with respect to the Euclidean metric g,on U, and the second

with respect to the Kdahler metric g = gp, for U sufficiently small .

Proof Let us for simplicity assume first the case that M= B¢. In such case, as mentioned
in 2.2. there exists M = M U D and D = U |T; is a disjoint union of a finite number of
tori of complex dimension n — 1. The canomcal line bundle K5 restricts to Ky on M. A
holomorphic section f € T'(y) (M, K)) extends as a meromorphic section of K5;. Since L?
norm of K is conformal invariant, we know that f is L? respect to a smooth Hermitian
metric on M as well. One consider a trivialization of K57 on a neighborhood V' of a point
z € D. From Fubini Theorem, we may assume that the restriction of f to s generic disk
A transversal to D is actually L? on D. Consider the Laurent expansion of f on D. It
follows that from L? finiteness that f|p cannot have any pole along D. This also follows
from Riemann Extension Theorem. Hence actually f extends to a holomorphic section of
K47

The first estimates in the lemma now follows from maximal principle.

For the second estimates, let us first consider the case of complex ball quotients. In this
case, the volume form of gp is of form

|dzt A~ A dz"|?
|21[?[log |z ||+

in suitable local coordinates around D, with D given locally by z; = 0, cf. [Mo]. Hence the
induced metric on the canonical line bundle s |21]?|log |z1||"*! and is decreasing in 2.

For a general Hermitian symmetric space M and a finite M = M / I, the only difference is
that the compactifying divisor D may have irreducible components which have non-trivial
intersections among them. In such case, for any z € D C X, there is a neighborhood
U C X of x in X with local coordinates (z1,...,2,) as given in 2.4. The Bergman metric
has estimates given by (1) and (2). In particular, the volume form is of form

|dzt A~ A dz"?
TT5=1 (12512 - [log |z[[)
on U of form A} x A 1 in local coordinates for some fixed numbers v;, as explained in §2.
Again the metric2 on the canonical line bundle is H§:1 (|z;]% - (log |2;|?)77) and is decreasing
as z gets closer to the compactifying divisor. The earlier argument applies again.

]
3.3
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Lemma 4. Let 1 <1< n. Let f € I'9)(M, Q{M_).There exists an open neighborhood W of
D in M and a constant C' > 0 independent of f and = such that

1/2
”f”MFﬁfl(W) = (/ . |f’2> = C|| fll a;-
v M;—=; - (W)

Proof Consider first the case of [ = n. Let us illustrate the proof for a standard neighbor-
hood of a point on D as discussed in 2.4 to be of form U = (AT/Q) X A’f/zk with & = 1.
The other cases are exactly the same except that the notation is more complicated. Again,

as explained in 2.3, up to quasi-isometry we may assume that

FdzlAdzl —I—Zn: \/71
(

~dz; A\ dz; 3
TerP(log [ P)? T 2 (log [ )™ 3)

wp ~
for some «; > 0. Here we say that two Kéhler forms w1 and woy satisfles wy ~ wsq if there
exists a constant ¢ > 0 such that %wl <wo < aw.

Note that OU N X is a relatively compact set on X, the fundamental domain of M in M.
Hence on identifying Y with M, the injectivity radius of a point on U in M is bounded
from below by a positive constant. Hence we may assume that there exists r; > 0 so that the
Euclidean ball B, (x) is embedded in U for each point x € OU. Replacing 1 by min(%, 1)
if necessary, we may assume that r; < i. It follows from Cauchy estimates that there exists
a constant ¢ > 0 such that

2 S
[fI° = clf(y)l (4)
By ()
for each y € OU. Let V = U,ecgu By, (z). Let W =U — V. It follows that for each x € Uy,

rr <y f e [ o)

Integrating over x € U;, we get
[ 1r@r<a [ i1 (6
w \%
VO](U%_” (0),90)

for ¢y = ——=2_———. Since 71 (U) can be considered as a disjoint union U;y;U for v
in the deck transformation group of m; and v; acts by isomorphism, we conclude that the
same estimates holds for each ~;U and hence

Since the left hand side of the expression above is just || f H?\L —If ”?\4 _aiwy Ve conclude
that c
2 5 A 2
sy > T 161 )

which concludes the proof for k = n.

