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In this paper, we present a class of discontinuous Galerkin finite element methods for advection-diffusion-reaction
problems and establish a priori error estimates when the solution is only in H'**(Q) with s € (0, 1/2].

1. Introduction

Discontinuous Galerkin methods for elliptic partial boundary prob-
lems have been studied since the late 1970s. Most DG methods are
derived by imposing a proper stabilization term, e.g., Ayuso and Marini
in [1] derived the DG formulations by the so-called weighted resid-
ual approach which gives a linear relationship between the residual in
the elements and the jump between across the element boundaries. For
problems with discontinuous coefficients, this stabilization term and se-
lection of the weights need careful treatments to be robust. Robustness
means the constant in the a priori error estimate is independent of the
jump of the coefficients. Cai, Ye and Zhang in [9] developed a non-
standard DG formulation by carefully defining duality pairs on element
interfaces for interface problems. For comments and remarks on various
DG methods studied by many researchers, we refer readers to [1,2,9,10]
and references therein.

Standard a priori error estimate for DG methods (see, e.g., [1,2]) re-
quires the underlying problems to be sufficiently smooth, i.e., at least
piece-wise H*(Q) with s > 3/2, so there is an error equation. The fol-
lowing a priori error estimate was established in [1]:

e = uyll < CE@QR' Cie, B p)lul s 1.1

provided that the solution u is at least piece-wise H* with s > 3/2. For
advection-diffusion-reaction problems with discontinuous coefficients,
it is well known that the solutions of such problems may belong to
H'*$(Q) with possibly very small positive s (see, e.g., [12]) in elements
near singularities and are very smooth away from singularities. This
kind of error estimate is also not optimal with respect to the local regu-
larity since k is a global exponent.
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The purposes of this paper are to present a class of DG methods and
to establish optimal a priori error estimates of these methods when the
underlying problem is not piece-wise H3/2(Q) regular. First, we derive
a non-standard variational formulation for advection-diffusion-reaction
problems. The formulation is defined in an appropriate function space
that permits discontinuity across element interfaces and does not re-
quire piece-wise H*(Q), s > 3/2, smoothness. Hence, both continuous
and discontinuous (including Crouzeix-Raviart) finite element spaces
may be used and are conforming with respect to this variational formu-
lation. The derivation may be regarded as the extension of the formula-
tion in [9,10] for the interface problem, which leads an error equation
naturally by carefully defining the duality pairs on element interfaces
for problems with low regularity. Second, we establish the a priori error
bound, and the constant in the estimate is independent of the parame-
ters of the underlying problem and is optimal with respect to the local
regularity. In the final section, we consider coefficient A! in the sta-
bilization term may cause problems in the convergence analysis, and
modified the DG finite element formulation and space by introducing
the tangential derivative along edge e.

1.1. Notations

Throughout the paper, we will use the standard notations for the
norms and seminorms in Sobolev Space. For a domain Q, denote the
Sobolev space by W*"(Q) equipped with the standard Sobolev norm
I - Il o and seminorm | - |, o, where s is a real number and 1 < r < co.
When r =2, W*2(Q) is a Hilbert space and is denoted by H*(Q) with the
norm | - ||, and seminorm | - |; . (We omit the subscript Q from the
inner product and norm designation when there is no risk of confusion.)
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To keep the homogeneity of dimensions, on a domain Q with diameter
L, define

k

ol g =Y Lo, for ve H*(Q), k>0 1.2)
s=0
and
k
0leen i= 2 L0l n for ve W Q) k>0. 1.3)
s=0

The paper is organized as follows. Section 2 introduces the advection-
diffusion-reaction problem with discontinuous coefficients and the as-
sumptions. Section 3 introduces the derivation of the variational for-
mulations. In section 4, we derive the discontinuous finite element
formulation and prove the stability in a strong norm. Section 5 gives
the a priori error estimate analysis. Finally, section 6 presents a new dis-
continuous Galerkin methods in the modified DG finite element space.

