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Abstract

In [Z. Cai, S. Kim, A finite element method using singular functions for the Poisson equation: corner singularities,
SIAM J. Numer. Anal. 39 (2001) 286-299], we proposed a new finite element method to compute singular solutions of
Poisson equations on a polygonal domain with re-entrant angles. Singularities are eliminated and only the regular part
of the solution that is in H? is computed. The stress intensity factor and the solution can be computed as a post-pro-
cessing step. This method is extended to problems with crack singularities and to a higher-order method for smooth
data in [Z. Cai, S. Kim, G. Woo, A finite element method using singular functions for the Poisson equation: crack sin-
gularities, Numer. Linear Algebra Appl. 9 (2002) 445-455]. In this paper, we study the Poisson equation with mixed
boundary conditions. Examples with various singular points and numerical results are presented.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Assume that Q C #” is a polygonal domain. Let I', and I'y be a partition of the boundary of Q such
that 0Q = Tp UTy and I'p N I'y = 0. For simplicity, assume that I'p is not empty (i.e., meas(I'p) # 0).
Let v denote the outward unit vector normal to the boundary. For a given function f€ L*Q), consider
the Poisson equation with homogeneous mixed boundary conditions:
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—Au=f inQ,

u=0 on I'p, (1.1)
Ou

—=0 on I'y,

ov

where A stands for the Laplacian operator. Solution of (1.1) has singular behavior near corners even when f
is very smooth. Such singular behavior affects the accuracy of the finite element method throughout the
whole domain.

Solutions of many elliptic boundary value problems on polygonal domains have a singular function rep-
resentation: a linear combination of singular functions and the regular part of the solution (see (2.9) for more
details). Coefficients of singular functions in this representation are called the stress intensity factors. This
property has been explored in several ways to design accurate finite element methods in the presence of cor-
ner singularities. One approach is the so-called Singular Function Method (SFM) (see, e.g., [16]) that aug-
ments singular functions to both the trial and test spaces. However, the convergence of the stress intensity
factors is sometimes very poor (see [13,19]). They usually must be corrected by a suitable post-processing. To
overcome this difficulty, the so-called Dual Singular Function Method (DSFM) was introduced (see, e.g.,
[14,5,7,15]), that augments singular functions to the trial space and the corresponding dual singular func-
tions to the test space. The DSFM was implemented as an iterative procedure which iterates back and forth
between the singular function representation formula, the original equation, and the extraction formula (see
(2.10)) for the stress intensity factors. This approach was extended to full multigrid versions in [8].

Recently in [9,11] we also use this property in order to calculate accurate finite element approximations
to both the solution and the stress intensity factors. The loss of standard finite element approximation accu-
racy for elliptic boundary value problems with corner singularities is due to the non-smoothness of the solu-
tion. Therefore, it is natural to first approximate the regular part of the solution, and then compute the
stress intensity factors and the solution. By using the dual singular functions and a particularly chosen
cut-off function, we are able to deduce a well-posed variational problem for the regular part of the solution.
Based on this variational problem, we showed that continuous piecewise linear finite element approxima-
tion on a quasi-uniform triangulation yields O(/) optimal accuracy in H'. Also, we established O(h”g)
error bound for the solution in L? and for the stress intensity factors in the absolute value, where o depends
on the re-entrant angles of the domain Q. Our numerical experiments in [10] seem to indicate that our ap-
proach achieves O(/?) accuracy.

The problem for the regular part of the solution is no longer a “nice” Poisson equation. Instead, it is a
Poisson equation perturbed by integral terms which are only non-zero on strips away from the corners. Be-
cause of such perturbation, the problem is non-symmetric and possibly indefinite. To solve non-symmetric
algebraic equations arising from the discretization, it was shown in both theory and numerics in [10] that a
standard multigrid method is very efficient. This is because the non-symmetric perturbation with pseudo-
differential order of —1 is well-controlled by the Laplace operator whose pseudo-differential order is 2. The
solution method adopted in [10]is a simple V-cycle multigrid method that uses an exact coarsest grid solver
and smoothing operators depending only on the discrete Laplace operator.