Consider now | < n. In such case, the L?-norm is not conformal and depends on the metric
and we need to pay more attention. Again let us illustrate the proof for U = (A} /2) x AT /2k
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with k& = 1, since the other cases are exactly the same except that the notation is more
complicated. .
An holomorphic k-form on M is of form

f= ijl ..... adZt AN dR = ijdzj,
J

J

where J denotes the tuple (j1,...,7;) and each f; is a holomorphic function on U.

I

Consider a fixed subscript I. In such case, up to quasi-isometry, we may assume that the
metric takes the form (3) and

[ 1sav, = [ 1 dengavi, = [ 1 hav, )
U U
1 1 :
_ | mrwoem et gy 11
h= | ler (10)
s¢1 (log 1)) 75’ el
in our local coordinates. The estimates in (4), (5) and (6) are replaced by
[ e = dw) ()
Bry (v)
1
e i (12)
¢ Jv
[1s@en < o [ isen (13)
w %
(14)
Vol(u, __(0),h)
where ¢! > 0 is a constant and ¢f = ———=27+——. Note that the reason that the argument
works is that Vol(U%ﬂ,1 (0), h) is finite with respect to our h defined in (10).
Hence as in (8), we get
10 = L1 (15)

I _ _a
for ¢y = 17

Summing over all I, we conclude that there exists a constant ¢ > 0, taking to be the
minimum of all the ¢}, such that

HfHMFw.‘l wy 2 cll fll;- (16)
i (W)
O

3.4

Lemma 5. In terms of the earlier notation with 0 < k < n, we have

k,0 k.0
/ BMi >c BMi .
M;—m; (W) M;
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Proof This follows from the definition of Bergman kernel as mentioned in 2.1. U

3.5 Proof of Proposition 1 Consider first 0 < k£ < n. It is a classical fact that there is
no L2-holomorphic k-forms on the bounded symmetric domain M for k < n with respect
to the Bergman metric, cf. [Y5]. Hence it follows that h” (2)(M) =0.

. . RE, (M, K ;) . ..
We claim that limy_, W =0 for 0 < k£ < n. The case of £k = 0 is trivial.
hE | (M;,On.
Assume now that 1 < k < n—1. Let € > 0. Suppose that W > e for a (sub)sequence

of 7. From Kahler identity, hl(cz)(Mi,OMi) = hWFO(M), which implies ﬁsz Bﬁ/’[? > €

Hence we conclude that ﬁ f M.iﬂ_le%] > ce Since the Bergman kernel is invariant
under automorphism, this implies that

)
/ BMi > ce,
E-p~1(U)

where p : M — M is the universal covering map. Hence in terms of extremal sections
as described in 2.1, there exists a holomorphic k-form f; on M; with ||fi|[a, = 1 and
| fi(x0)]g = € at some point z, € X—p~1(U). Since X—p~1(U) is relatively compact, a normal

family argument as given by Kazhdan [K], see also [Y1], leads to a section f € H’;Q())(N )

with f non-trivial at a point z, € ¥ — p~!(U). This contradicts the earlier statement that

’Hlé()](]v ) =0 for 0 < k < nand M a bounded symmetric domain. Hence the claim is
proved. Hence the Proposition is proved for k < n.
Now consider £ = N. The conclusion of Lemma 3 in fact implies that the supremum of
an L2-section is bounded away from D. Hence same argument as above implies that
hiay (Mi, Kg,)
[T, T]

The equality will follows from covering index type of statement. For complex rank one
case this also follows from the result of Barbarsh-Moscovici [BM]. In all the other cases, the
equality follows from a result of Rohlfs-Speh [RS] as used in §5 of [S].

< hE o (M, K. (17)

O

§4. Pointwise convergence and stability

4.1 We begin with an observation. One problem that we need to deal with for a cofinite
locally Hermitian symmetric space M is that the injectivity radius of M is 0, since the
injectivity radius of a point on M tends to 0 as the point approaches the infinity divisor.
Nevertheless, we have the following if a point is fixed on the universal covering. Recall a
fundamental domain of M; is given by D; and D; C D, with D = D;.

Lemma 6. Letz € D C M be a fized point. Let 7i(x) be the injectivity radius of m;(x) C M;.
Then lim;_yo 7(x) = 00.

