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1. INTRODUCTION

The finite volume element method (FVE) is a discretization technique for partial
differential equations, especially those that arise from physical conservation laws. FVE uses
a volume integral formulation of the problem with a finite partitioning set of volumes to
discretize the equations, then restricts the admissible functions to a finite element space to
discretize the solution. FVE is closely related to the control volume finite element method
(CVFE), which was introduced several years earlier in the mechanical engineering literature
[2]. However, there are important differences in how each method treats composite grids,
especially in that FVE allows more general construction of the control volumes. The
methods are the same for simple elliptic equations and volumes based on the Voronoi
mesh. Thus, the theory here applies directly to both techniques.

The classical finite volume method (FV) is in common use for discretizing computa-
tional fluid dynamics equations. Reasons for its popularity include its ability to be faithful
to the physics in general and conservation in particular, to capture shocks, to produce
simple stencils, to apply to a fairly wide range of fluid flow equations, to effectively treat
Neumann boundary conditions and nonuniform grids, and to facilitate multigrid solution.
Yet the FV approach is not fully systematic: use of F'V requires a scheme for approximat-
ing certain fluxes, which is often done in an effective but rather ad hoc and restrictive way
that depends upon truncation error analysis. The limitations of truncation error analysis
were treated in depth in [13, 14], which, among other things, demonstrated that truncation
errors can be very large (e.g., O(1)) even in cases where the actual errors are small (e.g.,
O(h) or O(h?)).

FVE was developed as an attempt to use finite element ideas to create a more system-
atic FV methodology. The basic idea is to approximate the discrete fluxes needed in FV
by replacing the unknown PDE solution by a finite element approximation. This means
that the discretization design process can pay more attention to the local character of the
solution (to choose accurate finite element spaces), and less to the equations. Furthermore,

it provides a very effective discretization process for multilevel adaptive methods (see [15]).
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In [7], we established accuracy estimates for FVE for diffusion equations on simple
composite grids; however, the proofs appeal to the resulting stencil entries and are therefore
quite complex. We developed a simple theory of FVE for diffusion equations for general
triangulations in [6], but it applies only to a special choice of control volumes. The present
paper develops error estimates for general self-adjoint elliptic boundary value problems on
triangulations with linear finite element spaces, and with a general type of control volume.
Here we also incorporate the effects of numerical integration. In Section 2, we briefly
describe the FVE method. The general construction is suggested in Section 3. Section 4 is
devoted to error estimates of the FVE method under the assumption of uniform ellipticity
of the FVE operator, a sufficient condition for which is the use of the control volumes
constructed in terms of the circumcenters of element triangles. This we describe in Section

5. Finally, in Section 6 we discuss the effects of numerical integration.

2. FVE METHOD

For simplicity, assume that Q C R’isa polygonal domain. Consider the self-adjoint

elliptic boundary value problem

-V (Avu)=finQ
u=0onTy

(Ayu)-m =gonTly (2.1)

where I'g and I'y partition the boundary of €2, the ds-measure of I'y is strictly positive,
f € L*(Q) and g € L*(I';) are given real-valued functions, A = (a;)ax2 is a given real-
valued matrix function, and a;; € L™(Q), 1 < i,j < 2. Assume henceforth that the

following ellipticity condition holds: there exists a constant «; > 0 such that

T Az, y)€ > a1€T¢ (2.2)

for all € € R* and (z,y) € Q.
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By taking the integral of (2.1) over any control volume V C Q with a Lipschitz
boundary and using the Gauss Divergence Theorem (see [5, 16]) on the left-hand side,
(2.1) may be transformed to the following Primitive Form (or Surface Integral Form):

Find u € Héz)(Q;FO) ={ve H'(Q):v=0o0nTy} N H*Q) such that, for any

volume V C ) with Lipschitz boundary,

— /BV(AVU) - ds = /V fdz, (2.3)

where 7 is the unit outward normal vector on 9V

In general, discretizations based on the Primitive Form can in some sense preserve
this conservation law. This is quite important in computational flow dynamics (CFD),
and is one of the reasons for its popularity.

There are two ways to discretize the problem (2.3): while both use a finite set of
volumes on €2, one method, FV, uses divided differences to appproximate the fluxes in
(2.3) (see [11]); another, FVE, restricts the unknowns to be in a finite-dimensional space.
In particular, let V" be a finite set of control volumes and S'g be a finite-dimensional space.
Assume that the dimension of S’g equals the cardinality of V". The discrete FVE problem

is then written as follows:

Find u" € S{; such that, for all V* € V",

—/ (Ayu™) - "ds = fdz. (2.4)
avh vh

JFrom the FVE method, treatment of the Neumann boundary condition is straight-
forward: we do not need to impose the Neumann boundary condition directly on the finite
element space S{; ; instead, we incorporate it in (2.4) by specifying A v u" whenever V"
coincides with a Neumann boundary. However, the Dirichlet condition is imposed directly
on Sg. Therefore, we may say that the Neumann boundary condition and the Dirichlet
boundary condition are natural and essential, respectively, as in the finite element method
case. In the next section, we will discuss two basic FVE design choices, the finite element

space Sg and the finite set of control volumes V".
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3. FINITE ELEMENT SPACE S'g , CONTROL VOLUMES V" AND NOTATION

Here, as in [6], we restrict ourselves to piecewise linear finite element spaces defined
on triangulations. To describe S{; , first consider a family of piecewise linear finite element
spaces

S"={vel(Q): wv|g islinear forall K eT"}.

