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Abstract

This paper introduces and analyzes an equilibrated a posteriori error estimator for mixed finite
element approximations to the diffusion problem in two dimensions. The estimator, which
is a generalization of those in Braess and Schoberl (Math Comput 77:651-672, 2008) and
Cai and Zhang (SIAM J Numer Anal 50(1):151-170, 2012), is based on the Prager—Synge
identity and on a local recovery of a gradient in the curl free subspace of the H (curl)-
confirming finite element spaces. The resulting estimator admits guaranteed reliability, and
its robust local efficiency is proved under the quasi-monotonicity condition of the diffusion
coefficient. Numerical experiments are given to confirm the theoretical results.

1 Introduction

Let £2 be a bounded, polygonal domain in 2. Consider the following diffusion equation
—V.-(AVu)=f in £ (1.1)
with boundary conditions

—AVu-n=gy on Iy and u=gp on Ip, (1.2)
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where I'p and Iy are Dirichlet and Neumann boundaries, respectively. We assume that I'p
is connected and non-empty, TpUTly =982 and I'pN Iy =@ Letn = (n1, ny)" be the
unit outward vector normal to the boundary, and denote by t = (n,, —n)’ its corresponding
unit tangential vector. We shall use the standard notations and definitions for the Sobolev
spaces. Let

Hy p(2)={ve H'(2):v=gponTp} and H}(2) = Hy p(£2).
Then the corresponding variational problem of (1.1)—(1.2)is to findu € H gl’ p(£2) such that

a(u, v) = (AVu,Vv) = (f,v) —(gn,Vry YV E Hll)(.Q), (1.3)

where (-, -),, is the L? inner product on the set w. The subscript @ is omitted when w = £2.
Introducing the flux variable

o =—AVu, (1.4)

it is easy to see that the flux satisfies the following equilibrium equation and boundary
condition

V.o=f in £ and o-n=g, in T,

N
Let
Hy n(div; 2) = {t € H(div; £2): T -n = gy on I'y} and Hy(div; §2) = Hy n (div; £2),

where H (div; §2) is the space of all square-integrable vector fields whose divergence is
also square-integrable. Then the mixed weak formulation for problem (1.1)—(1.2) is to find
(0, u) € Hy y(div; £2) x L2(£2) such that

{ (Ao, 1) = (V-1,u) = —(t-n,gp)r, ¥V T € Hy(div; 2), (1.5)

(V-o,v) = (f, v) Vv e L32().

For simplicity of presentation, we consider only triangular elements. Let 7 = {K} be a
finite element partition of the domain §2 that is regular, and denote by /1 x the diameter of the
element K. Let Py (K) be the space of polynomials of degree less than or equal to k¥ > 0 on
element K. Assume that f|x € Py(K) forevery K € 7, and that A is a symmetric, positive
definite piecewise constant matrix.

Denote the H (div)-conforming Raviart-Thomas (RT) and Brezzi-Douglas-Marini (BDM)
finite element spaces by

RT, = {t € H(div; 2): t|x € P(K)* +xP(K), VK € T},
and BDM, ={t € H(div; 2): t|g € Pk+1(K)2, VK €T}
Let
X, =RT, or BDM,, and V. ={ve Lz(.Q) tv|lg € Pr(K),VK € T}.

And for simplicity, we assume gy is piece-wisely defined polynomials such that it lies in
the normal trace space of X' . Then the mixed finite element method is to find (0, u,) €
(X, N Hg n(div; £2)) x V- such that

{ Ao, ©) = (V-T,u;)=—(t-n,gp)r, VT € X, NHydiv; 2), (16)

V-o,,v) =(f, v) VveV,.
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1.1 Equilibrated Error Estimator

For the H!'-conforming finite element approximation, various equilibrated a posteriori esti-
mators have been studied recently by many researchers (see [6,8,9,17,18,21,24,27-30]). In
[15], we presented a systematic study of the equilibrated a posteriori error estimator based
on the Prager—Synge identity for the diffusion problem in (1.1)—(1.2) with an emphasis on
the interface problem (A = «(x) I and o (x) being piecewise constants).

Letu € H gl_ p(£2) be the solution of (1.1)—(1.2), and denote the equilibrated subset of
H, n(div; £2) by

In(f.g:82)={t € Hyn(div; 2): V-7 = f in £2}. (1.7)
Then the well-known Prager—Synge identity [6,8,15,26]
IAY2V (e — )3+ |AYV2Vu + AV 223 = || AY2Ve + A7V 273 (1.8)

holds for all v € H; p(82)andall T € Xn(f, g; £2). (1.8) follows easily from the orthog-
onality of quantities A2V (u — v) and AY?Vu + A~'/2¢ with respect to the L? inner
product.

Remark 1.1 For simplicity of presentation, we assume that all data, f, g, ,and g, , are piece-
wise polynomials of proper degrees so that Prager—Synge identity (1.8) may be used and that
data oscillations do not appear in the error estimator. For non-polynomial data, Prager—
Synge identity (1.8) may be modified for constructing estimator with data oscillation terms.
For example, when only f is not a polynomial, Prager—Synge identity becomes

IAY2V (u — I + 1A 2Vu+ A722 |3 = |AV2Vo+ A7V 223+ 200 —u, f— Qi f)
forallt € ¥ N XN (0« f, g; §2), where Q is the local L2 projection onto piecewise Py.