Proof Assume that the contrary is true and there exists v; € I'; with d(v;z,2) < R, a
constant. Then v;(z) — y € Bgr(z), after passing to a subsequence of {;} if needed. Hence
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the distance with respect to the Bergman metric, d(v; y;+1(x), ) = d(yi41(x), yi(z)) = 0
as ¢ — 00, since I' acts by isometry. This contradicts proper action of I' on M. ([
4.2 The following is the main result of this section. Sometimes it is also called stability
result for the kernel involved. For the Bergman kernel B?Q) (M;, Ky, ), we take the notation

that B?2)(M7;, Ky, (z) == B?Z)(Mi, Kp,)(z, z) as trace of the kernel function.

Proposition 2. Let z, € ¥ C M. Then

uniformly in a neighborhood U of x, asi — co. Furthermore, given any differential operator
_ o
D= e of degree | on %,

Dy By (M;, Kyy,)(x) = D Bly) (M, Ky7)(x)
uniformly in a neighborhood U of x, as i — oo.
To prepare for the proof of Proposition 2, we make the following observation.

Lemma 7. B?z)(Mi,KMi)(:E) < C forallxz € D and i € N.

Proof Note that B?Q)(Mi, Kyy,) is biholomorphic invariant. Hence it suffices to consider
x € D. Again we consider nested fundamental domains so that D = Dy and D; C D;y.
Let V' C U be neighborhoods of D on M. Consider now separately V and M — V.

For x € M —V | the injectivity radius of M is uniquely bounded from below by a constant
To- Hence the injectivity radius of M; at x is uniquely bounded from below by 7, as well.
Hence for f € H&) (M;, Kag,) with || flar,,g = 1, it follows from Cauchy’s estimates that

[flg(x) < Cllfllang =C
for some constant C' > 0, cf. [Y1].
Consider now x € U. It follows from Lemma 3 that sup,¢; |f|§(w) < Csupyeoy |f|§(y)

As QU € M —V, we conclude from the last paragraph that sup,car |fI2(y) < C. We
conclude that

sup ]f\g(x) <CCy
zeU
for another positive constant Cf.
The above two paragraphs conclude the proof of the lemma. U

4.3 Proof of Proposition 2 Proposition 1 implies that

lim | By (M, Ku,) = /D By (M, Kyp). (18)

i—00 D

We also know that for any point x € D,

lim By (M;, Kar,)(x) < By (M, Ki7) («). (19)
Our goal is to show that
Jim By (M, Kar,)(x) = By (M, K5p)(z) (20)

uniformly for all z € U, a neighborhood. Using Lemma 6.
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The rest of the argument is similar to the ones in [Y2], [Y3] and [Y5]. We follow the
steps outlined in §4 of [Y5], which we recall. The main estimate is to evaluate each of the
terms on the right hand sider of the following.

’BMi,K(x’x) - BM,K(CCPIN < ‘k]’\z[((tvx’x) - BM7K(CC,$)| (21)

+|kMi7K(t,CE,:L‘) - k]'\}[J7K(t7xvx)| + ‘kMi,K(t’x7x) - BMi,K(fL‘,x)‘.

At this point we remark that By, x = B, is the Bergman kernel of holomorphic
n-forms. Similarly, BM,K = B]\“/f,ma kwn, ke = kg on and kM,K = k]\ﬂ/f,m. As argued in §4 of
[C], In the finite volume case,the heat kernel for ™ on M; is still related to the heat kernel

for L2 smooth n-forms on M by

le-,Q” (ta T, y) = Z kM’Qn <t7 z, 7:&)
~v€EL;
where x = m;(Z,y). This is verified for example by the argument given in §4 of [C] and is
used in our argument similar to the compact case treated in [Y2], [Y3]. Note that as M
is a Hermitian symmetric space of non-compact type, there is a rich history of study on
the spectral behavior. In particular, the heat kernel ks, on (¢, z,y) for Q" on M has similar
estimates as heat kernel for functions on M when the distance d(x,y) is large, cf [LM],
Theorem 1. Together with Lemma 3, the discussions in [Y2], [Y3], as summarized in [Y5]
are applicable.
Hence we need to estimate each of the three expressions in the right hand side of (21).
The estimate of the first term is given by
ks g (82, 2) — By pe(w,2)] < %
uniformly according to Lemma 2 of [Y3]
By Lemma 1 of [Y2], the second term is estimated by