Here, 7" is a triangulation of the domain 2 so that each K € T" is a triangle and
Q) = Uzrn K. We assume that 7" is regular (see [8]): there exists a constant o such that,

for all K € U,T",

h
X <o, (3.1)
PK
where
hx = diam(K)
and

px = sup{diam(C') : C' is a circle contained in K}.

It is known that (3.1) is equivalent to Zlamal’s condition (see [18]): there exists a constant
6y > 0 such that, VK € U, 7",
Ox > 0o, (3.2)

where 0 denotes the smallest interior angle of K. Under these assumptions, we choose
S)={veS": wlp, =0}

In general, we may construct the control volumes as follows: choose any interior point
or median, zx, of K € U,7" and connect it with the medians, of K (see Figure 3.1). In
this paper, we are particularly interested in the case that is the circumcenter, orthocenter,
incenter, or centroid (i.e., center of gravity) of the triangle K, which are the respective
midpoint of the circumscribed circle of K, intersection of its altitudes, midpoint of its
inscribed circle, and intersection of its medians. The control volume associated with the

circumcenter of the triangle was considered in [6] and forms the so-called Voronoi mesh;



6 Z. Cai

that related to the centroid is in common use in CFD and forms the so-called Donald mesh.
In order to keep the circumcenter and orthocenter from lying outside of the triangle, we
assume throughout this paper that no interior angle of any triangle in 7" is larger than
90°.

Suppose that the m > n grid points (i.e., vertices of 7") are singly subscripted so
that

Qh =zl 1<i<m}

denotes the set of nodes of 7" and

QM= 1<i<n}=0"n(QuUI)

(3

denotes nodes of both its interior and Neumann boundary I't = Q*NT;. Let I} = QM\ Q"
Here and henceforth, we drop the superscript h when there is no danger of ambiguity. For
each i=1,...,m, let N (i) denote the set of neighbors of z; in Q" (i.e., points z; such that z;

and z; are distinct vertices of a common element K € 7"). Let
wi={j:2z; € Ni), 1 <j<m}
denote the subscript set for neighbors of z; in Q" and let
w={{i,7}:1<i,j<m, j€w}.

Note that the unordered pairs {i,j} = {j,7} in w are in one-to-one correspondence to the

edges in 7". Now given 1 <4, < m such that {i,j} € w, let
vij = VinNV;

where V; and V; are the control volumes associated with points z; and z;, respectively.
Let 7';; to be the unit outward normal vector on v;; (outward with respect to V;"). Let
Zi;; denote the line segment connecting z; and z;. For each {i,j} € w, let |v;;| and |Z;;]

denote the Euclidean lengths of v;; and Z;;, respectively.
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Now each {i,j} € w corresponds to two triangles, with a common face Z;;, which we
denote by K’ and K”. We say that the control volumes are symmetric if ~;; N K’ and
vi; N K" are perpendicular to Z;; and |y;; N K'| = |y;; N K"| for all {i,j} € w; they are
essentially symmetric if they are symmetric except for some volumes lying in a subregion,
Q, that consists of a fixed number of strips in Q with width O(h); otherwise, they are
nonsymmetric . Note that the control volumes associated with either the orthocenter, the
incenter, or the centroid are symmetric if each triangle K € T" is equilateral; the control
volumes related to the circumcenter are symmetric if 7" consists of equilateral triangles
or triangles which are obtained by bisecting rectangles of the same shape.

By connecting the point zx with the vertices of K € 7", we obtain a new triangulation
T". We say that the control volumes are regular if the triangulation 77 is regular. For
this, we have the following simple facts from geometry.

Proposition 3.1. If 7" is regular, then the control volumes associated with the
incenter and centroid are regular.

Denote the angles of K’ and K” opposite the common face Z;; by the respective 0
and g (see Figure 3.2).

Proposition 3.2. Assume that 7" is regular.

(1) If there exists a constant 6 > 0 such that, for all K/, K" € T",
9_[(/ Zé and H_K// Z é, (33)

then the control volumes related to the orthocenter are regular.