For the conforming finite element approximation u‘T IS H;D(.Q), (1.8) with v = u;,
implies

1T —us)llo < (x) = 1 AV2Vus + A7 allo, VT e En(f.8:92). (19)

This indicates that forany T € Xn(f, g; £2), £(7) is a reliable estimator with the reliability
constant being one. Estimators with such guaranteed reliability may be used for error control
on pre-asymptotic meshes, that is difficult, but important for reliability of computer simula-
tions of computationally challenging problems. To recover a flux ¢ - in a finite-dimensional
subset of X'x (f, g; £2) from the numerical flux —AVuCT, we localized the problem through
a partition of unity as in [8] and then solve local minimization problems over vertex patches.
Local minimization introduced in [15] is necessary to ensure the robustness of the error esti-
mator with respect to the coefficients of the underlying problem. Efficiency of the resulting
local indicator is proved by using the stability bound of the saddle point formulation of the
local minimization problem and the efficiency bound of the explicit residual error estimator.

For the mixed finite element approximation o € Xy (f, g; £2), (1.4) and (1.8) with
T =0, imply

1471 2@ —apllo < [AY2Vo+ A7 20 o, YveHp(R).  (110)

This indicates that for a recovered numerical solution #.- in a finite-dimensional subset of
H; (), [IAY2Vii, + A712¢ || is a guaranteed reliable error estimator. Such an idea
will be explored in a forthcoming paper. In this paper, we study an error estimator based on
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a recovery of the gradient in a proper finite element space. To this end, define the curl of a
two-dimensional vector field T = (71, 2) by

VXt =0,12 —0y71,

and denote by V- the formal adjoint of the curl: Viv = (@yv, —d,v)".
Let

Hg p(curl; £2) :={t € H(curl; 2) : T -t =Vgp-ton Ip},

where H (curl; £2) is the space of all square-integrable vector fields whose curl is also square-
integrable. Note that if I'p is connected, then {Vv : v € H 1 p(£2)} is equal to the curl free
subset of H, p(curl; £2):

Hg p(curl; £2) := {T € Hy p(curl; 2) : V x T = 0},
which, together with (1.10), yields
1A= 20 —a ) < 1A2p + A7 e ||, ¥ p e Hy pleurl; 2). (1.11)

. . 01Y\.. .
For the rotation matrix x = ( 10 ), it is easily to see that

Vxp=V-(xp) and p-t=(xp)-n,
which, together with (1.11), implies
IA™ 20 —o )l < A x T+ A" o |, YTeZp0.h:2) (112
with h = Vg, - t, where Xp (0, h; £2) is defined similarly in (1.7), i.e.,
Xp0,h; 2):={re Hdiv;2): V-1 =0in2,7-n=Vg, -ton Ip}.

(1.12) is identical to (1.9) with different data. Hence, the local flux recovery procedure
developed in [15] may be applied directly, and robust efficiency of the resulting local indicator
may be established in a similar fashion. However, the local flux recovery procedure needs
to solve minimization problems over vertex patches with two constraints: the equilibrium
equation and the jump condition across interior edges. This is due to the fact that local error
flux is computed in [15] which also makes the robust efficiency analysis quite complicated.
In this paper, we will simplify the efficiency analysis as well as the local recovery procedure
by directly computing the flux instead of the error flux as in [8,15]. Note that the H (curl)-
conforming Nédélec finite element spaces are basically rotations of the H (div)-conforming
RT or BDM finite element spaces in two dimensions. In this paper, the numerical scheme is
presented based on (1.11) by recovering the gradient in the Nédélec finite element spaces.
Moreover, under the suitable assumption on the distribution of the diffusion coefficients, the
robust efficiency bound is proved by analyzing the stability of the saddle point problem of
the local error gradient.

For the conforming finite element approximation to the interface problem, robust error
estimators have been studied by Bernardi and Verfiirth [4] and Petzoldt [25] for the residual-
based estimator, Luce and Wohlmuth [21] for an equilibrated estimator on a dual mesh, and
by us [13] for the recovery-based error estimator. Ainsworth in [1,2] studied robust error
estimators for nonconforming and mixed methods, respectively. Robust error estimators for
locally conserved methods were studied by Kim [20]. We also studied robust recovery-based
estimators for lowest order nonconforming, mixed, and discontinuous Galerkin methods (see
[12,14]) via the L? recovery. In [11], we proved the robustness of residual a posteriori error
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estimators for nonconforming and discontinuous Galerkin methods without the assumption
on the distribution of coefficients. Equilibrated a posteriori error estimator for the interior
penalty discontinuous Galerkin method is studied in [7].

For the Poisson equation, polynomial-degree-robust analysis for the mixed discretizations
isdiscussed in [19]. The two-dimensional case is purely viewed as a rotation of of H (div) case
there. The analysis in [19] is also focused on the robustness with respect to the polynomial
degree while the robustness thus some explicit construction is used in the proof, while our
analysis is more focused on the robustness with respect to the coefficients where explicit
construction is non-robust.

In this paper, only two dimensional case is analyzed. The equilibrated construction in the
three dimensional case, the conforming mixed problem (2.11) can be constructed identically.
The analysis through the broken version will be more complicated, since the trace spaces of
the Néélec finite element spaces are nontrivial, see [16]. One possible way of the analysis is
given in the Remark 4.11. The three dimensional case is the topic of our on-going research.

The paper is organized as follows. Section 2 describes a localization of the gradient
via a partition of unity. The a posteriori error estimator is presented in Sect. 3. Section 4
establishes the local efficiency bound and Sect. 5 provides numerical results for a benchmark
test problem.

2 Local Gradient Recovery

The identity in (1.11) suggests that one should recover an approximated gradient in a finite-
dimensional subset of Hg p(curl; £2) that also minimize the quantity |A'/27 + A~1/2¢ 1.
This requires solving a global minimization problem. Instead, we adopt the idea of locahzatlon
through a partition of the unity using the conforming linear finite element basis functions as in
[8,15]. Differing from that of [8,15], local gradients are computed through local minimization
problems with only curl constraint.