‘kMi,K(tvl'a$) —k’M7K(t,l’,l’)| = Z kﬁl{(t,l‘,’}/x)
yel'—{1}

_ d?(z,52)
ce 4t

NN
[

We will choose t = d(z,~vx), which is at least 7;.
The third term of inequality (21) is estimated by

|k i (t, 2, ) — B, i (2, )|
< |k‘M7K(t,l’,ﬂf) - BM,K(I,QS)’ + |kM¢,K(taxax) - ]CM7K(7§7$,CU)|

+|kMi7K(t7 Z, l’) - BMi,K(xﬂ $)|
€

< —
3
where the last inequality follows from convergence of the Bergman kernel as in Lemma 5 of
[Y2], by applying the arguments in Lemma 1, Lemma 3 of [Y3].
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We conclude that given any ¢ > 0, there exists 7, > 0 such that for all i > i, and
z,y € Dy,
| B, i (2, x) — BM,K(@”,:BM <e (22)
Letting € — 0, we get the uniform convergence of By, k(z,x) to BAZK(QU, x) as i — 00.
The same argument, replacing By, i everywhere by DBy, x and BM, x by DIBM, %
we will get the uniform convergence of

DlB?2)<Mi7 KMz)(er) — DlB?2)<M7 KM)('Z.7$)

for z in a small neighborhood of z, € M as was used in [Y2]-[Y5]. This also follows
from the exposition in Lemma 4 and Proposition 2 of [Y3], since the kernels By, i (z,y)
is holomorphic in z and conjugate holomorphic in y, and we may apply Cauchy type of
estimates to M x M.

This concludes the proof of Proposition 2. O

§5. L’-very ampleness and L? jet generating.

5.1 We are going to finish the proof of Theorem 1 in this section. The idea is similar to
those in [Y2] and [Y5] for compact cases but with some modifications needed to take care
of the geometry at the infinity, making use of the results in the last section. As usual, we
break the proof into proof of base point freeness, immersion and separation of points.

5.2 Base Point Freeness

From Proposition 1, we know that after passing to a certain M; for ¢ sufficiently large,
we may assume that Iy (M;, Ky,) # (). Hence for simplicity of notation, we may replace
M by M; if necessary and assume that I'(o) (M, Kpr) = H(OQ)(M7 Ky) # 0.

From the first paragraph in the proof of Lemma 1, we know that a section s € I'() (M, Kyr)
extends holomorphically to a holomorphic section of I'(M, K77), which we use the same no-
tation to represent. Denote the base locus of I'(9) (M, Kxs) on M by Bs(9y(Ks). Then as M
is projective algebraic, there are finite number of subvarieties V; C M,j = 1,...q so that
Bso)(Kun) = U?zl(Vj). We are going to use induction to show that there exists a covering
M; of M, so that there exists section s € F(Q)(Mi, Kyy,) with pull back s not vanishing on
p;V; for each j, where p; : M; — M is the covering map.

Choose a point z1 € Vi. There exists a neighborhood U; of D so that x; € M — Uy.
Hence 0U7 is relatively compact in M. It follows from Proposition 2 that there exists s €
2y (M;, Ky,) with s(pj(x;)) # 0, for i > i, sufficiently large. Hence Vi1 := Bs(,)(Kn)NV3
is a proper subvariety of Vi and hence of lower dimension. We may now apply induction.
After a finite number of steps, and passing to a corresponding cover My,, the base locus
of the canonical sections on My, does not intersect the pull-back of Vi. Note by pulling
back canonical sections of Vi by py, : My, — M, we see that Bs(g)(Kas,, ) is contained in
px_/11<U;1':2VJ’)-

Repeat the above procedure for V5 in place of Vi, we conclude that after passing to an
appropriate coverings My, , the base locus of the canonical sections of My, does not intersect
V5. In other words, in terms of the projection map

Py I]WV2 — ]\4‘/1 — M,



CANONICAL MAPPINGS ON A TOWER OF FINITE LOCALLY HERMITIAN SYMMETRIC SPACES 13

we have Bsg) (K, ) C p(/;(ug-:ng).