(2) If there exists a constant @ > 0 such that, for all K, K" € T",

_ T _
either HK/:§ or O <

o3
|
™
—~
&
e~
N—

and

either éKu:g or Opn < —=—0, (3.5)

b0l 3

then the control volumes related to the circumcenter are regular.
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Define the discrete H' semi-norm by

olar = [ Y (W) —v(z))?] - (3.6)

{i,jtEWh
For each {i,j} € w, define the linear functional b;; by
bij(v) = —/ (A \V4 U) . Wijds (37)
Yij
and the linear operator B by

n

Bv= [ biv) . (3.8)

JEwi i=1

We call B uniformly elliptic on S{; if there exists a constant as > 0 independent of the

space Sp such that, for all v in S,

n

> w(z:)(Bv)i = aalvlf gu- (3.9)

i=1
Conditions which guarantee uniform ellipticity of B will be given in the Sections 5 and 6.

Let 7'; be the unit outward normal vector on 9V; (i = 1,...,n). Since

(Bv)i = ) bij(v) = — / (A7 v) - 7 yds, (3.10)

JEwW; Vi

then we can rewrite (2.4) as follows:

Find u" € 8} such that
Bul = f" (3.11)

where f” is the n-dimensional vector with components f!* = fv_ fdz.
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4. ERROR ESTIMATES

Let u € H(()2)(Q; o) and u" € S} denote the solutions of (2.3) and (2.4), respectively.
Since H (()2)(9; Iy) € C°(Q), we may define the linear interpolant u; of u in 85 as follows:
ur € Shsuch that uy(z;) = u(z),1 < i < m. Our central aim is to estimate the discrete

H' semi-norm of the discretization error
e=u—u".
To do this, we will make use of its discrete counterpart
e =up —ut
and the interpolation error
er =u—uj.

Denote
wo = {{t,7} €w: || # 0}.
Our first lemma develops a basic error estimate which establishes convergence of the FVE
discretization.

Theorem 4.1. Assume that B satisfies (3.9). Then

Nl=

ehar < oo [ 2 (bten)?] (1.1

{7/7.7}6‘*)0

Proof. From (2.3) and (2.4) we have
Bu = Bu".
Hence, from the linearity of B, we have

Bel = —Bej.
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Note that e(z;) = e*(2;), 1 <i < m, and that bij(er) = —bji(er) for all {i,j} € w. Thus,
by (3.9), it follows that

O‘2|6|?,Qh = 042|€h|im

< Zeh(zi)(Beh)i

==Y e"(z) Y biler)
=1

JEW;

= Z (e"(2;) — €"(2:))bij(er)

{27]}6“‘)0
<leMian | D bi(er)
{7’7]}6‘*}0
This proves (4.1) and, hence, the lemma. g
Let E;; C R? denote the closed convex hull of vij U Zij(see Figure 4.1). For each

{i,j} € wand K € T" such that E;; N K # (), assume that E;; N K is affine-equivalent to a

reference triangle £ C R? as follows: there exists an invertible mapping Fij Kk : R* — R®

A

of the affine form Fj; x(2) = D;jxz + dij ik such that E;; N K = Fj; gx(F). Let 4 =
F ;1K (7i; N K) and define the linear functional f;; x by

fu) == [ (A9 @=u) Tids, (1.2
’)/ijﬂK
where vy is the linear interpolant of v in SQ. Let
Py(R*) = span{p : p(z,y) = a%", ¢,r >0, 0<q+r <k},

the set of polynomial of degree k on E C €. Then it is obvious that the linear functional

fij,k vanishes on P (RQ):
fijx(v) =0, Vo € P1(R?). w3

For the symmetric control volume case, E;; is rhombus (as in Figure 4.1). Assume that

each E;; is affine-equivalent to a reference rhombus E C R? as follows: there exists an
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invertible mapping Fj; : R?> — R? of the affine form F;j(z) = D;jz + d;; such that
Ej = Fij(E). Let 4 = Figl('}/ij) and Z = Fl-;l(Zij). Without loss of generality, suppose
that 4 and Z lie on the # and § axes, respectively. Define the linear functional fij by
(@) = byl — o) == [ (A7 (0= 00) Wiy, (44)
Yij
where vy is the linear interpolant of v in SQ . We then have the following stronger result.

Lemma 4.1. Assume that the matrix A is constant on «;; and that E;; is affine-
equivalent to the reference rhombus E. Then for the case of symmetric volumes, the linear
functional fij defined by fij (0) = fi;(v) vanishes on Py (RQ).

Proof. Let v(z) = v(2) and v;(z) = 0;(2). Then

Fiot#) == [ Moo 70 = ) - (D) T,

where 7;; = D, 1_>ZJ and n;; = Apparently, f”(f)) vanishes on Py (RQ). For any

Hnw”Q

v € Py (R ), © may be represented by

where A; is a 2 x 2 symmetric constant matrix and & € P;(R®). By the linearity of

fij 70 =24, and J5 vi; = 0 for & = (A12,2). We thus have, for any © € Po(R?), that

i (0 7 Ty s .
Fiot@) = = [ iy la(24D57 4,2) - (Dyyniy) 25
2l

— oyl ’,”;j" (A" 41 [ 209)- (D)
Yy

=0.