To this end, denote the set of vertices of the triangulation 7 by

N = N7 UNp UNy,

where N is the set of interior vertices, N'p and Ny are the sets of boundary vertices on I'p
and Iy, respectively. Note that z € I'y N I"p is in Ay but not Np. Denote by ¢, (x) the
standard linear Lagrange basis function associated with the vertex z € A, then {¢,(X)}.en
forms a partition of the unity in £2. Hence, the true gradient, p = Vu, has the following
decomposition

p=Y ($:p)=)_ p, with p =¢.p. 2.1)
zeN zeN
For any vertex z € NV, denote by w, the interior of supp (¢, (x)), which is the vertex patch,
andby7, = {K € 7 : w,NK # {}its triangulation. Forany K € 7,,Vxp, = —Vip, -Vu,
replacing Vu by its numerical approximation —A“aT, we have

V x p, is approximately vig. - (A_lﬁT) on K.

Value of the tangential component of p, on a boundary edge F of the vertex patch w; is
determined by either the fact that ¢, vanishes on F' or the Dirichlet boundary condition of
the solution # when F' C I'p and ¢;|r # 0. To precisely describe boundary conditions of
P, we first introduce edge notations. To this end, denote the set of edges of the triangulation
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7T by
E=E UEpUEN,

where &; is the set of interior element~edges, Ep and Ey are the sets of boundary edges on
I'p and 'y, respectively. Denote by &, the set of all edges having z € A as the common
vertex. Denote the set of all edges of 7; by

E={Fef: FNo, #0} =&, U&_,
where & ; and & ; are the sets of the respective interior and boundary edges of 7;. Let

o _ | s if z € N7,
2TV (Fe&.:F¢aR)ifze NpUNy.

Itistheneasy toseethat p,-t = O0on F € & ;. Forz € NpUNy,wehave p_-t = ¢, Vgp-tr
onép, =& N éz Nép.

Thus, on the vertex patch w,, we wish to find a p 7.z in a finite dimensional subspace of
H (curl; w;) satisfying the curl constraint on each K € 7;

Vxp.=Vig. (A"lo,)
and the following boundary conditions

Py, t=¢Vgp-t onFelp, ifze NpUNy and p . -t=0 onF € &.
2.2)

Since for o |x € Pry1(K), Vi, - (A_laT)|K € Pry1(K), the local finite element
space we used is the Nédélec finite element space of the first type (ND) [22,23]. The ND
element on an element K is defined as NDy (K) = Px(K)? + (x2, —x1)' Pt (K). Foran F, an
edge of K, the trace space is {t - tr : T € NDi(K)} = Pr(F),and V x (NDi(K)) = Px(K),
fora K € 7. Thus at least NDy | is a necessary to handle the V+¢, - (A_IO'T) term.

For simplicity, we assume gp|r € Pr42(F) for all F € Ep. to ensure that Vgp - t lies in
the tangential trace space of the global space of NDy 1. Let IT ﬁ“ be the L? projection on to
Pk+1 (F), define

7|k € NDi11(K) VK € T,
T-tlr=0VF €&,

T-tlp =I5 (¢, Vgp - tr) on
FEED’Z, le END UNN

NDy,; = {7 € H(cutl; ;) :

and Y, = {r €NDy,:V x 1= (Vi) (A_]aT)}.

Here, we also need to check the compatibility condition of ), to see if it is well defined:
/ erdx:/ T-tds Yze NjUND.
w; 0w,

This is true since

(A0 V), = —(Vu, V)0, = (Vi t.¢)0w, = Y (Vep -t ¢)F.
FGSD.;

(2.3)

For z € Ny, since there will always be some part of the w, without specified boundary
condition, the compatibility condition is not a problem.
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Since o, € ¥, s0 qbzA’laT |k € Pk+2(1()2, it seems natural to choose the following
minimization:

_ - 12 -1 _
Prz= arg{:ﬂylukn+2 A (t+ A" 0,000, 2€N and p_ = ENpT,Z,
z ZE

where the space y§+2 is the space replacing NDg41 to NDg4, in the definition of ), and
removing the projection on the Dirichlet boundary. It is big enough to contain A‘laTqbZ.
But as discussed in [8,15] and later in this paper, it is possible to use spaces with one degree
lower Y, to recover the local and global gradient.

Let the element interpolation IT I’éd be the Nédélec interpolation to NDyy1(K). For T €
{t € L'(K)?: V x T € L'(K)} for some ¢ > 2, define

(x—M¥7) t,p)r =0, Vpe Py1(F),VF € 0K,k >0, (2.4)
(t —M¥e,Vig)k =0, Vg€ P (K) k> 1, 2.5)

Define the interpolation on a patch on the whole §2 element-wisely by [1"t|x = IT I"{lr.
The corresponding economical minimization problem is:
Local H (curl) conforming minimization problem Find p_. . € Y,

pr.. = arg min IAY2(z + 1" (A 0 o D Nl0,w, 2 €N (2.6)
Let
. 7|k € NDpy1(K) YK € T,
NDy, := 1t € H(curl,w,) : T-t|p =0V F €&, )
T-tlp=00onF eép, ifze NpUANy
P.:={ve Lz(wz) vk € Pr(K) VK € T}, (2.8)
?Z ={ve Lz(wz) vk e R(K)VK € T,, (1, U)O,a)z = 0}. 2.9)
Let
. ?z z €N,
QZ—{PZ z € Np UNy. (2.10)

