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Generalized Prager-Synge Identity and Robust
Equilibrated Error Estimators for Discontinuous Elements

Zhigiang Cai* Cuiyu He' Shun Zhang?
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Abstract. The well-known Prager-Synge identity is valid in H'(Q) and serves as a foun-
dation for developing equilibrated a posteriori error estimators for continuous elements. In
this paper, we introduce a new identity, that may be regarded as a generalization of the
Prager-Synge identity, to be valid for piecewise H'(2) functions for diffusion problems.

For nonconforming finite element approximation of arbitrary odd order, we improve the
current methods by proposing a fully explicit approach that recovers an equilibrated flux in
H(div; Q) through a local element-wise scheme. The local efficiency for the recovered flux is
robust with respect to the diffusion coefficient jump regardless of its distribution.

For discontinuous elements, we note that the typical approach of recovering a H' function
for the nonconforming error can be proved robust only under some restrictive assumptions.
To promote the unconditional robustness of the error estimator with respect to the diffusion
coefficient jump, we propose to recover a gradient in H (curl; ) space through a simple explicit
averaging technique over facets. Our resulting error estimator is proved to be globally reliable
and locally efficient regardless of the coefficient distribution. Nevertheless, the reliability
constant is no longer to be 1.

1 Introduction

Equilibrated a posteriori error estimators have attracted much interest recently due to the guar-
anteed reliability bound with the reliability constant being one. This property implies that they
are perfect for discretization error control on both coarse and fine meshes. Error control on coarse
meshes is important but difficult for computationally challenging problems.

For the conforming finite element approximation, a mathematical foundation of equilibrated
estimators is the Prager-Synge identity [35] that is valid in H'(£) (see Section 3). Based on
this identity, various equilibrated estimators have been studied recently by many researchers
(see, e.g., [32, 24, 34, [22], 23| [7, [3, 37, 1T, 13), 14, [38, 19} 15, 26]). The key ingredient of the
equilibrated estimators for the continuous elements is local recovery of an equilibrated (locally
conservative) flux in the H(div;Q) space through the numerical flux. By using a partition of
unity, Ladeveze and Leguillon [32] initiated a local procedure to reduce the construction of an
equilibrated flux to vertex patch based local calculations. For the continuous linear finite element
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approximation to the Poisson equation in two dimensions, an equilibrated flux in the lowest order
Raviart-Thomas space was explicitly constructed in [I1} 13]. This explicit approach does not
lead to robust equilibrated estimator with respect to the coefficient jump without introducing a
constraint minimization (see [I19]). The constraint minimization on each vertex patch may be
efficiently solved by first computing an equilibrated flux and then calculating a divergence free
correction. For recent developments, see [I5] and references therein.

Recovery of equilibrated fluxes for discontinuous elements has also been studied by many
researchers. For discontinuous Garlerkin (DG) methods, equilibrated fluxes in Raviart-Thomas
(RT) spaces were explicitly reconstructed in [2] for linear elements and in [25] for higher order
elements. For nonconforming finite element methods, existing explicit equilibrated flux recoveries
in RT spaces seem to be limited to the linear Crouzeix-Raviart (CR) and the quadratic Fortin-
Soulie elements by Marini [33] (see [I] in the context of estimator) and Kim [30], respectively.
For higher order nonconforming elements, existing recovery techniques for conforming elements
(see, e.g., [13, 14, 25]) may be directly applied, but all these recoveries need to solve vertex-patch
minimization problems. By solving element-wise minimization problems, a local reconstruction
procedure was proposed by Ainsworth and Rankin in [4]. Their recovered flux is not in the
H(div) conforming spaces. Nevertheless, the resulting estimator provides a guaranteed upper
bound. Another implicit approach recovering fluxes in the RT spaces is proposed by Becker and
collaborators in [9] in which properties of the nonconforming solutions are explored.

One purpose of this paper is to establish the Prager-Synge identity for piecewise H'(Q) func-
tions in both two and three dimensions. This is proceeded by first establishing an Prager-Synge
inequality (see Lemma 3.1) and then showing the validity of the identity through a Helmholtz
decomposition. For Poisson equation with pure Dirichlet boundary conditions, a non-optimal in-
equality was obtained earlier by Braess, Fraunholz, and Hoppe in [12]; and a slightly more general
inequality than that of Lemma 3.1 was proved in [26] by introducing the elliptic projection of the
discontinuous finite element approximation as done by Kim in [31].

Based on the generalized Prager-Synge identity and an equivalent form (see Corollary 3.5),
the construction of an equilibrated a posteriori error estimator for discontinuous finite element
solutions is reduced to recover an equilibrated flux in H(div;2) and to recover either a potential
function in H(Q) or a curl free vector-valued function in H(curl;2). The energy norm of the
difference between the recovered flux (gradient or potential) and the corresponding numerical one
is then used as the conforming (nonconforming) error estimator.

Another contribution of this paper is to introduce a fully explicit post-processing procedure
for recovering an equilibrated flux in the RT space of index k — 1 for the nonconforming elements
of any odd order of £ > 1. Currently, we are not able to extend our recovery technique to even
orders. This is because structures of the nonconforming finite element spaces of even and odd
orders are fundamentally different. In theory, our recovered flux appears to be the same as in [9).
However, the explicit formula is only provided for the first order Crouzeix-Raviart element in [9]
and due to the nature of their approach local patch problems need to be solved for higher order
elements. Based on our recovery, the resulting conforming error estimator can be proved locally
efficient regardless of the coefficient jump. To our knowledge, this is the only existing flux recovery
for higher order nonconforming elements that has such property. For other methods, e.g., see [4],
the robust efficiency requires that the distribution of the diffusion coefficient is quasi-monotone
(see [7)

Recovery of a potential function in H!(Q) for discontinuous elements was studied by many
researchers (see, e.g., [4, 2, 12, 26]). The resulting a posteriori error estimator based on H*
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recovery can be locally efficient. Nevertheless, to show independence of the efficiency constant
on the jump, it also has to assume quasi-monotone distribution on the diffusion coefficient. As
an alternative to H! recovery, one can also recover a gradient in the curl free space. Local
approaches for recovering equilibrated flux in [111 [13, 19, 14, [15] may be directly applied (at least
in two dimensions) to obtain a gradient in the curl-free space. As mentioned previously, this
approach again requires solutions of local constraint minimization problems over vertex patches.
The resulting a posteriori error estimator will again suffer from the conditional robustness for the
efficiency constant.