Corner singularities can also be overcome by the method of local grid refinement (see, e.g., [1,2]). Using
this method, the number of degrees of freedom is of order O(/ ) and the error of the computed stress
intensity factor is of order O(A?). This method also has the advantage that it does not require the knowledge
of the exact forms of the singular functions. It only needs the knowledge of the exponents of the singular
functions. However, it is more difficult in this approach to use fast multilevel solution techniques (see
[18,20,21]) because the mesh sizes of fine grids decade exponentially.

The purpose of this paper is to extend results for the Poisson equations with Dirichlet boundary condi-
tions in [9] to mixed boundary conditions. Singular functions for mixed boundary conditions differ from
those for Dirichlet boundary conditions in both form and angles of corners. In Section 2, singular function
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representation of the solution for various boundary conditions is presented and a variational problem for
regular part of the solution is derived. In Section 3, we introduce a finite element approximation and esti-
mate its error bound. Finally, in Section 4, we present two examples with various singular functions and
their numerical results.

We will use the standard notation and definitions for the Sobolev spaces H'(Q) for ¢ > 0; the standard
associated inner products are denoted by (,"),.o, and their respective norms and seminorms are denoted by
| |l.c and |- |, o. The space L*(Q) is interpreted as H(Q), in which case the inner product and norm will be
denoted by (-,")o and ||+ ||, respectively. H(Q) = {u € H'(2): u=0 on I'p}.

2. Singular function representations

Let wy,...,w be internal angles of Q satisfying

n/2 < w; < 2n  if boundary condition changes its type,
n<w <2n otherwise

and denote by v; (j = 1,.. ., M) the corresponding vertices. Let the polar co-ordinates (r;,0;) be chosen at the
vertex v; so that the internal angle w; is spanned counterclockwise by two half-lines 0; = 0 and 0, = w;. Below
is a list of singular functions at v; depending on boundary conditions:

e D/DIf w; > m, there is a singular function of the form
5 . mb;
sj1(rj,0;) =7; Sln;jj; (2.1)
e N/N If w; > =, there is a singular function of the form

hid

= 0;
si1(r, 0;) = r/ cos&; (2.2)
Wj
e D/N If% <w; < 37”, there is a singular function of the form
. Tml;
5;4(r7,0;) =7 smz—w’j. (2.3)

If 3 < w; < 2m, there are two singular functions of the form

=5 .l s . 3nl;
s.(r,0,)=r"sin—L and s,:(r;,0;) =7 sin=—=; 2.4
/%( Js /) j 2wj 1%( J /) J ij ( )

e N/D If < w; < 3%, there is a singular function of the form

T o,
5;1(rj,0;) = r; 7 cos 5. (2.5)
I J 2&)/

If 3 < w; < 2m, there are two singular functions of the form

w  mb; w5 3mb;
s;(rj,0;) =17 cos—L and 8;3(r,0;) =1} cos—~* (2.6)
3 J 20, i3 J 20,

Here, D/D and N/N mean that type of boundary conditions remains unchanged while D/N and N/D mean
that type of boundary conditions changes passing the vertex v;. For convenience, we denote index set of
singular functions by L;. Hence,
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{1} for (2.1) and (2.2),

{_} for (2.3) and (2.5),

13
{5,5} for (2.4) and (2.6).
3n_, g g :

It is easy to see that s;; € H o (Q),s;1 €H o) (2),and s;, € H o (Q) for any ¢ > 0. Hence, sin-
gular functions at the vertex v; belong to either H1+5"/7£(Q) for D/D and N/N vertex or H1+F’/78(Q) for D/N
and N/D vertex. This indicates that the solution of Poisson equation (1.1) is in H'™o~® where
® = max¢;<y®; and

. w; if v;is D/D or N/N vertex,
7 2w, ifv;is D/N or N/D vertex.