The constraint minimization problem (2.6) is equivalent to the following saddle point for-
mulation:
Local H (curl) conforming saddle point problem Find (p.. ., w;) € NDo,; x Q; such that
{(Apm, Ve + (VX T, o, = —(AIT"(A 1016, D)o, YT NDoy 1
(VX p, Vo, = (Vi (A7 lo ) v), VYveOQ.. :

The existence and uniqueness of the above problem can be proved by the standard mixed
finite element theory or can be shown by the analysis of its equivalent local broken H (curl)
saddle point problem in Sect. 4. Note that for an interior node, it is corresponding to a pure
Neumann problem, thus the zero average condition is needed for the space O, to guarantee
the uniqueness.
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3 A Posteriori Error Estimator

With the local gradient p. , € Y; computed in the previous section. Let

Prk = Z Pr. and p . = Zp%z’
zeNk zeN

Lemma 3.1 The recovered gradient P isin I-GIg’D(curl; 2).

Proof On each K € 7, by the facts that ZZE N P (X) =1,
we have

Vxprlg= > (Vxpr )= Vi (Ale,)=V'1-(A""o,)=0.
ZGNK ZGNK

For an interior edge F € &, since all or is in H (curl; w;) with continuous tangential

components, then

Z

o, tlr= Y [p, tlr =0, YFe&.
ZeNF

For a Dirichlet edge F € &p,

prtle= Y po o tlr= Y I @.(Vep-tIr)
zeNF zeNF
=™ (Vgp -tIp) = Vep - tip, VF € Ep.
The lemma is proved. O

Define the local indicators and the error estimator by

. = 1A (o . + T (A 0 N 0.0, VZEN 3.1)
nk = 1A (o x + A o lok. VK €T, (3.2)
and 5= Ao, +A o )0 (3.3)

respectively.

Remark 3.2 From (3.1), it is clear that the interpolation IT nd ig necessary, otherwise, even in
the ideal case that the numerical solution o - is exact: ., = o and Vu|g = —A~lo|g €
Piiq (K)?, n, without the interpolation will not be zero since pr-lk € NDg1(K) is not
big enough to contain all A_laTq&Zl K € Pra(K )2. To remove this interpolation, one can
choose Nédélec finite element spaces with higher order at the cost of solving a slightly larger
problem locally.

Theorem 3.3 (Reliability) The error estimator n is reliable with the reliability constant being
one; i.e.,

IAY2Vu + A% .0 <. (3.4)

Proof The conclusion is obvious from (1.10), (1.11) and Lemma 3.1. m]
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4 Robust Efficiency for the Case A = al

In this section, we establish robust efficiency bounds for the local indicators 1, and n, for
the interface problem A = «(x)I with o being a given scalar, piecewise positive constant
function with respect to the triangulation 7. For the full tensor case, if we assume that the
ratio of the largest and the smallest eigenvalues on each element K is bounded with a constant
independent of location x, the generalization is easy.

Similar to the analysis we did in [15], the robust efficiency is analyzed though a stability
estimate of the mixed finite element problem of the error gradient in (4.14) which relates the
local indicator to the local discrete dual norm of local representation of the error. Then the
dual norm is connected with the classical residual type of error indicator whose efficiency is
well known.

In order to prove the robustness of the indicators, we show that the stability estimate of
(4.14) is independent of jumps of the coefficients «. This is done by employing the abstract
framework of the saddle-point problem (see, e.g., [5]) and by choosing proper mesh- and
«-dependent norms. Earlier analysis on the mixed methods using mesh-dependent norms can
be found in Babuska, Osborn, and Pitkiranta [3] and Braess and Verfiirth [10].

This section is organized as follows: we first introduce local edge notations including jumps
and weighted averages in Sect. 4.1. In Sect. 4.2, local element residual and jumps and an
identity which plays important role in the efficiency proof are introduced. We reformulate the
minimization problem (2.6) and its corresponding saddle point problem (2.11) as a problem of
the local error gradient in broken- H (curl; w,) space for easier efficiency analysis in Sect. 4.3.
The robust stability of the mixd formulation of the local error gradient is analyzed in Sect. 4.4.
Finally in Sect. 4.5 the robust local efficiency is proved by comparison with known residual-
type of error estimator.

4.1 Local Edge Notations

In order to define the equivalent broken mixed formulation, we need introduce more notations.
Let

EN. =& ,NENEN.

Note that when z € Np, Ep ; is meaningful. For z € Ay and z is an interior point of Iy,
only £y, is meaningful. While if z € Ay and z is an intersection point of Iy and I'p, both
Ep,; and Ey ; appear. In other cases, Ep ; or £y ; is empty.

Define the edge sets for non-zero jump terms (used for error gradient defined later) and
zero tangential component terms as follow, respectively:

Er; if z € N7,
gj,z =1&1:Uép; if z € Np, o o
Er.UéEpifz eNyandze I'pNIy,

Note that for z € Ay, Neumann edges belong to neither sets.

For each F € &, denote by £ ¢ the length of the edge F and by nr a unit vector normal to
F.Let K and K ;f be the two elements sharing the common edge/face F such that the unit
outward normal vector of K ; coincides withng. When FF € £p UEy, np is the unit outward
vector normal to 92 and denote by K the element having the edge F. For a function v
definedon Kz UK ;r, denote its traces on F by v| and v|E, respectively. The jump over the
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edge F is denoted by

—vlf Feé&,

_ |vle
[olr := { vz FeEpUEy.

We will follow the above definition of the jump on a general domain w with a mesh 7 on
it. When there is no ambiguity, the subscript or superscript F in the designation of the jump
will be dropped.