2. Advection-diffusion-reaction problem and preliminaries

Let Q be a bounded polygonal domain in R? with boundary 9Q =
I'puly and ', NIy =@ and let n = (n,n,) be the outward unit vector
normal to the boundary. Let § = (f;,5,)' € W*(Q)? be the velocity
vector field defined on Q. Define inflow and outflow boundaries of 9Q
by

IM={x€0dQ: B(x)-n(x)<0} and TI'*={xe€dQ: B(x) n(x)>0}

respectively, and let

f=rpnl* and I'E=Tynl*

Consider the following advection-diffusion-reaction problem with
discontinuous diffusion coefficients:
=V (ax)Vu—Pu)+yu=f inQ (2.1)

with boundary conditions
u=g, onTp and n- (ﬁu;@;’ —aVu>=gN onTy, 2.2)

where f € LX(Q), g, € H'/2(I'p), and g, € H~'/2(y) are given func-
tions; 1y, is the characteristic function of the set I'y;; and the diffusion
coefficient a(x) is non-negative and piece-wise constant on polygonal
subdomains of Q with possible large jumps across subdomain bound-
aries (interfaces):

a(x)=;>0 inQ; fori=1,..,n

Here, {Q;}} | is a partition of the domain Q with Q; being an open
polygonal domain. For the stability and error analysis, the assumptions
on the coefficients introduced in [1,11] are adopted in this paper:

(1) There exists a constant p, > 0 such that

p(x)=%V-ﬂ+yZp020, in Q; 2.3)

(2) The advection field has no closed curves and stationary points. This
implies that there exists a function y € W!*(Q) such that

1Bll0.00.2

B-Vn>2by =2 nQ; 2.4

(3) There exists a constant cg>0 such that

B2 c4llBll 1 or  a-ein € (2.5)

(4) There exists a constant c, > 0 such that
”p“(),co.l( Sc,,(rnKinp(x)+bO), VKeTh’ (26)

where 7, = {K} is a given shape-regular triangulation of Q.
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Remark 2.1. Assumption (2.3) guarantees the stability of the advection-
reaction part. Assumption (2.4) is based on the regularity of g €
W1°(Q)? and the conditions that f has no closed curves and that
|B(x)| # 0 for almost all x € Q. Assumptions (2.5) and (2.6) exclude
the situations of a small but a highly oscillatory advection field. Also,
the following useful inequality is deduced from (2.5)

1 1Blosa by

. 2.7
e et @7

1811000
|ﬁ|1,co,Q < L

2.1. Jumps and averages

Let 7, = {K} be a finite element triangulation of the domain Q. Let

hg be the diameter of the element K and h = max hg. Assume that
ETp

the triangulation 7}, is regular and also the interfaces F = {0Q; N 0Q; :
i,j=1, .., n} do not cut through any element K € 7},. Let £ be the set
of three edges of element K € 7,. Denote the set of all edges of the
triangulation 7;, by

€:=€IU5DU5'N,

where &, is the set of all interior element edges, and €, and £ are the
sets of all boundary edges belonging to the respective boundaries I'j,
and I'y. And define

Ere 1= ENTE,

For each e € &, let h, be the length of the edge e and n, be a unit
normal vector to e. For each interior edge e € &, choose n, such that
B-n,>0andlet K; and K} be the two elements sharing the common
edge e such that the unit outward normal vector of K coincides with
n,. When e € &+, n, is the unit outward normal vector and denote the
element by K*. Denote by v|7 and o|}, respectively, the traces of a

function v over e. Define jumps over edges by

ol; —olf e€é,
[vl. := Ul; e€ép-,
Ulj e€€r+.