To deduce an equation for the regular part of the solution, we need to use the so-called dual singular func-
tions that are defined as follows: for / € L;,

In In

Sj.,[(l"j,aj) =r/ ISIHJTE-OJ‘ and Sjﬁfl(rj70j) :Vj jCOSaTc.Oj7 (27)
J J

are the dual singular functions corresponding to

= . n o T
s(r;,0;) = r/ smaf)j and s;,(r;,0;) = r/ cosaf)j, (2.8)
j j

respectively. We will also need cut-off functions. To this end, set
Bi(ti;00) = {(r;,0) 1ty <r; <t and 0 < 0, < w;} NQ and B;(ty) = B;(0;1,).

A family of cut-off functions of r;, nﬂj(iﬁ,-), is then defined as follows:

1 in B;(39,R),
3 5
15) 8 4r; 2 ( 4r; 1 [ 4r; .=
DD il S (e A S i A ) I (A B,(Lp.R; piR
’1/’,’(7‘./) 16 ) 15 <ij >+3<ij > 5<ij ) 1m J(ij ’p/ )’
0 in Q \ El(p/R)7

where p; is a parameter in (0,2] and R € Z is a fixed number so that the 7s;; has the same boundary con-
dition as u. We assume that R is small enough so that the intersection of either B;(p;R) and B;(2R) or B;(2R)
and B;(p,R) for j # i is empty.

It is well known [3,12,14] that the solution of problem (1.1) has the following singular function
representation:

M
u=w-+ Z Z )Ljﬂﬂ’[p/(rj)sjﬁ](rj, 01), (29)

Jj=1 leL;

where w € H*(Q) N Hp, (L) is the regular part of the solution and 4;; € # are the stress intensity factors that
can be expressed in terms of u by the following extraction formulas ([6,17]):

. 1
djg=— /fnp,sjﬂ,ldx—k/uA(npvsj,,l)dx . (2.10)
n\Jo" " 0 !
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Moreover, the following regularity estimate holds:

[Iwll, + XM: > 17

il
Jj=1 IeL;

< Crllf1- (2.11)

In the remainder of this section, we derive a well-posed problem for w. To this end, assume that p; in
(2.9) belongs to (0, 1] and denote cut-off functions with bigger supports by

' (rj) = na(ry).
Choosing n,(r;) = n"(r;) in (2.10) gives

1 . 1 .
A= E(uv A(n*s;-1)) +E(fv nsj—1).

Substituting u = w + ZKIZkeLi;Liak”p; (r)six (s, 9-) into the above equation yields
1 * 1 *
Ayi = 1 (W, A8 1)) + 7 (f17s-1) Z > hia(nysia Aln"s; 1)) (212)
i=1 keL;

When i =, the support of "y, (7 (r;) for 0 < p; < 1is B{p,;R) on which * = 1. Since s; _; is harmonic, then for
all k € L,

(1,10, An"sj-1)) = 0.

When i # j, by the assumption that B;(p,R) N B;(2R) = () we have that
(ny5i6,A(n"s; 1)) =0, Vk €L,

Hence, we have established the following extraction formulas of 4;; in terms of w:

1 *
Ajg = E("WA(’// S./Zfl))B,-(RzR (f717 Sj, 1) (2R)* (2.13)

Using (2.13) and substituting (2.9) into the Poisson equation, we obtain an integro-differential equation
for w:

—Aw — Z; (w, A(n"sj—1)) Bj(R;2R) ’7ps1/ f+21§; (fsn'sj—1) (2R) (’7,;/5/',1) in Q.
Jj=1 le j=1 e

Multiplying the above equation by a test function v € HL(Q) = {ve€ H'(Q) : v =0 on I'p}, integrating
over Q, and using integration by parts lead to the following variational problem: finding
w € H*(Q) N H},(2) such that

a(w,v) = g(v) Vv e HL(Q), (2.14)
where the bilinear form «(-,-) and linear form g(-) are defined by

a(w,v) = a‘“(w v) + b(w v), da'(w,v) =(Vw, V),

Z Z (W, AC"S)-1)) g, o2y (B(1,810)5 0) g, (1020, 0) (2.15)
and
43 3 5D (80,50 0 (2.16)

Jj=1 IeL;
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Note that the second terms in the respective bilinear and linear forms provide a singular correction so
that w € H*(Q) for f € L*(Q). Note also that the bilinear forms a(-,") are not symmetric.