Repeat the procedure using induction, we conclude that after passing to a covering My,
Bs(z)(Kqu) = (). Hence there exists a covering M;, := My, in the tower such that Ky, is
base point free. This also implies that Ky, is base point free for i > ¢, by pulling back the
canonical sections.

5.3 Immersion

Let s1,...,s be a unitary basis of I'(9)(M, Kyr). Let t; j := d(s;/s;) be the meromorphic
function on M coming from the quotients of the two sections. Then the locus of non-
immersion is the set

Ay = {x € M : rank([t; k]1<i<i) < n for all k <1},
cf. [Y1] or [Y4]. Hence if we set By, to be the matrix [t; j]1<i<i,
Ay :={z e M: all (n—1) x (n— 1) minors of By determinant = 0, V1 < k < [}.

The corresponding set for L? sections of K a7 s
Azp = {x € M : rank(d(3;/@)1<i<n) < n ¥3i,a € T(gy(M, K7)},

Note that A7 =. In fact as Ag; is invariant under biholomorphism on M and M is
homogeneous, it suffices for us to check that rank(d(S8;/a)i1<i<n)(0) = n at the point 0 € M

in representing M as a bounded symmetric domain in C™. For this purpose, it suffices for
us to take @ = 1dz' A -+~ Adz" and §; = zidz' A -+ A dz™.
The argument as given in the part for base-point freeness leads to a proof.

5.4 Separation of points

Consider M; x M;. The non-separate locus is S; C M; x M;. Similar to earlier discussions,
we let

S; = {(z,y) € M; x M; : §(x) - ;(y) Vs,t € T(M;, Kup,)}-

Similar to the argument in the earlier subsections, S;11 C S; for all ¢ by considering pull-
back canonical sections. On the universal cover M, clearly a corresponding set

S={(z,y) € M xM: i(x) - ;(y) Vs, t € T(o)(M, K)}

is empty, by considering L? holomorphic n-forms obtained from multiplying bounded holo-
morphic functions to dz' A --- A d2".

The argument of the subsection for base-point freeness leads to result that S; = ) for
i > i, for some i, sufficiently large.

5.4 Generation of jets

Since this involves just more number of derivatives comparing to the prove of immersion,
exactly similar type of arguments can be applied with the availability of Proposition 2, see
also page 221 of [Y2]. We skip the details here.

5.5 Proof of Theorem 1. Theorem 1 now is a direct consequence of discussions in 5.2-5.4.
O
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§6. On a smooth toroidal compactification

6.1 To relate the geometry of M with M, let us first make the following observation.

Lemma 8. H(02)(M, Ky) = HY(M, Kyp).

Proof Let ¢ € H(OQ) (M, Kypr). As L?-norm on Ky is independent of metric chosen, we

may assume that ¢ is L? respect to the Euclidean metric on M. On a small coordinate
neighborhood U of a point p € D € M, we may write ¢ = ¢dz! Adz? A---Adz" in terms of
local holomorphic coordinates (21, z2). It follows from the L? assumption and the Riemann
Extension Theorem that 1 can be extended holomorphically across D. Hence ¢ can be
extend as a holomorphic section of H°(M, K;). O

6.2 The following lemma in the case of complex ball quotients of complex dimension n > 2 is
already proved in [BT], which is stronger for these special cases in the sense that i, = 1 and
we do not need to go to higher levels in the tower. For any Hermitian locally symmetric space
of complex dimension n, we know that each irreducible component D; of the compactifying
divisor D = Z§:1 Dj is a torus of complex dimension n — 1.

Lemma 9. There exists i, > 0 such that Kﬁi is ample on M; for i > 1i,.

Proof Since an irreducible component Dj; ; is a torus, the canonical line bundle K D;; 18
trivial. It follows from the Adjunction formula that K37 |p,; = —D;j|p, ;- The latter is a
positive line bundle from [AMRT] for arithmetic I'. In the case that M is a complex ball
quotient and I' is non-arithmetic, we only need to consider complex ball quotients and in
the case, this follows from [Mo].