For A = «a(x)I with o being a given scalar, piecewise positive constant function with
respect to the triangulation 7. For F = 0K ;f N oK, € &, denote by a;,f and o the
restriction of « on the respective K ; and K.

Define the following weighted averages

S +t
Wpvp +wpvp F €&y,

F _
)k, = {0 Fe&pUEn @.1)

and

+.,.— -+
w_FvF—i-vaF Feé&,

Vg FeélpUé&y, 4.2)

{fv)}f = {

where w =1 — w;f and w; is defined by

ap l/a;

wh=1ap+af 1o+ 1ok
1 FeélpUé&y.

FGS],

(When there is no ambiguity, the subscript or superscript F in the designation of the weighted
average will be dropped.) A simple calculation leads to the following identity:

Tuvlr = (v} [ullr + {u}l) [vlF. 4.3)
For F € £ and for 0 < ¢ < 1, denote a weighted average of « by

o — cag- + (1 —c)ag+ F €&y,
F= oA - Fe&pUc&y.

Obviously, min{fag -, ag+} < o < max{ag-, ag+} for F € £. Denote the arithmetic and
the harmonic averages of « on F € £ by

+ —
ap t+ap
oapA = ) Feép, and
oy  Fe&,ug,
201;0{;
arn =1 ooz "
: FT 9
ap Fe&pUé&y,

respectively, which are equivalent to the maximum and the minimum of «:

1 _ _ I . _ . _
5 max{a;, ap} <apa < max{a;, ar}and 5 mln{a;, ap} <ary < mln{(x;, ap}.

(4.4)
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4.2 Local Element Residuals and Edge Jumps

In this subsection, we introduce some notations on local element residuals and edge jumps
and their relations.
Define the element residual

rk =V x (A e k.
and the gradient edge jump

. _{[[A‘10T~t]]F Feé&,
=1 (Ao, + Vgp) - tr F € Ep.

Lemma 4.1 For all z € N7 U Np, the following identity is true on the local patch w,:

D k. bk — Y (rd)r =0. 4.5)

KeT, Fe&; .
Proof For mixed methods, the following error equation holds:
(A_loT +Vu, 1) = (A_IO'T —Ale, )=V -t,u;r —u), VreX,.

Forall z € NJUNDp, we have ¢, € HZ{,(.Q) and V+¢. € RToUH (div; £2). Since V4 ¢, -n =
Ve, -t,50 Vg, -m = 0on Iy if z € N7 UNp (note that N'p only contains the interior
nodes of Dirichlet boundary). Thus V¢, € RTyU Hy (div; 2) C Ty k,and V-V+i¢, =0,
thus

(A o, +Vu, Vo) = (V-Vig, u, —u) =0. (4.6)
Combined this with the interrogation by parts,
0= (Ao, 4+ Vu, V)
DV x (Ao ), 60— Y (AT e + Vi) - ti, $)ak

KeT: KeT.
= > (Vx@A o). p)— > (A o) th¢)r
KeT, Fe&; ;
- > (Ao, +Vep) t.g)r
Feép
= > k. ¢k — Y Gr ¢
KeT, Fe&;j ;
This proves the lemma. O

4.3 Local Broken-H(curl; @;) Reformulation

In this subsection, we will rewrite the minimization problem (2.6) and its corresponding
saddle point problem (2.11) as a problem in broken- H (curl; w;) space for easier efficiency
analysis.

First define the broken H (curl) finite element space

WP = { € 2w, : T ENDen () VK €T, }

T tlp=0YFe&..
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Replace &, ; := p_ . + [1" (A" o 1 ¢,) in (2.11), we have & . € ND_; ; and
Vxp,,=Vxer,—Vx H”d(A_]aT¢>Z) onK € 7.

By the community property of the Nédélec interpolation operator: V x 171"<d =11 IIQV x, for
any K € 7, with IT Ik< be the L? projection on Py (K) space, then for all K € 75,

Vx M A o, 0) =TTV x (A o, ¢) =TN(V x (Ao ¢,) — Vi, - A7 o).
On the other hand,
e th=1[p, . tl+LT"A o ¢) t]

{n,’;“([[A—laT -tlg,) VFeé&.,
Iy (Ao, +Vgp) - ) YF € Ep,

Thus
les - th =I5 (o), VF €&
On the other hand,
Vxer.=Vxp .+05rxd)— V¢, - A o, = Mhxd), VK €T..

So the corresponding local minimization problem for &, , is:
Local broken H (curl) minimization problem Find € ;, € W,

ey =arg min A Tl €N, 4.7)

with
V xt=II0rkp.), VK € T;;
W, =3t eND_;.: K AT ©
: { Tt =T Grg:), YF €€ ..

From our derivation, we see that the problems (4.7) and (2.6) are equivalent: € ; = p .2t
mi(A-'e,¢,),VK € T;.

The solvability of the minimization problem (4.7) can be derived from the equivalence of
(4.7) and (2.6) and the solvability of (2.6). On the other hand, it can also be derived directly
by using the result of the identity (4.5) (in Lemma 4.1 ) as did in [8]. Since essentially the
conditions (2.3) and (4.5) are two different forms of the same identity.