In this paper, to promote the unconditional robustness for both the conforming and noncon-
forming errors, we will employ a simple averaging technique over facets to recover a gradient in
H (curl; Q). Due to the fact that the recovered gradient is not necessarily curl free, the reliability
constant of the resulting estimator is no longer one. However, it turns out that the curl free
constraint is not essential and, theoretically we are able to prove that the resulting estimator
has the robust local reliability as well as the robust local efficiency without the quasi-monotone
assumption. This is compatible with our recent result in [I7] on the residual error estimator for
discontinuous elements.

This paper is organized as follows. The diffusion problem and the finite element mesh are
introduced in Section 2. The generalized Prager-Synge identity for piecewise H'(Q) functions
are established in Section 3. In Section 4, we briefly introduce the nonconforming finite element
approximation and the explicit recoveries of the equilibrated flux and the gradient. The resulting
a posteriori error estimator is also described in Section 4. Global reliability and local efficiency of
the estimator are proved in Section 5. Finally, numerical results are presented in Section 6.

2 Model problem

Let © be a bounded polygonal domain in R, d = 2,3, with Lipschitz boundary 9Q = T'p U Ty,
where T'p N Ty = (). For simplicity, assume that measy_1(I'p) # 0. Considering the diffusion

problem:
—V.-(AVu)=f in Q, (2.1)

with boundary conditions
u=0 onI'p and — AVu-n=g on 'y,

where V- and V are the respective divergence and gradient operators; n is the outward unit vector
normal to the boundary; f € L?*(Q) and g € H~'/?(T'y) are given scalar-valued functions; and
the diffusion coefficient A(x) is symmetric, positive definite, and piecewise constant full tensor
with respect to the domain Q = U?_;Q;. Here we assume that the subdomain, Q; fori =1,--- ,n,
is open and polygonal.

We use the standard notations and definitions for the Sobolev spaces. Let

Hb(Q) = {ve H'(Q) : v=00nTp}.
Then the corresponding variational problem of (2.1)) is to find v € H}(2) such that
a(u, v) = (AVu, Vv) = (f,v) = (g,v)p, , YvE HL(9Q), (2.2)

where (-, -),, is the L? inner product on the domain w. The subscript w is omitted when w = Q.
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2.1 Triangulation

Let 7 = {K} be a finite element partition of ) that is regular, and denote by hg the diameter
of the element K. Furthermore, assume that the interfaces,

'={00NoQ:i#jand i,j=1,---,n},
do not cut through any element K € 7. Denote the set of all facets of the triangulation 7 by
E=EUEpUEY,

where &7 is the set of interior element facets, and £p and £y are the sets of boundary facets
belonging to the respective I'p and I'y. In this paper, we use the notion facet to represent the
d — 1 topological structure of the mesh with elements in the d dimensions. Note that for meshes
of two (three) dimensional domains, facets are corresponding to edges (faces). For each F € &,
denote by hr the length of F' and by np a unit vector normal to F'. Let K}r and K be the two
elements sharing the common facet ' € £ such that the unit outward normal of K coincides
with np. When F' € EpUEy, np is the unit outward normal to 02 and denote by K. the element
having the facet F'. Note here that the term facet refers to the d — 1 dimensional entity of the
mesh. In 2D, a facet is equivalent to an edge and in 3D, it is equivalent to a face.

3 Generalized Prager-Synge inequality

For the conforming finite element approximation, the foundation of the equilibrated a posteriori
error estimator is the Prager-Synge identity [35]. That is, let u € Hj(Q) be the solution of (2.1)),
then

|AY2Y (u— w)|]? + A2 + APV u|? = || A2 + AV2V w2

for all w € H}(Q) and for all T € X4(0), where X;(0) is the so-called equilibrated flux space
defined by

Zf(Q):{TEH(diV;Q):V-TzfinQ and T-n:gonFN}.

Here, H(div; ) C L?(Q)¢ denotes the space of all vector-valued functions whose divergence are
in L?(Q2). The Prager-Synge identity immediately leads to

|AYV2Y (u—w)|[? < inf ||A~V2r 4+ A2V w2 (3.1)
TEEf(Q)

Choosing w € Hb(Q) to be the conforming finite element approximation, then (3.1]) implies that
ne = ATV £ A2V w||, VT e Q) (3.2)

is a reliable estimator with the reliability constant being one.

We now proceed to establish a generalization of for piecewise H'(f2) functions with
applications to nonconforming and discontinuous Galerkin finite element approximations. To this
end, denote the broken H'(f2) space with respect to 7 by

H(T)={veL*(9) : v|x € H'(K), VKeT}.
Define V), be the discrete gradient operator on H'(7) such that for any v € H(T)

(Viv)lx = V(vlk), VK eT.
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Lemma 3.1. Let u € H%(Q) be the solution of (2.1)). In both two and three dimensions, for all
w € HY(T), we have

AL/2 - 2« inf  [|4-1/2 AL/2 2 inf  [1A1/2 _ 2 '
R (e W E e ICES O CE

Proof. Firstly, it is easy to see that
|AY2V ) (u—w)||? = ||AY2V w4+ A7V 27 |2 = | AYV2Vu+ A2 |2 —2(Vi (u—w), AVu+7). (3.4)