Hence, the lemma is proved. g
Let E be any triangle (or rhombus), the respective v and Z be any one side and its

median (or diagonal) of E, and 7’ be the unit vector which is orthogonal to 7. Let

hg = diam(E)
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and

pr =sup{diam(C): C is a circle contained in FE}.

Assume that there exists a constant og such that
Define the linear functional f by

f(v) = — / (A (v —vp)) - Tds,

where v; is interpolant of v in §). We then have the following estimate of | f(v)|.

Lemma 4.2. Assume that ||Al|2 is bounded on E, E satisfies (4.5), and E is affine-
equivalent to a reference element F c R®. Suppose that the linear functional f defined by

f(0) = f(v) vanishes on P,_;(R?) for some v > 2. Then, for all v € Héy)((l; I'y), we have
[f(0)] < ¢max.e, || Al 2kl v],E, (4.6)

where ¢’ is a constant independent of hg.

Proof. Let v(z) = #(2), v;(z) = 07(2), and A(z) = A(Z). Then

£0) = 70) = = [ Iala(AD~ (0 — i) - (D) 45,

11— _ . . . . . N .
177 and 7 is the unit normal vector with the same direction as 7. Since

where n = D
|72||]2 = 1, by using the Cauchy-Schwarz inequality and the Sobolev trace imbedding theo-

rem (see [1]), we have

A _ a ol R
F@) <D 1||§maxée"y||A(Z)||2||D||2} ; / 16— 1) 2d3

Y 1 1
‘ ’mz /uv 12d3)b

~Al— 4L
< ary[TPmaxzey [ A(2) |2 D HZ”DH2|’7|'”'U_UIHV,E‘?

< max.e, | A(2) 2| D73
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where ¢ is a constant independent of ¢. From the Bramble-Hilbert lemma (see [4]), one

has

PN ~Al—4 — ~ ~
[(0)] < erealy] ™ Fmaxze, [|A(2) |2 DTHZIDl2ly] - [0 = o1l,, 5

=1 _ v 1
< creaesy| T max. e, | A(2) 2| DTHBIDI5 yIdet (D)2 vy, b
Let p = sup{diam(C) : C is a circle contained in E}, h = diam(F), and |E| and |E| be
the areas of E and E, respectively. We have (see [8])

hEg
F

D]z < —=, D72 <

o s

E
, \det<D>r=:E:, and |E| = sl Z|l,

where ¢4, = %sin@o or %, and 6y is the interior angle of E between two sides Z and . These

facts and (4.5) imply that

@) =1/(2)]

N 2 ) 1
) h e\t B\’
< crcacs]y| T Zmaxzeq |A(2) |2 | - ( - ) el vlv, B
< p) \p cal Z| ||

< c'maXZGVHA(Z)||2hE_1|U|V,E=

where
_1 _(o41 .
¢ = creaesey 2015(24—2)W_§l"L2|E|%/3_(V+1)~
This proves the lemma. g

Theorem 4.2. Assume that a;;(z) € WL (Q),1<i,j <2 and u € HY(Q), v =2
or 3. Suppose that B is uniformly elliptic on S'g and that the triangulation 7" and the

control volumes, V", are regular. Then we have:

(1) for the general case,

lel1 on < chlul,o; (4.7)

(2) for the case of essentially symmetric control volumes,

3
lelyan < ch?|ullso; (4.8)
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(3) for the case of symmetric control volumes,
lel1.0n < ch?|lullsq- (4.9)

Here, cis a constant independent of the mesh size h = maxycrnhi.

Proof. (1) By Theorem 4.1 and Lemma 4.2, we have

2

1
lelion < — D> (bijler)?

a2 L2
{sz}ewo

[N

V2
SOé_ Z Z (/ (AVQI).WZ,de)Z
2 {i,j}ewo KeTh ’VijﬂK
V2 7
2
S 0y Z [(¢'max.cy | All2he;, |U|2,E£j)2 + (c'max.cq || All2hpy |U|2,E;;)Z]

{27]}€w0

\/ic/

a—2maXZ€Q||A”2.

(4.7) is thus proved with ¢ =

(3) For convenience, we drop the subscripts ij. Let A = A(2) where Z is the midpoint

of Z. Then
flu) =1 + I,
where
h=- [(A= 29 - u)- Tds
5
and

Since a;;(z) € WL (Q), 1 <i,5 <2, then
max,c||A — Alls < "hg,
where ¢’ is a constant independent of hg. It follows from Lemma 4.2 that

|| < d"h%|ulo.p
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and

L] < || Al|2h%|uls e

1
o

(2) Letw; ={{i,j} €w: E;yNK CQ for some K € T"}. By (1) and (3) we know
that

(4.9) is now proved with ¢ = max{c”, maxzcq|lA|2}.