Since the rest analysis is only valid for A = «/, we only use the notation «. In the sprit
of [15], the weak formulation of the local broken H (curl) minimization problem can also be
written as:

Local broken H (curl) saddle point problem Find (e - ;, w;, ;) € ND_y ; x Q, x M, such
that

az(erz, T) +c (T, wy) —dy (7, A;) =0 VT eND_y,,
c(&r.z, V) = Z[(ETZ(”K¢’Zs Vg YveQg, 4.8)
dz(ET,zz //L) = Zpegj,z(ijf’z, //L)F VM (S Mz,
where
ax(t.x)= Y (at,x)k, ¥YT.Xx €ND_p_, (4.9)
KETZ
c:(t,v)= Y (Vxz,v)k, (T,0) €ND_j; x O, (4.10)
KeT,
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di(t. )= Y (It -thwr (z.pn) eND_j; x M., (4.11)
FeEj,Z

and the space is M; = {u € L*(§j ) : vlF € Pey1(F)VF €& ).
Define

b(t, (v, p) :=c(r, v) —d(r, w) VY(r,v,u) e ND_y; x O, x M.

Lemma 4.2 The bilinear form b, has the following representation:

bo(r, ()= Y (x.VIok+ Y (r -t e+ Y, ([t -th (v} — wr

KeT, Fe& Fe&r
+ ) @ tv—wrt+ Y (T-tur
Feép; Fe&y,;
= > @ Vok+ Y ATt e+ Y, Wt -th {vh — wr
KeT, Fe& Feé&;j,
+ > (@-tw)p V(r,v,u) €ND_y; x Q: x M. (4.12)
FGSN,Z

Proof By integrations by parts and the jump identity (4.3), we have :

bo(r, ()= Y (Vxz,ug— Y (-t wr
KeT; Fe&j .
= > @V + Y (Mr-thh)r+ Y, (r-8" [vl)r
KeT, Fe& Fe&r
+ Y @twr— Yy (T-thwr— Y (-t
Fe&y \&o,; Fe& ; Feép;
= > @ Vok+ Y ATt e+ Y, Wt -th {vh — wr
KeT, Fe&; Fe&;
+ ) @ tv—wr+ Y (T-tur,
Feé&p.; Fe&y,;
V(tr,v,u) e ND_j; x O, x M.
O
Let

R, )= Y (rk¢e, vk — Y (ror, V(. p) € Qo x M. (4.13)

KeT, Fe&; .
Thus (4.8) can be rewritten as: find (e ;, w;, A;) € ND_j; x O, x M, such that

{az(eT,Z, T)+c (7, wy) —d;(z, A;) =0 VT eND_y,, (4.14)

b (erz (v, 1)) =R;(v, ) ¥V (v, ) € Q7 X M.

From our derivation, we see that the problems (2.11) and (4.14) are equivalent, thus all
four problems (4.7), (2.6), (2.11) and (4.14) are equivalent with:

er=p .+ '0,¢.) VK €. (4.15)
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Thus, we have the equivalence of the local indicators:

. = lle' (o, .+ 1" (@0 1000, = lle' s 0w, YzeN. (4.16)

Remark 4.3 We have four equivalent version of local recoveries discussed. Two ((2.6) (4.7))
are in the forms of minimization problems, while the other two are in the form of saddle
point problems. Two ((2.6) and (2.11)) are for the H (curl)-conforming recoveries, and two
((4.7) and (4.14)) are for the broken H (curl) recoveries. The form (2.11) is recommended
for implementations. The broken mixed problem (4.14) is convenient for analysis, we will
use this to analyze the robust efficiency of our error estimator.

Remark 4.4 An explicit construction similar to that discussed in [15] can also be done. For
the broken H (curl) minimization problem (4.7), one can first construct a T € W, explicitly
like that been done in [6,15,30], then a correction can be added in the local H (curl; w,)-
conforming and curl-free space like we did in [15].

4.4 Stability Estimate of the Local Broken H(curl) Saddle Point Problem

For T € ND_; and (v, n) € Q; x M_, define (o, h)-dependent norms on w, by

2 . 1722 2 2
ITlZp =l TG, + > hraralt -t + Y hraplt-ti§ .
FEgj,Z FEEN,Z
1
2 . —1/2L. 12 2
@ G- = Nl PVvlg,, + > IV, -
B z hF(xFA s
Fe&p ’
1 2 1 2
+ 2 b=l D v =kl
Feg,,  FOFH Fegp.  TOF
1
2
+ — v .
> el
FESN,Z

Remark 4.5 Here, ||T||o.1.; is aweighted 1-dependent L2-normand and ||v lle,n.z is a weighted
h-dependent discrete H'-norm.

Lemma4.6 Forall T € NDFt! (K) and all v € Py(K), there exists a positive constant C
such that

1

2 2 2 -1 2
> helle -ty < Clrl g and Y Il = Ch vl .
Fe&g Fe&g

where the constant C depends only on the polynomial degree k and shape parameters of 7.

Proof The lemma is a simple consequence of the standard scaling argument and the fact that
both NDF+! (K) and Py (K) are finite dimensional spaces. ]

Let K7¥; be the element of wr with a larger ax, Lemma 4.6 implies that
2 1/2_ 2
heapalT -t < laZelf e
Thus we have the following norm-equivalence:

V2200w, < ITllanz < Clle'?Tlo.w, ¥ 7 € ND_j .. (4.17)

llex
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Lemma 4.7 The bilinear form a; (-, -) is continuous and coercive with respect to the norm
I - la.hz in T € ND_y ., ie., there exists a positive constant a. independent of o and the
mesh size such that for all x, T € ND_; ;

aclltlg . <a(x.t) and a:(x.7) < X llahz I TNz
Proof The lemma is a direct consequence of (4.17) and the Cauchy-Schwarz inequality. O

Lemma 4.8 The bilinear form b, (-, -) is continuous in ND_; ; x (Q; x M;); i.e., there exists
a positive constant C independent of the mesh size such that

bo(t, (v, 1) = CliTllan M@, Wllah,z- (4.18)
Proof 1t follows from (4.12) and the Cauchy-Schwarz inequality that
be(t. (v, w) < lla' Pt lo, o>V vlo.o,