For all 7 € £4(Q) and for all v € H}(12), it follows from integration by parts and the Cauchy-
Schwarz and Young’s inequalities that

2(Va(u—w),AVu+7)=2(V(u—v),AVu+7) +2(Vy(v —w), AVu+ 1)
=2 (Vp(v —w), AVu+ 1)
< A2V (v —w)|? + | AYV2Vu + ATV 27|

which, together with (3.4]), implies
A2V 4 (u = w)|* < | A2V hw + A2 |2 4 || A2V, (0 — ). (3.5)

Since the above inequality is valid for all 7 € () and all v € H,(Q), this implies the validity
of (3.3)) and, hence, the lemma. O

Remark 3.2. For Poisson equation with pure Dirichlet boundary conditions, a suboptimal result
is also proved earlier in [12] by Braess, Fraunholz, and Hoppe:

Vi(u — < inf ||V 2 inf ||Vi(v—w)l;
IViw-wll < _jaf [Vetrl+2 nf Vi )

recently, a slightly more general inequality than that of Lemma 3.1 was proved in [26] by introducing
the elliptic projection of the discontinuous finite element approzimation as done by Kim in [31)].

For each F' € &, in two dimensions, assume that ngp = (n, ,n, ), then denote by tp =
(=7, p>7n, p) the unit vector tangent to F' and by s, and e, the start and end points of F,
respectively, such that e, —s, = hptp.

Let 9

{UEHI(Q):vadxzoand(;é:OonFN} in 2D,
{reH(Q)?3:V-7r=0and (Vx7)-n=0o0onTyx} in3D,
where V x is the classical curl operator in three dimentions.

For a scalar-valued function v € H' (), we define the formal adjoint operator of the curl in
two dimensions by

ov  Ov
Vive={(—,-——).
° (3,1/ 81:)
For any w € HY(T), let ¢ € H}(2) be the solution of

(AV$,Vv) = (AV(u —w),Vv), Yo e HH(Q). (3.6)
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we then have the classical Helmholtz decomposition [28] [5]:

L .
AV (i —w) = {AVOT V0 2D, e (3.7)
AV +V x 1 in 3D

The decomposition is orthogonal, i.e.,

A2V |2 + [|A7Y/2VLy|2 in 2D,

3.8
|AY2V )% + |A~/2V x || in 3D. (3:8)

1A 2V (u — w)||? = {

Lemma 3.3. Let w be a fived function in H*(T) and ¢ and v in 2D (3 in 3D) be the corre-
sponding Helmholtz decomposition of w given in (3.7)). We have

inf  [JAY2V (v —w)| = [|A7V2V || in 2D or |JATY2V x 4| in 3D, (3.9)
veH, ()
and
inf ||A7Y27 4 AY? = ||AY/? 1
Téélf(m” T+ A Vpw|| = [|[AVEV| (3.10)

Proof. We firstly prove (3.9)) in two dimensions. Note the following orthogonality condition holds:
(Vo,Viw) =0 Vv € HhH(Q) and Vw € H.
Then applying (3.7) and Cauchy-Schwartz inequality gives

[ATPVHIP = (V= w), Vi) = (Vo - w), Vi) < inf 47V —w)| 472V ).

veH,

A special choice of v = u — ¢ gives (3.9). Three dimensional case can be proved in the same way.
To prove ([3.10)), for any 7 € X¢(£2), (3.6) and integration by parts give

A2V 8|12 = (AVh(u — w), V§) = (AVu + T,V ¢) — (T + AVw, V) = —(T + AVj,w, Vo).
Applying Cauchy-Schwartz inequality gives that

|AY2Vgll < inf [ATVA(7 + AVw)]|.
TEZf(Q)

Taking the special choice 7 = V1) — AVu € X¢(Q) in 2D and 7 = V x 9 — AVu € X4() in
3D, yields the first equality in (3.10]) as follows:

1/2 < ~-1/2 1/2 —1Al/2
142Vl < it AT 4+ AV = [ 4Y2V9).

This completes the proof of the lemma. O

Theorem 3.4. Let u € H})(Q) be the solution of (2.1). In two and three dimensions, for all
w e HY(T), we have

A2V (u—w)|> = inf |47V + AV2Vw)? +  inf  [|[AY2Ve(0 —w)|2 (3.11)
TET;(Q) veHE ()
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Proof. The identity (3.11]) is a direct consequence of (3.8) and Lemma O

Let H(curl; Q) € L2(Q)? (d = 2, 3) be the space of all vector-valued functions whose curl are
in L?(12), and denote its curl free subspace by

o

Hp(curl; Q) ={r € H(cur; Q) : Vx7=0in Qand T xn=0onI'p}.

Corollary 3.5. Let u € H}(Q) be the solution of (2.1). In both two and three dimensions, for
allw € HY(T), we have

|42V —w) P = inf AT ATl e AV - V)P (3.12)
€

2 (Q) YE€Hp(curl;2)
Proof. The result of (3.12) is an immediate consequence of Theorem and the fact that
VHEL(Q) = Hp(curl; Q). O

Remark 3.6. It is easy to see that if w € H} () in Lemma i.e., w is conforming, the second

part on the right of (3.11) vanishes. It is thus natural to refer izI)lf(Q) |A=127 + AV2Vw))? as
TEYf

the conforming error and  inf | A2V, (v — w)||? as the nonconforming error.
veHL ()

For each K € T, denote by Ag and A\x the maximal and minimal eigenvalues of Ax = A|f,
respectively. For each F € &, let AL = AK;t, At = )\K;, and Ap = min{)\;,)\}} if e & and

F
Arp = Ap if F € EpUE&N. To this end, let
Ar = r[?g%AK and Ay = Irglelr%/\K

Assume that each local matrix A is similar to the identity matrix in the sense that its maximal
and minimal eigenvalues are almost of the same size. More precisely, there exists a moderate size
constant x > 0 such that

K .
e = VK eT

Nevertheless, the ratio of global maximal and minimal eigenvalues, A7/\7, is allowed to be very
large.