Lemma 2.1. For any 0 < p < 1, we have that

. 1
|1A(n Sjﬁl)“B/(R;ZR) SCiR Y (2.17)
with Cy = /2% and that
1+ I
H’/Ipl»sj:/”B,'(pl-R) < Cz(ij) i and Hv(np/sj«[)||8,-(/)/iR) < C3(ij) ! (218)
. oy | C? 20z 1) )2
wzthCz—ZmandQ—(m(l—Z j )+7">

Proof. This lemma can be established by an elementary calculation. [

In a similar fashion as in [9], we can prove the coercivity and continuity of the bilinear form a(-,-) and the
well-posedness of problem (2.14).

Lemma 2.2. For 0 <p < 1, the bilinear forms a(:,") are continuous and coercive in H]ID(Q); i.e. there exist
positive constants o, Ky, and K, such that

x| plli < e, @) + K[l (2.19)
for all ¢ € H,(Q) and that
a(¢, ) < K¢l vl (2.20)

Sor all ¢ and \y in H,(Q).
Theorem 2.1. For 0 < p < 1, we have that

(1) if f € LX(Q), then problem (2.14) has a unique solution w € H*(Q) NHL(Q),
(2) there exists a positive constant y such that

Mol < sup LW (221)
YeHL(Q) |W||1

for any ¢ € H,(Q).

3. Finite element approximation

This section presents standard finite element approximation on a quasi-uniform grid for w based on the
variational problem in (2.14). Approximations to the stress intensity factors and the solution of problem
(1.1) can then be calculated according to (2.13) and (2.9), respectively. Error estimates are established in
Theorem 3.1.

Let 7, be a partition of the domain @ into triangular finite elements; ie., Q= ., K with
h =max{diamK : K € 7,}. Assume that the triangulation .7, is regular. Denote continuous piecewise lin-
ear finite element space by

Vi=1{¢, € C°'(Q) : ¢,|4 is linear VK € 7, and ¢, =0 on I'n} C HL(Q).
It is well known that
A0 (16 = @ull + Al = uly) < Cah"™ | 1110 (3.1)
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for any ¢ € H,(Q2) N H'™ () and 0 < ¢ < 1. The finite element approximation to problem (2.14) is to find
wy, € V}, such that

alwy,v) =g(v) Yv eV, (3.2)
Approximations to the 4;; and the solution are calculated as follows:
1 1
’lj'l.l = E(WMA(’? Sj-1))p B;(R:2R) (fﬂ? Sj—1)p B;(2R) (33)
and
u, = wy —|—Z Z 2. My, (r7)81.4 (1, 0;). (3.4)
Jj=1 IeL;

In order to establish the error bound in the L?>-norm, we consider the following adjoint problem of (2.14)
with a simplified linear form: find z € H},(Q) such that

a(v,z) = (w—wy,v) Vv e Hp(Q). (3.5)
The next lemma establishes the well-posedness of problem (3.5) and provides the regularity estimate for z.

Lemma 3.1. For 0 <p; < 1, problem (3.5) has a unique solution z in H})(Q). Moreover, there is a singular
function representation

z—wz+z D M, sin (3.6)
Jj=1 I€eL;
where w, € H*(Q) N H},(Q) and %5, € R satisfy the regularity estimate

[[w IIZ+Z D 17l < Crllw = will. (3.7)

Jj=1 leL;

Proof. Similar to Theorem 2.1, the adjoint problem in (3.5) has a unique solution in H},(Q) and that there
exists a positive constant y’ such that

a )
YVl < sup (9.9)
deHL(Q) ||(l"||1

Yy € HL(Q).