+ Vhrar all{t -t} llo,r ——=
F;« \/hF F.A

+ Y Virar allit - o r————=I{v}y — nlo.r
Feg VhF F.H

[lvlllo, 7

+ hrafp|lT - tllo,F—F—— Iv—Mllo,F
D,z
1
+ hrafpl|lT - tllo,F ——— |U||0,F-

Denote by ‘L’,i = rlK;{ - tr, then by (4.17) and the definitions of weights, ar 4, and of g,
we have

+ - +\2
ap +ao (@p)? (ap)
hrapal{t -85 p < Chp———F £ sl ||0F+_++2||r,+||éf
2 (@p +ab) @y +ab)

< Chy (ap It 15 7 + el 15, #) < Clla' 2[5,
and
hrap T -G r < Chraru (17715 7 + 1715 F)
< Chr (eplit 15 + e I 15 7) < Clla' 2,

This proves the lemma. o

Lemma 4.9 (inf-sup condition) The following inf-sup condition holds with constant > 0
independent of o and h:

bZ(T’ (U, I’L))

= Bllv, illa.n.z ¥V (v, ) € Qr X M. (4.19)
TeND_y ”T”a,h,z

Proof Choose a 7 € ND_j ; such that

/(oz%—VJ‘v)-VJ‘quzo VgeP(K) VKeT.
K
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and that
1 1
sgn(K, F) vl + (v} —p) Feéknér,,
hpOlF,A 2hp0(1(
~ — FelgnNép,,
T-tglp = OlthF(v 2 € ek IeDa g 00)
v Feé&gkNéy,,
aKhF
Fe&xkné&,y,
where sgn(K, F) = ng - ng. Obviously, (4.20) implies
- 1 - 1
{T-tr}" = [vl and [7-tpll = ({vtw —p) YF €&,
/’lFOlF,A hFaF,H
which, together with (4.12) and (4.17), gives
b(E, v) = I, I .- 4.21)

For every K € T, by the standard scaling argument and (4.4), there exists a constant C > 0
independent of « and the mesh size such that

1/2~,2 —1/2L, 2
Cllay* %13 ¢ < lla™ 29402

1 1
+ > G vk — G
FeExNE; FOF A FXF H
1 2 1 2
D D vl LTl ¥ D S e L 32
FeEgNép FOF FeExkNEN.; FOF

Hence, there exists a constant C>0 independent of @ and 4 such that

Tllenz < CN@s e,z

which, together with (4.21), leads to (4.19) with 8 = 1/ C. This completes the proof of the
lemma. O

Theorem 4.10 The unique solution (& ., w;, A;) € ND_1; x Q; x M of problem (4.14)
satisfies the following bound:

172

n; = |l 6'T,ZHO,wZ =< ||€T,z oz < ||€T,z||a,h,z + ll(wz, A ) le,h.z

R, (v,
<Clanp)  sp M)
(v,)€Q; XM, v, i,z

where the constant C(ac, B) > 0 is independent of the mesh size and jumps.

Proof The theorem follows from the abstract theory of saddle point problem (see, e.g., [5,6])
and Lemmas 4.7, and 4.9 . m]

Remark 4.11 Another possible way to establish the stability of broken mixed problem (4.14)
is that we establish the stability of its equivalent version, the conforming version (2.11)
first, which might be easier, then the stability of (4.14) is proved by the equivalence of
two problems. This approach is less direct, but might be useful for the three dimensional
case, where the trace space of Nédélec finite element space (see e.g. [16]) is much more
complicated.
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4.5 Robust Local Efficiency Bound
For any z € NV, let
w, ={K € w; : Bx = max Bg'}.
K'ew,

Assume that the distribution of the coefficients «, for all K € 7 is locally quasi-monotone
[25] which is slightly weaker than Hypothesis 2.7 in [4]. For convenience of readers, we
restate it here.

Definition 4.12 Given a vertex z € N, the distribution of the coefficients g, K € w;, is
said to be quasi-monotone with respect to the vertex z if there exists a subset @ ; gm of @,
such that the union of elements in @k ; 4 is a Lipschitz domain and that

— if z € NM\WNp, then (K} U &, C &y ; gm and Bx < By’ VK' € Ok 2 qm;
— ifze Np,thenK € DK z,qm»> 00K 7.qm N IT'p # ¥, and Bx < By VK’ e DK 7,gm-

The distribution of the coefficients Sx, K € 7, is said to be locally quasi-monotone if it is
quasi-monotone with respect to every vertex z € N.

In this paper, we assume the distribution of 1 /o is locally quasi-monotone.
Denote the vertex-based local residual error indicator by

W2 =Y hyegllrgllg g+ Y hraraljrllg p- (4.22)
KeT, FEngZ

Its robust local efficiency for the lowest mixed method is proved in [14], whose extensions
to higher order mixed methods is trivial. There exists a constant C > 0 which is independent
of o and the mesh size such that

i, < Clla"?Vu + a0 0.5, (4.23)

where @; = w; U {K and dw, shares an edge}.
Define the following piecewise H' function spaces

{velLl?w,):vlg € Hl(K),fwZ vdx =0}, z € NV},
T v e L¥(w,) : v|g € H'(K)}, 7€ NpUNy.