For a function w € H'(T) , denote its traces on F by w|z := (w|K;)’F and w|}f := (w]K;)\F
and the jump of w across the facet F' by

w\;—wﬁi, VF €&,
[wllF = ~
w\F, VE € EpUEn.

For future conveniences, in the following lemma we show the relationship between the non-
conforming error and the residual based error of solution jump on facets. It is noted that the
constant is robust with respect to the diffusion coefficient jump.

Lemma 3.7. Let w be a fived function in H'(T). In two and three dimensions, there exists a
constant C,. that is independent of the jump of the coefficient such that

1/2
ian)|A1/2vh<v—w>||scr( > AFhFln[[wnnaF) . (3.13)

1
UEHD( Fe&rUuép

7
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Proof. We firstly prove (3.13)) in two dimensions. Let v be given in the Helmholtz decomposition

in (3.7). From (3.12) we have

inf ||AY2V, (v — = [|A™Y2v Ly,
vdl{r]lg(mll r(v—w)|| = || Y|

Now applying the fact that (V¢, V1)) = 0 and integration by parts gives

A7V = (Va(u—w) Vi) = = Y [ el (Vreenp) ds (314)

Fe&rUuép

Without loss of generality, assume that A\ < A; for each F' € &;. It follows from Lemma 2.4 in
[17] and the Cauchy-Schwarz inequality that

>[Il (Vrenr)ds < ¢S R Iullorl V0l

FEEIU5D FEEIUSD

Fe&ErUEp

1/2
< C ( > Aph#\l[[w]]r%f> A2,

which, together with (3.14)), yields

1/2

Fe&UEp

In three dimensions, (3.13) can be proved similarly. O

4 Error estimators and indicators

4.1 NC finite element approximation

For the convenience of readers, in this subsection we introduce the nonconforming finite element
space in two dimensions and its properties. For clarity, we refer the facet as edge in this subsection.

Let Pr(K) and Py (F) be the spaces of polynomials of degree less than or equal to k on the
element K and edge F, respectively. Define the nonconforming finite element space of order
k(k > 1) on the triangulation 7 by

L{k(T):{U e L*(Q): v|g € Pi(K),VK € T and / [vlpds =0,¥Yp € Pr_1(F), VF € 51} (4.1)
F
and its subspace by
Us(T) = {U e Uk (T): / vpds =0, VpePy 1(F),VF € ED} )
F
The spaces defined above are exactly the same as those defined in [21] for k = 1, [27] for k£ = 2, [20]

for k =4 and 6, [4] for general odd order, and [36} [6] for general order. Then the nonconforming
finite element approximation of order k is to find u, € U%(T) such that

an(ur,v) == (AVpu,, Vi) = (f,v) = (g,0)p, , Yo €UL(T). (4.2)

8
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Below we describe basis functions of /¥ (7" and their properties. To this end, for each K € T,
let my, = dim(P_3(K)) for k£ > 3 and my, = 0 for k < 3. Denote by {x;,j =1,---,my} the set
of all interior Lagrange points in K with respect to the space Py(K) and by Pj x € Py_3(K) the
nodal basis function corresponding to x;, i.e.,

Pj k(x;) = 0;5 fori=1, , My,

where ¢;; is the Kronecker delta function. For each 0 < j < k — 1, let L; r be the jth order
Gauss-Legendre polynomial on F' such that L;r(e,) = 1. Note that L, is an odd or even
function when j is odd or even. Hence, L; p(sp) = —1 for odd j and L; p(sp) = 1 for even j.
For odd k, the set of degrees of freedom of U*(T) (see Lemma 2.1 in [4]) can be given by
/ vPjgdr, j=1,---,my (4.3)
K
for all K € T and
/vLj,Fd‘g? Jj=0,---, k-1 (44)
F

for all F € €. Define the basis function ¢; x € U*(T) satisfying

fK’ (ZSZ',KPj,K’dx:éij(SKK’a vj:17 ceey, My, \V/K/GTa
(4.5)
fF¢i7KLj7Fd8:O, Vi=0,---, k—1, VF e,
fori=1, -+, my and K € T, and the basis function ¢; r € UF(T) satisfying
qubi,F-F)j,dezov vj:]-a"'amka VKGTv
(4.6)
fF’ ¢i,FLj,F’ ds = 5ij5FF” VJ = 0, SN k — 1, VF' e g,
fori=0,---, k—1and F' € £. Then the nonconforming finite element space is the space spanned

by all these basis functions, i.e.,
L{k(T)—Span{szK KGT} | @ span {¢; r FG(S'}

Lemma 4.1. For all K € T, the basis functions {¢;, K} =, have support on K and vanish on the
boundary of K, i.e.,
¢j,K =0 on oK.

Proof. Obviously, (4.5) implies that support{¢; x} € K. To show that ¢; x|sx = 0, considering
each edge F' € &k, the second equation of (4.5 indicates that there exists a,, € R such that
¢jk|F = ap Ly p.