Let z be the solution of (3.5), by the Cauchy—Schwarz inequality we then have that

1 a(p,z 1 w—wy, ¢
R
Y genl (@ ||¢||1 4 peHL (@) ol

1
< lw—wal|. (3.8)
Y
It is easy to check that the solution, z € H} (), of problem (3.5) satisfies
Az = Z Z (Vz,V(1,,5:)A00"s; 1) = (w—w;) in Q. (3.9)

Jj=1 I€eL;

Since the right-hand side of the above equation is at least in L*(Q), so is Az. Therefore, z has the singular
function representation

z=w, +ZZ)]lnpsﬂ,

Jj=1 IeL;



2642 Z. Cai et al. | Comput. Methods Appl. Mech. Engrg. 195 (2006) 2635-2648

where w, € H*(Q) N H}, and
[[w: ||z+Z D 1] < CrllAz].
j=1 IeL;

Now, the regularity bound in (3.7) follows from the triangle and Cauchy-Schwarz inequalities, (3.8), and
Lemma 2.1 that

M
hwelly + > D175 < Crlldz]| < C (Z > —| (15,8100, V2) gy 1A 1) | pigcamy + W = th>

j=1 I€L; Jj=1 [€L;

C1C3 111
CR<Z 2 ypin?/ =l

j=1 IeL;

This proves the inequality in (3.7) with

G-a(3 3 Gaete)

j=1 leL

and, hence, the lemma. [
Now we are ready to establish error bounds for the finite element approximations.
Theorem 3.1
(i) For 0 <p; < 1, there exists a positive constant hy such that for all h < hg (3.2) has a unique solution wy, in

V. Moreover, let w € H*(Q) N HL(Q) be the solution of (2.14), then we have the following error
estimates:

lw—will, < Cahllf Il and w—wi]| < Csh" 5| f]]. (3.10)
(i) Let 4;; and 7 A , be deﬁned in (2.13) and (3.3), respectively. Then

g = 2 <R i < CoR R ). (3.11)
(i) Let u be the solution of (1.1) and uy, be its approximation defined in (3.4), then we have the following error

estimates:

l —unlly < Cohllf | and lu —wyl < Csh" || . (3.12)

Proof. (i) We first establish error bounds in (3.10) for any solution to problem (3.2) that may exist. Then,
for f= 0, the uniqueness of the solution to problem (2.14) and the error bound in (3.10) imply that w;, = 0.
Hence, (3.2) has a unique solution wy, in V7, since it is a finite dimensional problem with the same number of
unknowns and equations.

To establish error bounds, note first the orthogonality property

alw—wy,v) =0 YveV, (3.13)

By choosing v = w — wy, in (3.5) and using the orthogonality property in (3.13) and the continuity bound in
(2.20), we have that

lw — w;,||2 =a(w—wy,z) =a(w—wy,z—11z) < K||lw—w| ||z — Inzl|;, (3.14)
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where I,z € V), is the nodal interpolant of z. From the triangle inequality, approximation property (3.1), the
fact that (see [4])

In
11,850 = In(ny 5500l < Ch™

and Lemma 3.1, one has

Iz = Izlly < [lw: — Ith||1+ZZ|/1 Angsie = 1n(ny,si0lh < Ch||Wz||z+Z ZCh”fV»,;l

Jj=1 IeL; j=1 I€eL;

< Cpho

w—wy|.
Substituting this into (3.14) and dividing ||w — wy|| on both sides give

||W WhH KzCDh“

w—wal|,- (3.15)
Now, it follows Lemma 2.2, orthogonality property (3.13), and inequality (3.15) that for any v € V,

al|w—wyl[} < alw —wp, w —wy) + Ky [|[w = wil|* = a(w — wy, w — v) + Ky |[w — wy|?