D=

ehar <o | 3+ S Guten)?

{17]}6‘*"1 {17]}6“"’\"‘]1

1
(P?[ul g + P lull3 g 0) %

< 3,0\Q

c
o3
(4.8) thus follows from the observation that

ulls ava < llullse

and that (see [5, 17])

1
|uly,q < eh2|ulls.0,

where ¢ is a constant independent of the mesh size h. [

5. SUFFICIENT CONDITIONS FOR UNIFORM ELLIPTICITY OF B

In the previous section, we established error estimates for FVE under the assumption
that B is uniformly elliptic. Uniform ellipticity of B is established in [6] for the case
that control volumes are defined by circumcenters and A is diagonal. Here we first give a
sufficient condition for uniform ellipticity of B for the case that control volumes which are
not defined by the circumcenters and A = a(z)I. We will then consider the circumcenter
case for general A.

Proposition 5.1. Assume that A = a(z)] and that it satisfies the condition (2.2).
Then there exists an hg > 0 and a constant o > 0, dependent only on hg and a7, such
that, for all h < hg, (3.9) holds with constant as = a. Furthermore, if a(z) = 1, then (3.9)

holds with ag = 1 for any mesh size h > 0.
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Proof. The proof is just a straightforward consequence of the Lemma 3 in [3] and its
analogue. [

We now give a sufficient condition for the case that A is not diagonal. However, for
this theory we restrict our attention to the case that the control volume are associated
with circumcenters.

For each element K € U,T", denote the vertices, side segments, and control volume
segments of K by a;, Z; and ~;, respectively, and let 7’; be the unit normal vector on ~;,
i =1,2,3, (see Figure 5.1). We first establish (3.5) for the case that A is constant.

Lemma 5.1. Suppose that the matrix A is constant on each K € U,7" and that
it satisfies the uniformly ellipticity condition (2.2). If each element is either a right or
isosceles triangle, then B is uniformly elliptic with constant ag = a0 1.

Proof. Note that

n

YovE)Bu)i= Y (v(z) = v(z:))bi(v)

i=1 {i,5}Ewo
= Y zloe Ty X[ Ave s
{i,5}€wo Keu,Th 7 YiiNK
= > ux,
Keu,Th

where

3
wi =Y _|Zillul(vv, W) (AT v, ).
=1

Suppose that the element K is isosceles. Without loss of generality, assume that the vertex

angle, which is the angle formed by two equal sides, is #. Since

— —
W n1+n2

3=
|71+ 7a
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then ,
wi = (A v, Y _|Zillyl (v, W) 75)
i=1
Z. Z.
= (v 1z + 0l G ) 1 Bl G g,
Z. Z.
1808 (G0 70) 4 (1 Zalll + 208l 0 ),

where a = ||y + 7'2||* = 2(1 + cos('1, W'2)) = 2(1 — cosf). We now proceed to obtain

a lower bound on wg. First note that, since 7'; and 7'y are linearly independent in RQ,
we may let

— —
VUV =v1n1+v2ne.

But then

(Vv, W) =v; —wvacosl and (v, W'a) = —vicosl + vs.

Solving these two equations for v; and vy yields

1

V1 = ——55
sin260

[(Vv, W'1) + (Vv, 7'2)cost)]

and
1

sin20

—— (v, 7'1)cosl + (v, 1'2)].

Note that |Zs3||vs| = 2c0s0|Z1||y1| = 2cos0| Zz||v2|. Then wx = (A7 v, q) where

Z A
— [0zl + 2008 o, )+ B8 G

Z - 4 W)
|ﬂ%uv%nﬁ+O%WM+iﬁ¥@Xvunﬁhm
2cosb 2cos0
| Z1 || (1 + 2(1 — 6089))(VU7 w1)+ 2(1 — cos) Vv
2¢0s0 R 2cosb — N
30 ey (VY TV + (L g ) (V0 ) 2}

_ |21l ———A{[(Vv, W'1) + cosB(7v, 2)] 11 + [cosB(7v, 1) + (v, W2)| 72}

1 — cosf

+1

sin?0

=\|Z
A
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Hence,

WK = (A V v, Q)
sin20
sin260 (

1 — cosf

In other words, we can bound wg from below by replacing A by a;. Returning to the

= |Z1|Im]

> a1|Zy || v, V).

definition of wg, this means that

wie > a1y (v, Wi) (v, W) | Zil il
= al[(”(z2) - 11(251))2m + (U(Zg) - U(Zz))Zm + (1}(21) — U(Zg))2m]

| Z1| | Z|
> a0 (v(22) — v(21))? + (v(23) — v(22))* + (v(21) — v(23))?],

| Z3|

where o is from (3.1). For the case of that the element K is a right triangle, the above

inequality of wg follows from observations that

73] =0, |Z1||71] = |Z2l|y2|, and g = |Zi||y| v v.