To check the ampleness of Kyp,, it suffices for us to check that Kkﬂz -V > 0 for every

complex subvariety V' C M; of complex dimension 0 < k < n from Nakai-Moishezon
criterion. cf. [Ha.

In the case of k = n so that V = M, this follows from the Lemma 8 and Theorem 1.

Suppose V' is (irreducible) of complex dimension d < N. It suffices for us to show that
Kz, |y is big. Consider first the case that VN M; = VN (M;— D;) # 0. In such case, V N M;
is an analytic subvariety of dimension d in M. I follows again from Theorem 1 that sections
of I'(9)(M;, Kpy,) restricted to V' give immersion and separate points on V' N M. Again from
Lemma 8, such sections are restriction of sections of I'(M, Kﬁj). In particular, Ky, |y is
big. On the other hand, if V' C D; ; for some j. It follows Adjunction Formula that

Kyp,1p,; = =Dijlp: (23)
is an ample line bundle on D; ;. Hence Ky, |D; ; is big again. The lemma nows follows from
Nakai-Moishizon criterion. O

6.3 We observe that in general, m; : M; — M;_; extends to a holomorphic mapping =; :
M! — M, for some compactification M/ of M;, by Nagata’s Compactification Theorem, as
explained in [WY2], §4.1-4.2. In the case of toroidal compactification for a locally Hermitian
symmetric space, it is well-known that 7; extends to m; : M; — M;_1 as utilized in [Mu],
[T]. Notice in the case of non-arithmetic quotients in complex rank one case, the behavior
near a compactifying divisor is again the same as arithmetic case as explained in [Mo].
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Hence a tower of coverings {M;}°, can be regarded as the restriction of coverings a tower
{M;}$°, to the quasi-projective parts, for which m; : M; — M;_; is ramified instead of
unramified covering.

In fact, we may assume that m; is ramified along D;, by considering a sub tower of
sufficiently large gap if necessary, according the earlier work of [M], [T] or [WY2]. In
particular, this is proved in Lemma 4.3 of [WY2]. We refer the reader to §4 of [WY?2] for
more related discussions, but just recall the following statement that we need.

Lemma 10. (/WY2], Lemma 4.83). Let r > 0 be a positive number. There exists i, > 0
such that for all i > i,, the ramification order of p; : M; — M along D; is at lease .

6.4

Lemma 11. Let r > 0 be a positive number. There exists i, > 0 such that there exist
sections si,...,sn, € I'(M;, Kﬁi) vanishing along D; to an order greater than r for i > i,
and they generate Ky;, on M;.

Proof Write D; = D;j,j = 1,...,n; be the irreducible components of D;. Fix i; such that
L) (M;, KMil) is very ample on M;, from Theorem 1. Let i > i1 and ¢; := pj; 41 © pi;+1 ©
s 0Dy MZ%M“

From Lemma 7, 7; is ramified. Let r > 0 be a fixed number. Let n;; be the ramification
index along D;;. Let ¢ € I'(M;,, K47, ). It follows that ¢} is a global section in K77 with

21 K

vanishing order along D;; given by n;; > r. This is just a reflection of the usual Hurwitz
formula that K7 = 7 Kz, | + 325 (ni; — 1)(Dyj). O
6.5
Lemma 12. There exists 1, > 0 such that QKM,.‘Di is very ample for i > i,.

Proof From (23), we know that (D;;, Kyy,|p, ;) is ample for each irreducible component
D, of D; = M; — M;. From Lefschetz’s Theorem, cf. [GH], we know that 3K, | b,
is very ample as D;; is an abelian variety. The theorem of Lefschetz was generalized
by Ohbuchi [O] to the statement that for an ample line bundle L on an abelian variety
A, 2L is very ample except in the special situation that the pair (A, L) is isomorphic
to (A1 x A2,O(D;1 x As + Ay X Da), where A;,i = 1,2, is an abelian variety and D; is
an ample line bundle on A; with dim(A4;,O(D;)) = 1. In our situation, it is clear that
K| D;; = —D; | D ; is not of the above form. Hence 2K, | D;,; is very ample from the result
of Ohbuchi. O