< Kalw = will llw = oll, + K1 (K2Cph®) [lw — w1,

which, together with approximation property (3.1), implies the validity of the first error bound in (3.10)
with C; = 20 'K,C,Cx for all h < he. Here,

o)

h x §
o=\ a2 -
2K, (K,Cp)*

The second error bound in (3.10) is then a direct consequence of (3.15) with Cs = C4K,Cp.
(i) Note from (2.13) and (3.3) that

1 .
i — )g?,l = In (w—wi, A de))g,(R;zR)'

Hence, (3.11) follows from the Cauchy—Schwarz inequality, Theorem 3.1(i), and Lemma 2.1 that

, 1 .
|0 — /L;/| < EHW —will[|A(n sjfl)”B,(R;zk) < CR U hl+”|f”

(iii) It follows from (2.9) and (3.4) that

u—u, = W Wy +ZZ gl npsjl
Jj=1 I€L;
By using the triangle inequality, Lemma 2.1, (3.10) and (3.11), we have that
=l < =l + 32 5 s = 24, 500

Jj=1 I€eL;

< Cah|f|| + Z > Cop; ”’ (Cap + C3R™ A5 1.

Jj=1 I€eL;
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In

Therefore, the first inequality of (3.12) is valid with C; = C4 + CGZJA;EIGL,.P?_/(QP,- + C3R")Ao. In a sim-

ilar fashion, by Lemma 2.1, (3.10) and (3.11), we may prove the validity of the second inequality of (3.12)
I+

with Cg = Cs + Céczz;i e, pj+“’/. This completes the proof of the theorem. [

4. Numerical results

In this section, numerical results for Poisson equations with mixed boundary conditions are presented.
One example is defined on the unit square and the other on a domain with re-entrance corner.

Example 1. Consider the Poisson equation in (1.1) with mixed boundary conditions on the unit square
Q={(x,y) €#*:0<x<1,0<y<1}. Homogeneous Neumann boundary is I'n = {(x,0) € #*:0 <
x < 1/2} and homogeneous Dirichlet boundary is I'p =0Q\I'y (see Fig. 1(a)). This problem has a
geometric singularity at boundary point (1/2,0), where the boundary conditions change from Dirichlet to
Neumann with an internal angle & = n. More specifically, the corresponding singular function has the form

2 sin 0
= 72 — 1.
s 2

Let 7, be the cut-off function defined in Section 2 with R = 1/4 and choose the right-hand side function in
(1.1) to be

f = —sin(m) [~ (v — 1) + 23y — 1)] = A(15).
Then the exact solution of the underlying problem is
u=w-+nq 0S5
where 7, is the cut-off function with R=1/4 and 0 <p < 1 and
w = sin(m)y* (v — 1) + (1 —11,)s
is the regular part of the solution. Numerical results are presented in Tables 1-3, respectively, that confirm
theoretical estimates.
Example 2. In this example, we consider a polygonal domain with a re-entrant corner (see Fig. 1(b)):

Q={(x,y)eR:-1<x<1,-1<y<I}\T,

(1, 1) (1, 1)
u=20
Gu—0
(0, 0)
% =0 u=20
(07 0) (%7 U) (_17 _1)
(a) (b)

Fig. 1. Computational domains and boundary conditions. (a) Example 1 and (b) Example 2.
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Table 1
The discrete L>-norm errors and the convergence rates for w
Mesh size p=1.00 p=0.50
L*-norm Rate L*norm Rate

h=1 2.3331e—02 2.0938¢—02
h=% 8.5794e—03 1.4433 6.8472e—03 1.6125
h=3% 2.5658e—03 1.7414 2.1656e—03 1.6607
h=4 6.8989¢—04 1.8949 5.9684e—04 1.8593
h =1 1.7708e—04 1.9619 1.5436e—04 1.9510
Table 2
The discrete H'-seminorm and the convergence rates for w