These prove the lemma. [

Theorem 5.1. Consider the case that the control volumes are formed from element
circumcenters. Assume that a;;(z) € WL (Q), 1 <i,5 < 2, and that each triangle K € 7"
is either right or isosceles. Then there exists an hg > 0 and a constant a > 0, dependent
only on hg, such that, for all A < hg, B is uniformly elliptic, i.e., B satisfies (3.9) with
constant as = a.

Proof. Let A(z) = A(zk) for all 2 € K C T", where zx is the circumcenter of
triangle K. Since a;; € W(lxj (), 1 <1i,5 <2, then there exists a constant ¢; such that,
for all K € T",

Let
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then

3
x| <Y 1Zilllll v vl max||A — A

i=1

3
<eh Y | Zillill v oll?

=1

3
< cieah Yy | Zil [l (v, 7).

i=1
The last inequality follows from the fact that there exists a constant c > 0 such that, for
any K € Th,
3 3
S 1Zillil < 2 Y 1 Zilluleos® (v, T3
=1 i=1

We then have

n

Y oE)Bv)i= D | Zgl(ve, Wy) Y / (A v, n;)ds

i=1 {i,j}€wo KeTn /i
b Y 1Zlon ) [ (A=A e T)ds
{i,j}€wo R

= Z (wK—FlIJK)

KeTh
> a10*1|v|ig—zh — clcgh|v|iﬁh.
Hence, the theorem follows from chosing hg such that, for all h < hg,

a=aq10_1 — cicah > 0. |

6. THE EFFECTS OF NUMERICAL INTEGRATION

Denote the basis of the space S by {¢;(z)}/,, where ¢;(z) is the hat function asso-
ciated with z;, that is, ¢;(z) is linear on each triangle element K € 7" and ¢;(z;) = d;; for

all 1 < 1,7 <n. Then solving the corresponding discrete problem amounts to finding the
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coefficients u;, 1 <1 < n, of the expansion u" = S, wiy. These coefficients are solution

of the linear system
n

> (Bé)iu = fi, 1<i<n, (6.1)

=1

fizfvifdm

Let Wij be the unit outward normal vector on +;;, which is associated with V;. Then, for

where

> /va fdz. (6.2)

KeTh

any v € Sg, we have

_é%(Avv).ﬁidsz_Z/ (A7 v)- 1yds

jew; Y i

:—Z Z AVU ~Wijd8

jEw; KeTh Vil

:—Z Z AdS V Wzg

jewz Ke’]’h 7170K

The last equality follows from the fact that syv and 7’;; are constant on v;; K. Therefore,
(3.10) can be rewritten as

-> >« Ads) 7 v- Ty (6.3)

jew; KeTh YYViiNK

Note that the integral of a matrix M = (m;;)nxn is defined componentwise by

/Mdu = (/ ML) -

In practice, even if the functions a;; and f have simple analytical expressions, the
integrals f%jmK A(z)ds and fVmK f(2)dz which appear in (6.3) and (6.2), respectively, are
seldom computed exactly. To study the effects of numerical integration, we will assume
that a;;(2) and f(z) are defined everywhere on the respective {9V; : i = 1,...,m} and Q.
Foreach 1 <i<n, j€w;, and K € T", let

Fij,K 1z € K — Fzg,K(é) = Dz’j,Ké + dij,K (64)
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be the invertible affine mapping from K onto K. Assume without loss of generality that
the Jacobian of the mapping Fj; i is positive. Let 4 be such that F;; x(¥) = 7i; N K and
V be such that FZJK(V) =V;N K. Then
ij N K Ry ga
/ A(z)ds = D DK / A(2)ds (6.5)
’yijﬂK |’7| ¥

and

| s = det(Dysse) [ Fniz (6.6)
VinK 1%

where the hat quantities are defined by the usual correspondence, i.e., A(z) = A(2) and
f(z) = f(2) forall z = Fj; (), 2 € K. In other words, computing the integrals f K Ads
and fv ~x fdz amounts to computing the respective integrals f A(%)ds and fv
Let ﬂlﬁ (Il =1,..,L) and 517\7 (I = 1,...,Ls) be the quadrature coefficients, and 7 4
(l=1,...,L1) and M.y (I =1,..., Ly) be the quadrature points. Assume that i 4 and Bl v
are strictly positive, and ;5 € 7, 1),y € V. Then the integrals f A )d$ and fv
are approximated by quatratures as follows:

L

| Ay ~ 3 At (6.7
=1

and .
[RCEED ERTICNS! (6.5
=1

For 1 <1 < L4, define

vig N K R
ﬁl,’mﬁK ’ j’ | ’ﬁlﬁ and My NK = Fij,K(nl,’y) (6.9)
and, for 1 <[ < Lo, define
ﬁl,ViﬂK = det(Dij,K)Bly\“/ and nl,ViﬂK = Fiij(ﬁl,V)’ (610)