6.6 We can now complete the proof of Theorem 2.
Proof of Theorem 2
Consider the exact sequence

— Hl(M,L,QKMZ — Dl) —
First we claim that H'(M;, 2Ky, — D;) = {0}. Recall we have sections s;,i =1,..., N;
obtained in Lemma 11 vanishing to order r along D;. When r > 1, we may regard s; as

(24)
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a section t; € I'(M;, Kq;. — D;). It follows that h := (Zf\hl [t;/>)~1, in local coordinate
charts, will give a smgular Hermitian metric for K5; — D; which is smooth of Ky, as
s;,¢ = 1,...,N; has no common zero on M; from Lemma 11, since they generate Kjy,.
The metric is singular only along D;. It follows that h is a smgular Hermitian metric with
positive curvature as a current, which is smooth everywhere on M; and has Lelong number
at least r along D;. It follows from Nadel’s vanishing theorem [N2], or L2-estimates, that

H'(M;,2Ky;, — Di) = H'(M;, Ky, + (K37, — D;)) = {0}
and the claim is proved.

From the claim, the homomorphism £ in the exact sequence (24) is surjective. Now from
Lemma 12, the global sections in H%(D;, 2Kﬂi| p,) separate points on D;. including infini-
tesimal ones if ¢ > i,, which is to be assumed below. Since these sections are the restriction
of sections in HO(M;, 2K5; ) from the exact sequence and claim above, we conclude that
sections of I'(M;, 2K+; ) separate points on D;, including infinitesimal ones.

From Lemma 8 and Theorem 1, we also know that T'(M, KM@') separates points, including
infinitesimal ones, on M;. Squares of such sections gives sections in I'(M, QKMZ-) separating

points, including infinitesimal ones on M;. Hence to complete the proof of Theorem 2, it
remains for us to show that I'(M;, 2K73;)

(i) gives an immersion at points of D;, and
(ii) separates points x,y with z € M; and y € D;.

In both cases, the argument of the claim above using L?-estimates or Nadel’s vanishing
theorem [N2] shows that they are valid, by choosing r to be sufficiently large. Let us simply
illustrate this for (i).

Let z € D; C M;. Let U be a small coordinate neighborhood of  in M;, with x given by 0
in coordinates (z1, ..., 2,). We can take this as the pull back of some neighborhood of m;(x)
on M as well. Assume that i is sufficiently large so that the vanishing order r; of 7; satisfies
r; = n+2 after applying Lemma 10. Let s1, ..., sy, be the sections of T'(M;, K47 ) obtalned
in Lemma 11 vanishing to order r; at  and generates Ky, on M;. Let h = (Eizl |5:]%)~
which gives a singular Hermitian metric for K5; . We also equip M; with a smooth Kihler

metric g1 with Kahler form wy. Then it follows that ho == h- is a singular Hermitian

det g1
metric on 2K5; , with curvature satisfying
K3

V—10801og ha + Re(g1) = vV—1001og hy > cwy (25)

as a current, for some constant ¢ > 0.

Let p be a smooth function supported in a smaller neighborhood U, of U. Let e%( be a
local basis of Kﬁi on U. The expression g(pzie%() has compact support in U. Extend it by
0 outside of U to get a smooth K%i—valued (0,1)-form on M;. Standard L2-estimates, cf.

[Ho], allows us to find a solution of

Ou = d(pzies) (26)

1 _
[ i< [ LB, 1)

with estimates
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The right hand side of the above inequality is finite since g(pzief{) vanishes in a neighbor-
hood of z. Hence the left hand side of (27) is finite, which implies that u vanishes to order
at least 2 at x since h has a pole of large order at . We conclude that f; := pzieﬁ( —u €
L9y (M;, Kyz,) when evaluated at 0 satisfies
0 0
5 F0) = (-5 (0)ek(0) = €k (0),

Zq

which is non-zero. Since i is arbitrary, we conclude that sections of I'(M;, QKM) gives an
immersion at . Since this applies to all x € D, (i) is valid.
(ii) is proved similarly. Note that from Theorem 1 and Lemma 11, we can find sections

in F(Mi,Kﬁi) vanishing to arbitrary predetermined order at y € M; if i is sufficiently
large. Hence the argument earlier as in (1) allows us to construct sections in I'(M;, 2K53;.)
separating a point € D and a point y € M;. Hence (ii) is also valid.

Theorem 2 follows.
O
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