Let w} and w; be weights defined on e satisfying

whx) +w, (x)=1,

and define the following weighted averages by

we‘ug+w:v: e€é,
{v(0)};, =9 vl7 e€ &,

U|3’ e €&+,
and

wz’ue‘+w;v: e€é,
{v(0)}y =4 vlf e€ér-,

Ul; e €&+

for all e € £. Denote by {v(x)}, the weighted average of v with w} =

w, = 1. When there is no ambiguity, the subscript or superscript e in

the designation of the jump and the weighted averages will be dropped.
A simple calculation leads to the following identity:

[uo]e = (o} W] + {u}, [V].. 2.8

Let e be the sharing edge of elements K} and K, i.e., e=0K} ndK;,
and denote by a} and a the diffusion coefficients on K} and K,
respectively. Denote by W, = {«}¢ the weighted average of « on edge
e. For boundary edges, set

if eel™*.

+ _ . =
wr=1 and W,=a;
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.
In this paper, we take harmonic weights w* = —<—. Let «
e

e

e,min —

min{a}, a7} and a, ,,x = max{a;, a; }, thus

2ata;
W,=——— and « SW, <20, yin- (2.9)

e e,min =
af +a;
3. Variational formulations

Following [9], we derive a variational formulation of problem (2.1)
- (2.2) held for piece-wise smooth test functions. The key of this deriva-
tion is the introduction of a proper solution space in which integrals
over inter-edges are well-defined. Moreover, the proper solution space
is crucial for a priori error estimates of the underlying problem with low
regularity.

Let u be the solution of problem (2.1) - (2.2), then it is well known
from the regularity estimate in [3] that u belongs to H'**(Q) for some
positive s which could be very small. Since f € L*(Q), it is easy to see
that divergences of the diffusion and advection fluxes, «Vu and u, are
square integrable, i.e.,

aVu, up e H(div;Q) = {r € L}(Q)* : V-1t € L*(Q)}. (3.1)

Consider the following solution space

VI*(T)={ve H*T,) : V-(aVv)e L*(K), VK €T}

for 0 < e <« 1, where H*(7,) is the broken Sobolev space of degree s >0
with respect to 7;,:

H'T)={ve L*Q) : v|x e H'(K), VK €T},}.

Denote the discrete gradient and divergence operators by

(Vp)lg =V(vlg) and (V,-7)|gx =V -(z|g),

for all K € T, respectively.

Multiplying equation (2.1) by a test function v € V*¢(7},), inte-
grating by parts, and using boundary conditions (2.2), we have the
following:

(f, v)=(aVuu,V,0) — z [aVu-n,v] + Z /gNU

e€EIUED e€EN Y,

+ W, —p-Vyo+yv)+ z [B.uv] + Z /ﬁegnu,
e€EETVUER+ . e€Ep— A
where £~ =€, NI~ and g, = B - n,. Note that the Dirichlet boundary
condition is used on the inflow boundary. By (3.1), it is easy to see that
the normal components of the diffusion and advection fluxes are con-
tinuous across the internal edges. Then for any e € £; and v € V1*¢(7},),

/[[anne]]{v}“’ds:O and /[[uﬁ-ne]]{v}'”ds=0.

By identity (2.8) and the Dirichlet boundary condition in (2.2), we have
that for all v € V1*¢(T}),

(@Vu, Vo) + @, —p-Vyo+yv) — 2 {aVu-n,},[v]

ee& Ve >
+ 2 {ﬂeu}wHU]]=(f,U)—z /gNU— Z /ﬁEgDU. (3.2)
eEETUER+, eel'y o, (=

Since the derivation does not make use of the continuity of the solu-
tion, one needs to impose such a continuity in order to achieve stability.
To do so, it is natural and well-known to stabilize the diffusion and the
advection operators by adding proper jump terms of the solution. Fol-
lowing the idea of [2] (also see [9]), we stabilize the diffusion operator
by adding the following equation:
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Z /Vghzll’VeﬂuMu]]ds:Z Vehe_lVVe gDUdS,VueV”e(Th).
D

e€& Ve, e€Ep "

(3.3)

Since the diffusion operator is self-adjoint, it is natural to symmetrize
the diffusion part by adding the following equation:

0 Z {aVU-ne}w[[u]]dSZHZ/gD(aVU-ne)ds, YoeV*(T,)

eEE,UEDe eEé’De
3.4

with 6 = {—1,0,1}. Both (3.3) and (3.4) follow from the continuity of
u € H'*(Q) and the Dirichlet boundary condition. When 6 = 1, (3.4)
plays a role of stabilization and, hence, (3.3) is not needed.