Then the quadrature approximations over element K are given by

Ly

| A~ Y froom Al o) (6.11)
i K =1
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and

Lo
/ f(2)dz ~ Y Bivinx f(mvink)- (6.12)
VinK —

Accordingly, we introduce the following quadrature error functionals: for any 1 < i < n,

j € w; and each K € T", define

Ly
R’yijﬁK(A) = / A(Z)ds - Zﬁl,’yz‘jﬂKA(anhjﬂK)? (6'13)
vigNK =1
~ A~ A Ll ~ A~
Rold) = [ AG)ds = Y huadting), (6.14)
v =1
Lo
Ry,nk(f) = / F(2)dz =Y Buvink f(mvini), (6.15)
VinK 1=1
and .
Ro(h) = [ Fexaz =30 ho i) (6.16)
=1
These are related by
GNEK| A
Ry, nk(A) = %Rﬁ(m (6.17)
and
Ry,nk(f) = det(Dij,K)Rf/(f)- (6.18)
Let .
fr= )0 e = >0 ) Buvinkfnvink) (6.19)
KeTh KeTh =1

and define the linear operator B : SQ — R" by its elements:
L,
(Bo)i ==Y > > BiyynkAMiy,nx) Vv Tij 1 <i<n. (6.20)
JjEw; KeTh I=1

As in Section 3, we say B uniformly elliptic on Sg if there exists a constant & > 0

independent of the space S'g such that, for all v € SQ ,

> 0(z)(Bv); = alvl] g (6.21)

i=1
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Now, instead of solving the linear system (6.1) with the coefficients (6.3) and right-

hand sides (6.2), we solve the modified linear system

n

> (Bow)iuk = f], 1<i<n. (6.22)

i=1
For our subsequent analysis, rather than working with the matrix system (6.22), it

will be more convenient to consider the following equivalent formulation of the discrete

problem:

Find u" € 8} such that

Buh = f" (6.23)

where fh is the vector in R" with components fih, 1 <1< n.

For any v € Sg , define the discrete L* norm by

1
lo.an = (Y v*(2:))7, (6.24)
{i,j}ew
For any vector w € R", define the I* norm by

n

wlo.on = (Y wd)z. (6.25)

i=1
We now have the following basic error estimate.

Theorem 6.1. Assume that B satisfies (6.21). Then

1 = 1
e[y, an < a{clffh — Moan +( D bi(en)?

{Zaj}ew()

+1 Y (Y RByax(A) vur) - wy)Y ) (6.26)

{Zvj}ewO KGTh

where ¢’ is a constant dependent only on the domain €.
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Proof. By the linearity of B and B, (2.3), and (6.23), we have

(BeM); = (Buy); — (Bug); + (Buy); — (Bu); + (Bu); — (Bu");

= ((B = B)us); — (Bepr)i + (f! = .

;From this, (6.21), and the fact that e(z;) = e"(2;), 1 < i < m, it follows that

=1
<> e"(z)((B — B)ur); |+!Z "(zi)(Ber) |+|Z — M. (6.27)
According to (6.20) and (6.3) and since 7’;; = — 7 j;, we then have

| Zeh(zi)((ff — B)uy)il

Ly
= \Ze @)y > Ads =Y Broyni Al nk)) V ur - i
=1

jew; KeTh Y 7iiNK
- ‘ Z (eh(zi - 6 Zj)) Z R’YijﬁK(A) Vur - W’L]’
{i’j}ewo KeTh
1
<le*lianl D, (D)) Rynx(A) vur- )%, (6.28)

{i,j}€wo KeTh

The last inequality follows from the Cauchy-Schwarz inequality. ;From the proof of The-
orem 4.1, we know that

n

> G Beril < le"ian( Y bilen)?. (6.29)

i=1 {i,j}€wo
By the Cauchy-Schwarz inequality and the Poincaré-Friedrichs inequality (see [8]), we have

n

D)= I < leMoanl” = lo.an

1=1
<"y onlf" = fMlo.ans (6.30)
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where ¢’ is a constant dependent only on the domain €2. (6.17) now follows from inequalities
(6.27), (6.28), (6.29), and (6.30). Hence, the theorem is proved. g

Estimating the discretization error now amounts to bounding the three terms on the
right-hand side of inequality (6.27). We can use the ?ssumptions and proof of Theorem
4.2 to show that the second term, (Z{i,j}euo bz2j (61)) 57 is O(h"), where v = 1 in general,
v = % for essentially symmetric control volumes, and v = 2 for symmetric control volumes.
The other two terms are due to numerical quadrature. Thus, our present objective is to
give sufficient conditions on the quadratures which ensure that the effect of numerical
integration does not decrease these orders of convergence.

Lemma 6.1. Assume that, for some integer v > 1, the quadrature error functional

RV(@) vanishes on P,_; (V). Then, for any ¢ > 2 and any f € W (V;NK),

|[Ry,nw (f)] < ch|Vi N K[ s |f

v,q,V;NK > (631)

where |V; N K| is the measure of V; N K and c is a constant independent of K € 7" and
hi.