Note that Ly r is an odd function on F' and that values of Ly r at two end-points of F' are —1
and 1, respectively. Now the continuity of ¢;  in K implies that a, = 0 and, hence, ¢; x = 0 on
0K. O

For each K, denote by £x the set of all edges of K. For each F' € £, denote by wg the
union of all elements that share the common edge F'; and define a sign function xr on the set
Ep+ UEL— \ {F} (when F is a boundary edge, let €K+ = () such that

F F

(F’) 1, if
XF =
-1, if s, =

FnF,

’“ij |

N
N

S]]
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Lemma 4.2. For all F € &, the basis functions {¢j7p}§;é have support on Wg, and their restric-
tions on &+ U &~ has the following representation:
F F

1
W<LJ7F_Lk’F)’ on F,
bjF = 7Fllo,F (4.7)
0, on Ep+ USK; \ {F}
F
when j is odd, and
1 L F.
———L;p, on F,
ILsrl3 "
G5 F = , (4.8)
’ XrF(F")
mLhFH on FIGCC/'K;: UgK;\{F}

when j is even.
Proof. By (4.6), it is easy to see that support of ¢; p is Wp. Since ¢j,F|§ € Pi(F), there exist
constants a;  such that
k
i=0
Using (4.6 and the orthogonality of {L; p}%_, it is obvious that
N ILjrllogs, fori=j,
0, for0<i<k—1landi##j
and, hence,

+
F

i F

+
= ||Ljp||gFLj7F+ak’FLk7F‘ (4.9)

By l} it is also easy to see that there exists constant a; g g for each F' € £ K ué K \ {F}
such that
¢j,F‘F’ = aj,F,F’Lk,F’- (410)
Since Ly g+ is an odd function for all F' € £+ U SK; \ {F} and ¢; r is continuous in K7 and
F
Ky, 1) implies that
¢j.rlr(sp) = djrlk(e,), Ke{Ki Kp}. (4.11)
Combining the facts that L; p(e,) = —L; p(s,) =1 for odd j and that L; p(e,) = Ljr(s,) =1
for even 7, (4.9), and (4.11]), we have
1

1 Lj,F

2 for odd 7,
0,F

+ _
ap p =
0, for even j,

which, together with (4.9)), leads to the formulas of ¢; p|r in (4.7) and (4.8). Finally, for each
F' e EK; U €K; \{F} a,,, n 1} can be directly computed based on the continuity of ¢;

in K}' and K. This completes the proof of the lemma.
O
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Remark 4.3. As a consequence of Lemma the basis function ¢; p is continuous on the edge
F, ie., [[(;Sj,F]HF =0 forallj =0,---, k—1; moreover, ¢; p vanishes at end points of I, i.e.,
¢j,F(SF) = qﬁj’F(eF) = 0, f07’ Odd ]

Lemma 4.4. Let F be an edge of K. Assume that p € Py_1(K). Then we have that
/ pjFds = / D ¢ F ds. (4.12)
oK F

Moreowver, zf/ pjrds=0 forall j=0,--- ,k—1, thenp=0 on F.
F

Proof. Since {L; F}§=0 are orthogonal polynomials on F, 1} is a direct consequence of Lemma
4.2] O

4.2 Equilibrated flux recovery

In this subsection, we introduce a fully explicit post-processing procedure for recovering an equi-
librated flux. To this end, define f,_; € L?(Q2) by

fr—ilxk =Hk(f), VKT,

where Il is the L? projection onto P_1(K). For simplicity, assume that the Neumann data g is
a piecewise polynomial of degree less than or equal to k — 1, i.e., g|p € Pp_1(F) for all F € Ey.
Denote the H(div;$2) conforming Raviart-Thomas (RT) space of index k — 1 with respect to
T by
RT*NT) = {7 € H(div;Q) : 7|5 € RT*Y(K), YK € T},

where RT* 1 (K) =Pj,_1(K)? +xP;_1(K). Let
21}71(7) = {’T eERT"1.V.r=f,_1inQ and 7 -np= gonFN}.

On a triangular element K € 7T, a vector-valued function 7 in RT*~1(K) is characterized by the
following degrees of freedom (see Proposition 2.3.4 in [10]):

/r.cd:c, V¢ € Pro(K),
K

and
/(T-np)pds, VpePr_1(F)and VF € Ek.
F

For each K € T, define a sign function ux on x such that

1, if IIK‘F =nr,
e (F) = | (4.13)
—1, if IIK‘F = —nNpg.
Define the numerical flux
5'7_ = —AthT and o = —AV(UT‘K), VKeT. (4.14)
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288
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290

291

292

294

296

297

With the numerical flux &, given in (4.14]), for each element K € T, we recover a flux 6 €
RT*'(K) such that:

/&K-de:/ G, -Tdr, VT EP,_oK)? (4.15)
K K
and that

pux (F)Li |3 r </K&T'V¢i,Fd90+/Kf¢i,Fd9€>7 VI €&k \EN,
/&K~nFLi’Fds:
F

P Lirl s ([ géirds), VE € Ex Ny
F
(4.16)
fori =20, ---, k—1. Now the global recovered flux &, is defined by
&T]K:&K, VKeT. (4.17)

Remark 4.5. We emphasize that the above flux recovery procedure is fully explicit. To our knowl-
edge, the existing methods for recovery equilibrate flux for higher order nonconforming elements
are implicit and requires to solve local problems, see e.g.[1, 26, ]. Our recovered flux appears
to be the same as the one in [9] for odd order nonconforming elements.Due to the fundamental
differences between the odd and even order nonconforming elements, we are currently not able to
extend the explicit approach to the even orders.

Lemma 4.6. Let u.. be the finite element solution in (4.2)) and &, be the recovered flux defined
in (4.17). Then for any K € T, the following equality

/ &T~andm:/ &T-qu:c+/ fqdx (4.18)
oK K K

holds for all g € Py(K).

Proof. Without loss of generality, assume that K € T is an interior element. For each ¢ € Py(K),
there exist a; r and a;  such that

k—1 mg
- Z Z aj.F $j.F + Z ajK Pjx = Z qr + qK -

Fey j=0 j=1 Fe€y

It follows from Lemma [4.1] u -, Lemma [4.2) H and the definition of the recovered flux .. in

(4.16) that
/aKoA'K-ands: > ZGJF/UK'HK¢j,Fd3

Felk j=0
a A
_ oy Y weex(B) o mptipds= Y S 0 ([ or Vorrdo+ [ fo;pds)
Fe€x j=0 ILj.rllE Jr Fe&y j=0 K
= Z (/ &T-qudx—i-/ quda:). (4.19)
K K

Fefk
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Choosing v = ¢; i in (4.2]) gives

5.V, d+/ xdr =0
/KUT ¢3,K x Kf¢],K X

for j =1, ---, m;. Multiplying the above equality by a; x and summing over j imply
/ 6., Vagdr + / fax dx =0. (4.20)
K K

Now (4.18)) is the summation of (4.19) and (4.20]). This completes the proof of the lemma. O
Theorem 4.7. Let u.. be the finite element solution in (4.2). Then the recovered flux 6. defined

in |D belongs to 21;71(7’).