For the advection-reaction term, introduce the following general up-
wind average:

{Beuy,, = Bel u™ + B.Efut, where & +&F =1and & >1/2, (3.5)

which is more general than that in [1] since 5: could be negative. When
& =1, (3.5) is the classic upwind.

For u,v € V!*¢(T,), define the diffusion and advection-reaction bi-
linear forms by

g5 0)=@Vu, Vo) +0 Y [ {aVv-n),[u]ds (3.6)

e€€ Ve >

- X

eef,ué‘DE

{aVu-n,},[v]ds+ Y

2= ué‘De

v,y Welullv] ds

for 9 e {-1,0, 1} and

a,(u,v) = (u, _ﬁ.VhU+yv)+Z (P}, [v] ds + Z

e€Ey " eEER+ .

pouvds, (3.7)

respectively. And also for v € V'!*¢(7}), define the linear form by

f,=(, v+ Z yeh;IVVe/gDUds+ 2

e€€p e€EN 7,
+0 2 g, (kVv-n,)ds - Z /(ﬁ~ne)gnvds.

e€€p " e€€Ep— A

gNuds

The weak solution of (2.1) - (2.2) satisfies the following variational
problem: to find u € V'!+¢(7},) such that

ag(u, V) = fo(v), YveVI*(T) (3.8)

with
ag(u, v) = adye(u, v) +a.(u, v).
4. Discontinuous finite element approximation

Let P,(K) be the space of polynomials of degree at most k on element
K €7,. Denote the discontinuous finite element space associated with
the triangulation 7, by

Uf={veL*@) : vl € P(K), VK €T, }.

Discontinuous Galerkin (DG) finite element method is to find u, €
U c vI+¢(T,) such that

ag(uys vR) = fo(vp), ¥ v, €U, 4.1

The method corresponding to 6 = —1 and the classic upwind was intro-
duced and analyzed recently in [2] for different boundary conditions.
When «a(x) = ¢, the methods corresponding to 6 =0, 1 and the classic
upwind reproduce the first two methods in [1]; the third (introduced
in [5]) and fourth methods in [1] are corresponding to (4.1) with the
respective classic and general upwind averages for both the diffusion
and advection terms. A priori error bounds for DG methods had been
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established by various researchers (see [1,2] and references therein)
provided that the solution is at least piece-wise H3/2*¢ smooth and that
7, is large enough.

In the remainder of this section, we prove the stability that implies
the well-posedness of (4.1). To this end, define the DG norms for the
diffusion and advection-reaction parts by
ol = lla 72V 112 ¢, + 0] (4.2)

with

llol? = A7 W, NITDI2,

and

Woli2 = 1G5 + bo)' /2012 + " lle* [0]12, “4.3)

eef

respectively, where by = |||y /L, p is a piece-wise constant function
defined as

Pk () = min py (x) = mm( V-ptr) . VKeT, (4.4)
and

( - 1

& - E)ﬁe, oneeé,

¢, = % B,. on e € &+, (4.5)

—%ﬁe, onee€é&r-.
The DG norm is defined as

1/2

el ,, = (oIl + ell?) / (4.6)
4.1. Stability

In this section, we will prove the stability of the bilinear form a,(-,-)
with respect to the DG norm ||| -||| - First, we consider the diffusion part
a, (-,-) with respect to || - ll;. To this end, we introduce the following
lemmas.