p=1.00 p=0.50

H'-norm Rate H'-norm Rate
h=1 3.5511e—01 3.2662e—01
h=1% 1.7541e—-01 1.0175 1.6750e—01 0.9635
h=3 5.2587e—02 1.7378 5.9165¢—02 1.5013
h=4 1.4789¢—02 1.8301 1.6557e—02 1.8373
h =g 3.9239¢—03 1.9141 4.3852e—03 1.9167
Table 3
The absolute value errors and the convergence rates for 4

p=1.00 p=0.50

|4 = Al Rate |4 — 2l Rate
h=4% 6.8612e—01 6.6797e—01
h=1% 1.9996e—01 1.7787 1.9242e—-01 1.7955
h=2% 5.3705e—02 1.8965 5.3134e—02 1.8565
h=2% 1.3776e—02 1.9628 1.6557e—02 1.8373
h =1 3.4729e—03 1.9879 4.3852¢—03 1.9167

where T = {(x,y) € #*: 0 < x < 1,—x < y < 0}. Homogeneous Neumann boundary is I'y = {(x,0) € %#* :
0 <x < 1,y =0} and homogeneous Dirichlet boundary is I'p = 0Q\I'y. At the origin, the internal angle is
o =¥ and the boundary conditions change from Neumann to Dirichlet. Hence, there are two singular
functions at the origin:

= V%COS6—0
= 7

2

20
si=ricos— and s
7 2

1
2
Let 1, be the cut-off function with R = 1/4 and 0 < p < 1 and choose the right-hand side function in (1.1) to
be

+s

= fi = Alns(sy +5),

1
2
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Table 4
The discrete L*-norm errors and the convergence rates for w
Mesh size p=1.00 p=0.50
L*norm Rate L*norm Rate
h=1 1.0409¢—01 7.5423e—02
h=1 3.8311e—02 1.4420 2.5903e—02 1.5418
h=2% 1.1322e—02 1.7586 8.4301e—03 1.6195
h=4 3.1228e—03 1.8582 2.3364e—03 1.8513
Table 5
The discrete H'-seminorm and the convergence rates for w
p=1.00 p =0.50
H'-norm Rate H'-norm Rate
h=4% 7.7863e—01 6.8214e—01
h=4% 3.4152e—01 1.1889 2.8441e—01 1.2621
h=13 9.9839¢—02 1.7742 1.1067e—01 1.3617
h=2% 2.7625¢—02 1.8536 3.2023e—02 1.7891
Table 6
The absolute value errors and the convergence rates for 4,
p=1.00 p=0.50
|4y — 21 Rate |41 — 2 Rate
h=1 6.6352e—01 6.5044e—01
h=1{ 1.7794e—-01 1.8987 1.7276e—01 1.9126
h=35 4.7506e—02 1.9052 4.7599¢—02 1.8598
h=4 1.2370e—02 1.9413 1.2366e—02 1.9445
Table 7
The absolute value errors and the convergence rates for /3
p=1.00 p =0.50
143 — 23, Rate 12 — 23, Rate
h=1 1.5011e—-01 1.5399¢—01
h= %6 3.5198e—02 2.0924 3.5461e—02 2.1185
h=3 9.0060e—03 1.9665 9.0973e—03 1.9882
h=4 2.2780e—03 1.9831 2.2722¢—03 2.0013
where
20— 1 (2 = 1) (6y—2) ity >0,
Si= { =2(y+ 1)p? — (x + 1)(6xy + 2x + 12)* + 6y) if y < 0.
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The exact solution of the underlying problem is then
u=w-+ Sy + MS3s
where the regular part w is given by
(@ =Dy - 1)y if y >
x+ D+ DE+y)p* ify<

Note that the function w is in H*(), but not in H>(Q). Numerical results for the discretization accuracy of
the finite element approximation to w are given in Tables 4 and 5. Results for the stress intensity factors are
contained in Tables 6 and 7.

w= (=)o) +
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