Proof. First we prove that 6, € H(div;Q). For each F € &/, note that &£ € Py_1(F). Then

it follows from Lemma (4.16)), the assumption that g|r € Pp_1(F'), and (4.2) with v = ¢;
that

A F -
/[[o’-ﬂﬂ]%,pds = Z HMLK(H)Q/ 0k -npLjpds
" Ke(rpagy R IE
- ¥ < | 7 Vosrds+ [ four ds)
Ke{K} Ky K K

e{Ky Kp}

= / o, Vojrds+ / [ éjrds— / g ¢jFds
wp wg I'nNOwp

= 0

for j=0,---,k—1. Now Lemmaimplies that [6.- - np]|, = 0 and, hence, 6. € H(div,(2).

Second, for each K € T and for any p € Pj_1(K), note that Vp € Py_o(K)?. By integration by
parts, (4.15)), and Lemma we have

/V-&Kpdx = —/&K-Vpdx—i-/ oK -ngpds
K K oK

_ _/ &T-Vpdx—i-(/ &T-Vpdx—i—/ fpdx)—/ fpdz,
K K K K

which implies that V- 6 = fx_1 in .
Finally, for F' € £y, Lemma and (4.16)) gives

/&T'HF%',F ds = HLJ',FHS%/ G, -npljrds =/9¢j,F ds,
F F F

for j =0, ---, k—1, which, together with Lemma implies that 6. -np = g|p for all F' € Ey.
This completes the proof of the theorem. O

13



su 4.3 Gradient recovery

315 In this subsection, we demonstrate the gradient recovery procedure in the space of H(curl; Q) for
316 the nonconforming finite element solutions of odd orders in the two dimensions. We note that
sz such recovery is fully explicit through a simple weighted average on each edge. The recovery
s1s technique can be easily extended to other discontinuous finite element solutions and to three
319 dimensional problems with the similar averaging technique on facets. For the first order non-
s20 conforming Crouzeix-Raviart element, the weighted average approach is first introduced in [18].
321 Define
Hp(curl; Q) ={r7 € H(cwr; Q) : 7-t =0o0n I'y.}

322 To this end, denote the Hp(curl; ) conforming Nédélec (NE) space of index k& — 1 with respect
323 to T by
NEFUT) = {7 € Hp(curl; ) : 7| € NE*Y(K), VK € T},

24 where NEF71(K) = Py (K)?+(~y,2) Pr_1(K). On a triangular element K € 7, a vector valued
s function 7 € NEF~1(K) is characterized by the following degrees of freedom (see Proposition 2.3.1
226 in [10]):

/T-Cdx, V¢ ePp_o(K)? and /(T-t)pdac, Vp e P 1(F) and VF € Ek.
K F

327 Define the numerical gradient
p,=Vyur and px=Vu g, VKEeT. (4.21)
328 For each edge F' € £, denote the i-th moment of a weighted average of the tangential compo-

320 nents of the numerical gradient by

GF/F(;N)K;-tF)L,;7Fds+(1—0F)/F(pK.F+-tF)Li,Fds, it Feér,

Si,F — 0, if Fe€é&p,
/F<pK; ~tF) Lipds, if Feé&y
- . Ap - . k-1
;50 with the weight 0, = AT fori=0,---, k—1. For each K € T, define py € NE*~*(K) by
331 F B
/ (Z)K -tF)Li,FdS = Si,F7 for i=0,---,k—1landV F € &g,
F
(4.22)
[ prc-¢dr= [ pi-¢dr, G (K
K K
322 Then the recovered gradient p__ is defined in NE*=1(T) such that
ple=br, VEKeT. (4.23)
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4.4 Equilibrated a posteriori error estimator for nonconforming solutions

In section we introduce an equilibrated flux recovery for the nonconforming elements of odd
order. Let 6 € 37(f2) be the recovered flux defined in (4.17), we define the local indicator and
the global estimator for the conforming error by

Mo = |ATV2(6, -6 ) ok, YKET (4.24)
and
1/2
No = < Z ng,K) = ||A_1/2(0A-7' - &T)Ha (4.25)
KeT
respectively.

In section we recover the gradient in Hp(curl; Q) through averaging on each edge. Let
p, € Hp(curl;2) be the recovered gradient defined in (4.23), then the local indicator and the
global estimator for the nonconforming error are defined by

ok = |AY2 (b — b )lox, YKET (4.26)
and
1/2
My = ( > 77,3,1<> =[|AY2(p, — p)II, (4.27)
KeT
respectively.

The local indicator and the global estimator for the nonconforming elements are then defined
by

2 2 \1/2 2 V2 2 | 2\1/2
K = (%,K + 77,0,1() and n= Z Nk = (770' + 77,3) ) (428)
KeT

respectively.

Remark 4.8. To estimate the nonconforming error, one may simply use the weighted solution
Jjump given in Lemma 3.8 (see [16] for the residual error estimator). Comparing with the recovery
estimator defined in , the weighted solution jump requires location of physical interfaces;
moreover, our numerical results show that the recovered estimator is more accurate than the
resitdual estimator.