Lemma 4.1. For any u; € ‘lf}f and v € V'*¢(T,,), there exists a positive con-
stant C,, depending only on the polynomial degree k and the triangulation
Ty, such that

eES,Ué’D/
and 2 /

e€ETVED 5,

{aVyuy - nob [Vl|ds < Clla' 2V llggllvll;

ds < Cylla' P uplloqllvll;-

{ap} o]

Proof. It follows from the definition of w, and W, in (2.9) that

wiyad = \/:\rif

Together with the inverse and the Cauchy-Schwarz inequalities, it gives
that

eeé,ué‘D’/

= /‘(w af Vi, -nt +w;a; Vy, -n)[v]|d

a+a

{aVuy -n,},[0]|d

eeé‘,uéD
—-1/2 1/2 1/2
w2V gl ko
e€&rUED w=+,—

2
<Cilla'2Vuylloalivll»
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where C; may depend on the polynomial degree k and the triangulation
T,, and is independent of « and 4. In a similar way, we obtain that

/ ds= /‘(w;’a:u;+w
A e€E UEp,

w7 wW e, Y eyl o

e€ETUED w=+,—

{app} 0] a; u)[vl|ds

1/2
<Glla' P uyllgallvll;.

where C, may depend only on the triangulation 7, and the polyno-
mial degree k. Let C, = max{C,C,} and this completes the proof of the
lemma. [J

Lemma 4.2. For any function u, € U¥, there exists a positive constant C,
depending on the minimum angel of the triangulation T,, of Q, such that

1/2
le'?uplloq < C,L (||a‘/2vhuh||§,g + ||m,||,2.) . (4.7)

where L is the diameter of the domain Q.

Proof. For any piece-wise H' function v, the following Poincaré-
Friedrichs inequality is proved in [4]:

1/2
||u||o,QSCL<||th||5,Q+ 3 h;llmumﬁﬂ) : 4.8)

e€ETUEY

where C is a positive constant depending on the minimum angle of the
triangulation 7), of Q. Since the diffusion coefficient « is piece-wise con-
stant, then for any function u, € U, a'/?y, is a piece-wise H! function.
So it follows from (4.8) that

172
||a1/2uhuo,gSCL<||a”2v,.uh||§.g+ )y h;'n[[a'/zuh]]l%,e) :

e€EUED

To show the validity of (4.7), it suffices to prove that

Y Ml < € (102l g+ gl ). (4.9)

e€& UED

To this end, without loss of generality, let a,,,;, = @, <a}. It follows
from the trace inequality and (2.9) that for each e€ £; U &),

2 2 - - 2
W' 2] 13 , = o uy =\ o w13,
= ey = i)+ (Jag = eDufllg,
1/2 2 2
<2 (nae,@mﬂuhﬂuoﬁ + ||\/a:u;||0,e)

< C(Welllualll3, + s INQY g . ) -

Multiplying by hg‘1 and summing up over e € £; U & imply (4.9). This
completes the proof of the lemma. []

To establish the stability of the bilinear form g,(-,-) in the DG norm,
we follow the idea in [1]. To this end, introduce the weight function
p=e"+K:=y+K, (4.10)

where 7 is defined in (2.4) and K is a positive constant. Since 5 €
Wl (Q), there exist positive constants y;, y,, and y; such that

xn<x<xr and [Vrle<rs. (4.11)
Choose the constant K such that
1+ K>6(1+Cy)C,Ly; and 2(y; +K)>pn+K (4.12)

with C, and C, defined in Lemma 4.1 and Lemma 4.2, respectively.
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Lemma 4.3. Let a, »(-,-) and a.(-,-) be the bilinear forms defined in (3.6)
and (3.7), respectively, with y, >y, > max{9C§, 1}. For any vy, € U‘,‘Z‘, the
following inequalities hold:

n+xK
g0 ho0p) 2 L ZN0llZ, ac(ps 0o = 2 lloglI? (4.13)
and
lleonllng < V301 + Klloall pg- (4.14)