Proof. f € W/ (V;N K) implies that fe WZ(V) and ¢ > 2 implies that WZ(V) is
imbedded into C° (V). It follows from the Sobolev imbedding theorem that

By (N < el flo v S c2llfll, g0

By the Bramble-Hilbert lemma, we have

~

1By ()] < esl fl, 40

Now (6.31) follows from the facts that

r _1
|fl,.q 0 < callDij || |det(Dij )| 7 | f

’/,qa‘/:imK7
hx |V;ﬂK|
HDyKH < ) ’det(D,K)‘ = T A
1 P i |V|
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and
Ryink (f) = det(Dyj i) Ry (f),

where |V| is the measure of V. Hence, the lemma is proved. [

Without loss of generality, assume that the line segment 4 lies on Z axis. We omit the
proof of the next lemma since it is virtually the same as that for Lemma 6.1.

Lemma 6.2. Assume that, for some integer v > 1, the quadrature error functional

Rv(ff)) vanishes on P,_1(). Then, for any v € W, (v;; N K) (1 <i<n,j € w;), we have
|R7ijmK(U)| S Ch?{—’—l |U|V7’YijﬁK7 (632)

where c is a constant independent of K € 7" and h.
_1
Note that |%| and |%—1;’] are both bounded by ch . [|ull2,g,,nx for all z € K. Ac-

cording to Lemma 6.2, we then have that

8u1

2
ou
Rosnie(A) 7 T3] £ 3 (R ac(can)lI o7+ Roorclaanll 5,1

2

< hu+%
S Chye Z |k ]v.c0 yiynilull2, 250k,
k=1

where ¢ absorbs various constants. Therefore, application of the Cauchy-Schwarz inequa-

lity implies that

2
> (Ryynx(A) v our) -
KeTh
<e Y (Rynx(A) v ur) - Wiy
KeTh
2
< Ch2y+1 Z (Z |alk|V,OO,’YijﬂK)2 B
KeTh k=1
2
< ch?*! Z Z !alk\,%,oomjmKHuH%EijmK
KeTh k=1
2

S Ch2y+1 Z ’alk|12/,oo,’wj qu,Ezg
1,k=1
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Hence, the third term on the right-hand side of inequality (6.26) is bounded according

to

NI

> () (Rynk(A) vur) - 7 y)°
{i,j}ew KeTh
2

1
<ch’ 2l Y laklys .0 (6.33)
Lk=1

To estimate the first term on the right-hand side of (6.26), note from the definitions of fI,
f7, and Ry, (f) that
fzh - fih - Z Ry,nk (f).

KeTh

Since |V; N K| < h?, then by Lemma 6.1 and the Cauchy- Schwarz inequality we have

=M< > [Runk ()]

KeTh
< ch+23) Z |flv.g.vink
KeTh
+2(1-1 1
< ch” ( q)( Z |/ g,q,VmK)q
KeTh

_1
_ prt2a q)|f|u,q,w-
Thus, since n < ch™2, we have
n N n
“hion L _1 1
O =Pz <a DS fR )2
=1 =1

1 —2
< Chu+2(1—;)|f|yiq,9n%—q

< Chy+1|f|v,q,f2‘
Hence, the first term on the right-hand side of (6.26) is bounded according to

"= oar < ch T f

1,q,9- (6.34)

Combining inequalities (6.26), (6.33), and (6.34), we have our final result.
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Theorem 6.2. Assume that a;;(z) € W, (), 1 <i,5 <2, v>1; f(2) € W;(Q)
with ¢ > 2; and u € H(”)(Q), v =2 or 3. Suppose that B is uniformly elliptic on S’g and
that 7" and V" are regular. Suppose also that the quadrature error functionals PA{@(@) and

A

RV (0) vanish on the respective Py(%) and Py(V). Then we have:
(1) for the general case,

2

lely.an < ch(hlfl1g0 + lulz +h2 ullzne D lawli,c.0); (6.35)
ILk=1

(2) for the case of essentially symmetric control volumes,

2

lelon < ch® (B2 fligo + [ullso + [ullze Y laml.cn); (6.36)
l,k=1

(3) for the case of symmetric control volumes,

2

1
lelian < ch®(|flug + lulls.o + b2 lullz0 D laml2.co0)- (6.37)
1k=1

Here, ¢ is a constant independent of h.
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Figure 3.1. Sample control volume V" (dotted lines).

Figure 3.2. Opposing angles 0k and A~ of the respective triangles

K’ and K" with respect to the common face.
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Figure 4.1. Sample rhombus E;; (dotted lines).

Figure 5.1. Vertices z;, side segments Z;, control volume segments

7; (dotted lines), and unit normal vectors 7’;.

Z. Cai