5 Global reliability and local efficiency

In this section, we establish the global reliability and efficiency for the error indicators and esti-
mator defined in in (4.24])—(4.28]) for the NC elements of the odd orders.
Let

1/2
o5 (1K) = S| f = firlos and osc(f,T>=<Zosc<f,K>2> .

KeT

Theorem 5.1. (Global Reliability) Let wr be the nonconforming solution to (4.2). There exist
constants C, and C' that is independent of the jump of the coefficient such that

|AY2Y ) (u — up) oo < 10 4+ Crmp + Cosc (f,T). (5.29)
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Proof. The theorem is a direct result of Lemmas [5.2] and O

Note that the global reliability bound in does not require the quasi-monotonicity as-
sumption on the distribution of the diffusion coefficient A(z). The reliability constant C; for the
nonconforming error is independent of the jump of A(x), but not equal to one. This is due to the
fact that the explicitly recovered gradient p. is not curl free.

In the following, we bound the conforming error above by the estimator 7, given in .

Lemma 5.2. The global conforming error estimator, n,, given in (4.25)) is reliable, i.e., there
exists a constant C' such that

Teigf(g) A2 (1 — &) < 1o + Cosc(f,T). (5.30)

Proof. Let ¢ € H}(S2) be the conforming part of the Helmholtz decomposition of u — ur. By
(3.10)), integration by parts, and the assumption that g|p € Px_1(F'), we have

inf A—1/2 Al/?v 2
Teglf(m I T+ huT 0.0

=[|AY2V¢|? = (AV(u —u,), V) = (AVu + 6,,V) — (6, — 6,,V) (5.31)
=(f = fr-1,0) — (6, —6,,V9).

- 1
Let (Z)K = ﬁ

Poincaré inequalities that

/ ¢dx. It follows from the definitions of fr_1 and the Cauchy-Schwarz and the
K

Y= fe—1. 0k = D> (f = fee1,0 — 0Kk

KeT KeT
h
< O Y 5 = fieallox AV ]ox
KET/\K
< Cosc(f,T)|AY?*V4|,

which, together with ([5.31)) and the Cauchy-Schwartz inequality, leads to ([5.30]). This completes
the proof of the lemma. O

Since our recovered gradient is not in H p(curl; Q), it is not straightforward to verify the
reliability bound by Theorem [3.1] However, it still plays a role in our reliability analysis.

Lemma 5.3. The global nonconforming error estimator, n,, given in (4.27)) is reliable, i.e., there
exists a constant C, such that

inf ||AY2(Vv -V <C.n,. 5.32
veg}g(mll (Vv = Vyur)[ < Crap (5.32)

Proof. By Lemma to show the validity of (5.32)), it then suffices to prove that

2, —1/2 ~ ~
MR P N lullor < CIAY (. — b )lowr (5.33)
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for all ' € £&rUEp. Note that [u,]|r is an odd function for all F' € £;. Hence,

[[i)T .tFﬂHOF =0
implies ||[u]|l = 0. By the equivalence of norms in a finite dimensional space and the scaling
argument, we have that

he o < O (I, -t (5:34)

0,F "

Since p. € Hp (curl; ), it then follows from the triangle, the trace, and the inverse inequalities
that

o, el = (1, - 401, < o~ 2 e+ [Py s e,

IN

ChEI/Q (HﬁT B i)T’

AT (B, = 2o

0,w

o N N P |

Osz O»WF

for all F' € &, which, together with (5.34)), implies (5.33]) and, hence, (5.32). In the case that
F € &p, (5.33) can be proved in a similar fashion. This completes the proof of the lemma. O

5.1 Local Efficiency

In this section, we establish local efficiency of the indicators 7, x and 7, i defined in (4.24]) and
(4.26)), respectively.

Theorem 5.4. (Local Efficiency) For each K € T, there ezists a positive constant C. that is
independent of the mesh size and the jump of the coefficient such that

nic < Ce (|A°Vi(u = up)llowy +osc (£, K)) (5.35)
where wg is the union of all elements that shares at least an edge with K.
Proof. (5.35) is a direct consequence of Lemmas and O

Note that the local efficiency bound in (5.35|) holds regardless the distribution of the diffusion
coefficient A(z).

5.2 Local Efficiency for 7,

To establish local efficiency bound of 7, i, we introduce some auxiliary functions defined locally
in K. To this end, for each edge F' € £, denote by F’ and F” the other two edges of K such
that F, F’, and F” form counter-clockwise orientation. Without loss of generality, assume that
g =1 on Ex. Let

w, = (6 —0K) ng|, €EPr_1(F), a,=w,(s,), and b, =w,(e,). (5.36)

Define the auxiliary function corresponding to F', w, € Py(K), such that
/ ﬁ}FPj’de:O, Vi=1,---,mg
K

and
wp‘p = 'U)F +’YFL]€,F7 wF’F/ - _BFL/C,F’7 and wF|F// = /BFLk,F”7
a, +b,

—b
where 7, = 9 " 0F and B = 5

2

17



401

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

Lemma 5.5. For each F € £k, there exists a positive constant C such that
- 1/2
@, o < € hi*le,llo.r (5.37)

Proof. By the Cauchy-Schwarz and the inverse inequalities, we have

1 h}W/Q 1/2
/ / -
el =[5 [ wh ds] < “5-lui lo.e < Chgfwglor. (5.35)

Approximation property and the inverse inequality give

|wp = Brllo,r < Chpllw) llor < Cllw,

0,F»

which, together with the triangle inequality, gives
1Bl = hi l1Bellor < hp " (lwg = Bello.r + lwello.r) < € g llo.r. (5.39)
Since || Ly rllo,r < h};/z for all F' € &k, by 1) and 1' we have that

1/2
8.r) " < Cllwgllor

I llo,r = (lwilIf 7+ 72 | L,
and that

1, llo,r < 12180 ] < Cllwgllop and @, or < hY2IB,| < Cllwgo,r.