Proof. By the definition of the bilinear form a, , and the continuity of
@, we have

a4V, L)

= (@V05, @V p0p) + @V40 0, V) +0 D [ (Vo n)lavy),[vs]

eeS,uSDe
+HO-1) ) /(p{aVUh~ne}w[[Uh]]+ Y /ygh,IVVE(pﬂuh]]z.
e€&UEp Y, e€EUED o,

It follows from the Cauchy-Schwarz inequality, (4.11), and Lemmas 4.1
and 4.2 that

@V 05,0, V0) < z3lla' 2V opllgalla oplloq < 23C, Lol

and that

/ Vo n)lavy)u[on] < :Colla Poyloglolly

e€Ey Ué‘D

< 13CC,Lllvll-

By Lemma 4.1, (4.12), and the assumption that y, > y, > max{9C§, 1},
we have

/ olaVo, 1.} [04] < (22 + KIC N 2T o4l ol

e€& UEp .

172 2 2
a2V 04112 + rollon ) -

< ()(1‘3*’10(

For 6 € {—1,0,1}, combining the above equality and inequalities gives
that

a0 901) = Gty +K) (1029,0,1 o + rollonl?) = 25C, Ll

2(n +K)

~15C,CyLllogll = =2 (1la2V 04113 o + rollonl?)

n+xK
> <IT -1+ cgmch) ol

The last inequality used (4.12). This proves the first inequality in (4.13).
For the advection-reaction part, it follows from the identity that

1
v, Vo, = Ev,,(uﬁ),
integration by parts, and the continuity of ¢ and g that

=B Vilgo) = -3 / 0B -V, (03) - / B Vo)’

Q

z/th -1 % /qw,,ﬁ n- /(ﬁ Vou?

KeTh

/ P-4 / 72 W)U”"eeg / feol].

With the definition of ¢, in (4.5), a simple computation gives that

Computers and Mathematics with Applications see (ssss) ess—see

2 Z/ﬁe(pﬂ”ﬂ"' > /{ﬁeuh wloval + ) /ﬂefﬂvh

eeé‘ eeé’, e€8r+
=-3 Z /ﬁqu(v +v)[vs] - /ﬂeqovh + = /ﬁe(pvh
eeé’, " eeé‘r- eeé‘r+

T [ peoeep+coptod = %, [ colonl?

eGE, ee& .

Combining these two identities gives that

a,(vy, vy) = (U, =B - Vy(@uy) + yoU))

/ ﬂevh uplI(PUh]]+ /ﬁe(PUh
e€81 E€£r+

= [0+ 3v-poi-3 [6-vori+ /c olonl?.
o Q eef

From (2.4) and (4.11), we have

=B-Vo=(B-Vne™ =2bye™ > 2byx,.

Together with the definition of p in (2.3), we obtain that

ac(vy, @uR) 2 (11 +1C)/5vf,+xl/bovi+(x1 +IC)Z/ce[[Uh]]2
Q Q

ee& .

1/2 1/2

valld o+ 20 D Nl [oall3

eef

> nll(p+ by)

2
Z x1llopll;

which proves the second inequality in (4.13).
To estimate the upper bound of the DG norm of ¢v,, Lemma 4.2,
(4.11), and (4.12) give that

2 1/2 2 1/2 2
llpvally = lla'2@V,0413 o + a0, Vol g+ D
eeé’,ué‘D

/ IW(P thﬂz
< + K7+ 256, L)llvglI;
<50 + K2 llloll3.

and that

2 - 1/2 2 172 2
llponll? = 1+ b0) Ppoyl2 g + 3 e 2olo,]I2,
ee&

<On + ol
which implies that
llovallpe < (5Cry + K Moall + Cra + K loallH)' 7

< V50 + Kllogllipg

which proves (4.14) and, hence, completes the proof of the lemma. []

The following lemma is about the approximation results of the L,-
projection in the DG space, which have been proved in [6] and [7].