Obviously, O, C V.. Let K’ be the element with the smallest ax in w,, define v, =
Sy vdx /1K)

Theorem 4.13 Under the assumptions that 1/ag is locally quasi-monotone in T;, for any
v € V,, there exists a constant C independent of the mesh size and o such that

L i B 1
P L O e B i ) S e 10 [ 1 B
KeT, KeT,; Fegj. F F.A

(4.24)

@ Springer



22 Page180f22 Journal of Scientific Computing (2020) 83:22

when z € Ny UNp and

2, = —
> hlle g e < C | D e AVl

KeT, KeT,
+ Yy Ll + > Lz,
FeE;. hrar.a B hrar 7
(4.25)
when 7 € Ny.
Proof The theorem is can be proved in a similar fashion as Corollary 5.10 of [15]. O

Theorem 4.14 (Efficiency) Under the assumptions that 1/ak is locally quasi-monotone in
T, the local indicators 1, and n, are efficient; i.e., there exists a constant C > 0 independent
of a and the mesh size such that

n: < Cle'*Vu+a 0 oo, and ng <C Y lla'?Vu+ a0 [lo,4,(4.26)
€N

Proof Squaring both sides of the first inequality in (4.26) and summing up over all z € Ng
imply the second inequality in (4.26). To prove the validity of the first inequality in (4.26),
by Theorem 5.1 and (4.23), it suffices to show that

R (v, ) ~
p = z
(v,)€Q; x M, I, ) llee, 2
or, equivalently,
R (v, ) < Ci I, Wllan,z ¥ (v, 1) € O X M. 4.27)
We prove the case z € N7 U N first. By (4.5), for an arbitrary constant ¢
R.(c,c) =0, VzeNjUNp,
which implies

R.(v,p) =R, (v—c,u—c), YZENUNp, VY (v,u)e Q, xM,. (4.28)

Choose ¢ = v, be the average of v on w;. In fact, for z € N7, v, = 0. It follows from the
triangle inequality, the facts that |rx ¢:llo,x < 7k llo,x and || jr¢-llo,r < lljFllo,r, and the
Cauchy-Schwarz inequality that

Ro(v, 1) = Re(v— e, p— ) = Y (rkpe, v = )k — Y (jrobe, b — 0)F

KeT, Fe&; .
= > (k¢ v— )k
KeT,
— Y Ur v —td)r+ Y Gree vl — wr
Feg; . Feg; .
< > lrkdeloxllv = :llo.x
KeT,
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+ Y irdello.r (v = Bdwllo.r + 1w} — wllo.r)
FGEJ',Z

A 1 -

=i | D0 = liik
KeT, K%K

1/2

+

— g p + 1{v}w — w1l p)
FeE

Note that 1 /ap 4 < 1/ap yand 1/ap 4 < min{l/ar _, 1/aF 4}, thus

1 1
_ 2 = 12
v —tdullgr< D>, 5—Iv-ilig
hpaF,A ’ R hKOlK '
Ke{Ky . Kf}

and

[{v}w /’LHOF = ”{U}w M”(Q),F-

hrar A
Then, by (4.24), we have

hr

R.(v, p) < Ci: [ ™2V, + Z ||[[v]1||0F
FO(
Fe&;j;
12

+ Yy hF ||{v}w—u||é,p

Fe&;j,
= CiN, i lla.z-

This proves the validity of (4.27) and, hence, the theorem for z € N7 U Np.
For z € Ny, it follows from the triangle inequality, the facts that ||[rk ¢;[lo.x < 7k llo.x
and || jrd;llo.r < lljFllo.F, the Cauchy-Schwarz inequality, and (4.25) that

R, ) = ) (rk$e, Ik — D (rde Wh)r+ Y (roe, (vh — wWF

KeT, Feg; ; Fe&; .
= Z g @zllo.x lvllo,x + Z ljF@zllo.F (I{v}wllo,r + I{v}w — rllo,F)
KeT, Fe&; ;
1/2
< Z blld,r + v} — wlI3,f)
KeT Fe&j .
< Cii, | ™2V, + Z pymmd LU vIIIG £
Feg; . hr
1/2
2
N’”OF+ Z ”v“[),F
Fe&; . Fely,; hra
=Cn, |||(v, .,z
This proves the theorem for z € Ny . ]
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5 Numerical Experiments

In this section, we report some numerical results for an interface problem with intersecting

interfaces used by many authors, e.g., [13,14,20], which is considered as a benchmark test

problem. For simplicity, we only test the RT case with k = 0. Other cases behave similarly.
Let 2 = (—1, 1)? and

u(r,0) =r" @)

in the polar coordinates at the origin with w(0) being a smooth function of 6 [13]. The
function u(r, 0) satisfies the interface equation with A = oI, I'y =@, f = 0, and

_[R in (0, DU (=1,0)%,
a(x)_[l in 2\ (0, 12U [~1,01%).

The y depends on the size of the jump. In our test problem, y = 0.1 is chosen and is corre-
sponding to R ~ 161.4476387975881. Note that the solution u(r, #) is only in HtY=€(2)

Fig. 1 Mesh generated by n

Energy Error and Error Estimator

T

—o— ||A'1’20h+A1’2V ully
—¥—eta
JE - E— N-O.S

10°

Fig.2 Error and estimator n
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for any € > 0 and, hence, it is very singular for small y at the origin. This suggests that
refinement is centered around the origin.

Mesh generated by 7 is shown in Fig. 1. The refinement is centered at origin. Similar
meshes for this test problem generated by other error estimators can be found in [13,14].
The comparison of the error and the 7 is shown in Fig. 2. The error estimator is a guaranteed
bound of the energy error. The effectivity index is close to 1. Moreover, the slope of the
log(dof)- log(relative error) for n is —1/2, which indicates the optimal decay of the error
with respect to the number of unknowns.
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