F//

Now ([5.37) is a direct consequence of the fact that

1o, llox <C > B[, lo.p
F'efx

which follows from the equivalence of norms in a finite dimensional space, and the fact that
|, o = 0 implies ||@, ||k = 0. This completes the proof of the lemma. O

Lemma 5.6. There exists a positive constant C' such that
Nosc < C (| AY2Vh(u—u,)ox +osc(f,K)), VKeT. (5.40)

Proof. According to (4.15)), it is easy to see that if | (6 x — 6 k) -npljor = 0 for all F' € £k implies
that |[6x — Kkllo,x = 0. Hence, by the equivalence of norms in a finite dimensional space, we
have that

~ ~ 1/2 ~ ~ 1/2
16k —xlox <C ) nl2| (6x — &) -npllor < C > 2w o,rs (5.41)
Fefx Feég

where w,, is defined in |D By the orthogonality property of {L; F};?:o and the definition of

w,, we have
2 A ~ ~
Jweld = [ @x =) ni,ds

It then follows from (4.18)), integration by parts, the Cauchy-Schwarz inequality, and (5.37)) that
w2 p = / G - Vi, dx—i—/ fiv, d,a:—/ G- Vi, d:r—/ (V- 6x) i, de
’ K K K K
N - 1/2 ~
= [ (=Y u) i, de < CWPIf = V- Gcloc g o
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which implies
e llo.r < Chif?

Together with (5.41]), we have

0,K-

nU,K S AK ”0’

\/— |f =V - oklox-

Now ([5.40) is a direct consequence of the following efficiency bound of the element residual (see,
e.g., [8]):

F||f V-Gklk<C (HMV )|+ ;f—KHf - fk_luovK) .

This completes the proof of the theorem.

5.3 Local Efficiency for 7, x

In this section, we establish local efficiency bound for the nonconforming error indicator 7, x
defined in ({4.26)).

Lemma 5.7. There exists a positive constant C' that is independent of the mesh size and the
Jump of the coefficient such that

o < ClIAY2Vy(u—u)ows, YK €ET. (5.42)

Proof. By (4.22)), it is easy to see that || (pg — pg) - trllor = O for all F' € £k implies that
P — Prllo,x = 0. By the equivalence of norms in a finite dimensional space and the scaling
argument, we have

~ ~ 1/2 ~ ~
1px — Prcllor <C S hil® (px — pic) - trllop - (5.43)
Fefk

Without loss of generality, assume that K is an interior element. By (4.22), a direct calculation
gives

o (O~ Dlp- el i K =K.
(P — Pr) | tr= ) _ N (5.44)
HF[[p'tF]HF, if K:KF
for all F' € Ex. It is also easy to verify that
_ 1/2 _ 1/2
1/2 AZAT 1/2 ALAT
AR) (- 0p) < (_FF> and (A}) 0 < (_FF . (5.45)
() D) ()< (222
Combining (5-33), (44), and (535) gives
_ 1/2
1/2) 4 . ApAL 121~
Np, K < AK/ HpK - pKHK <C Z — F+ hF/ H[[pT'tF]]Ho F* (5.46)
Fege \AF AR ’
K

Now, (5.42) is a direct consequence of (5.46) and the following efficiency bound for the jump of
tangential derivative on edges

AZAT Y2 1/2 1/2
FF ~
(2R ) - el < 125 0 )

for all F' € &;. This completes the proof of the lemma. ]

||07WF
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6 Numerical Result

In this section, we report numerical results on two test problems. The first one is on the Crouziex-
Raviart nonconforming finite element approximation to the Kellogg benchmark problem [29]. This
is an interface problem in (2.1) with Q = (=1,1)2, Ty =0, f =0,

A 161.4476387975881,  in (0,1)?2 U (—1,0)2,
aj‘ =
I in Q\ ([0,12U[~1,0]%),

0-11(6), where u(#) is a

and the exact solution in the polar coordinates is given by wu(r,6) = r
smooth function of 6.

Starting with a coarse mesh, Figure [1| depicts the mesh when the relative error is less than
10%. Here the relative error is defined as the ratio between the energy norm of the true error
and the energy norm of the exact solution. Clearly, the mesh is centered around the singularity
(the origin) and there is no over-refinement along interfaces. Figure [2|is the log-log plot of the
energy norm of the true error and the global error estimator 7 versus the total number of degrees
of freedom. It can be observed that the error converges in an optimal order (very close to —1/2)

and that the efficiency index, i.e.,

U
1AY2V 5 (u = )|

is close to one when the mesh is fine enough.

—— IIu—uhIIA
0.5

---N
eta

10 1(‘) 10 1<‘>3 12) 10
Figure 1: Kellogg problem: final mesh. Figure 2: Error comparison.

With f = 0 for the Kellogg problem, we note that 7, = 0, therefore, n = 7,. Even though for
the nonconforming error we recover a gradient that is not curl free, (thus we were not be able to
prove that the reliability constant is 1 for the nonconforming error) the numerics still shows the
behavior of asymptotic exactness, i.e., when the mesh is fine enough the efficiency index is close
to 1.

For the second test problem, we consider a Poisson L-shaped problem that has a nonzero
conforming error 7,. On the L-shaped domain = [—1, 1]2\ [0, 1] x [-1, 0], the Poisson problem
(A = I) has the following exact solution

u(r,0) = r¥3sin((20 + 7)/3) + 12/2.
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The numerics is based on the Crouziex-Raviart finite element approximation. With the relative
error being less than 0.75%, the final mesh generated the adaptive mesh refinement algorithm
is depicted in Figure [3| Clearly, the mesh is relatively centered around the singularity (origin).
Comparison of the true error and the estimator is presented in Figure [ It is obvious that the
error converges in an optimal order (very close to —1/2) and that the efficiency index is very close
to 1 for all iterations.

Figure 3: L-shape problem: final mesh. Figure 4: Error comparison.
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