Lemma 4.4. Let 9 € W(Q) be the function defined in (4.10). For any
vy € UY, let vy, be the Ly-projection of gu, into U'f, then the following
estimates hold:

lovy — @0hll,00 < Ch'Pllxlli wallvalloa/L,  p=0,1

and
1/2
(Z llpvy, — (TDVU;.”(Z)J) <ChP| ¢l wallvpllo/Ls
ee&

where C is a positive constant independent of K and L is the diameter of Q.
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With Lemma 4.4, we estimate the upper bounds of the norms |||puv;, —
ouplll; and [levy, — @Ull. in the following lemma.

Lemma 4.5. For any v, € U,f, then the following estimates hold:

e, — @ually < CC,ll 21l colllvnllla

and

— h
135 - ool <€ (1) 1, G+ 50 204

Proof. For any function v;, € U‘,ﬁ‘ , since « is a piece-wise constant func-
tion, then a'/2v;, € U} and a!/24v, is the L, projection of a'/?¢uv, into
Uk, Lemma 4.4 gives that

”al/z

12— 1- 2
ovp = a' 2505100 SCR Pl 2l s llaPv,llga/L, p=0.1

and that

1/2
<lea”2wvh—a‘/2mllé,e> <Ch2 gl wolla2vyllo0/L.

eef

Together with the definition of d-norm in (4.2), the fact that a, ;, <
W, <2, i, and Lemma 4.2, we have

llpvs = @I =l 72V (v, - TIR
DI R A A [
ec& UEp
<ClgI? lla' 20,12 /L
<C*CoIxIE Gogll},

which proves the first inequality.
In a similar way, by the fact that p + b, is a piece-wise constant
function and Lemma 4.4, we have that

B+ b0)'*(@vy — @041l 2.0

SCh P lxlh B +b0) Poyllo/L, =01,

Together with the inequality that

leel <NBllo,o < byL, Ve€E

and the fact that /L < 1, we obtain that

i@y — vyl

1/2
= <||<z+ b2 @0; = o2 + . lle* [@05 — rpvh}]ng,e>

ee&

2 h? - 12, 12 2 h 2 12
(C ||)(|| LG+ b)Y Uh”()yg"'bOLC ||)(|| ||Uh||0vg>

12 _ 12
SC(Z) 111,00 l1Go + b0 “vplo.05
which proves the second inequality and, hence, completes the proof of

the lemma. []

Lemma 4.6. Under the same hypotheses of Lemma 4.3, for any v, € U,f,
there exist constants y, and ys independent of K, such that

ay(vy, U, — PUp) < ;(4|||v,,|||3 (5.15a)
and that
a, (0 vy, — @) < x5(h/ L) 2wyl (5.15b)
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Proof. By the definition of a,, in (3.6), the Cauchy-Schwarz in-
equality, the assumption that y, >y, > max{9C§, 1}, Lemma 4.1, and
Lemma 4.4, we have that

ad,e(U)p m = @up)

=@V, V(@0 — pUp) + Y
EESIUSD

/Veh W, [oa]l@0;, — pusllds

- Z {avhvh'ne}w[@;l_(pvh]]d‘g
e€8,U€De

+0 Z {aV (@0, — pvp) - n, ), [vp]ds
eeé’,UE'D

—_— 2 —_—
<7, lopllallevy, — evplly + Cq lla'/2Vo, loall®v, — euyll;

lLxll
C 1,00 ”a1/2
L

vplloallon ||j

< (1, + C +CC,ltll o) Nenllall@Ts = w04l

This proves the validity of (5.15a) with y, = ¥, + Co + CC,lIxll1 w00
independent of K.

Rewriting the advection - reaction part by integration by parts and
using (2.8) give that, for any u,v € V'*¢(7}),

a.(u,v) = (u, y0) + (Y, f), ) Z ﬂe[[uv]]+2/ﬂe{u}up[[v]]+z Bouv

eeé‘, eel'r,

=, +V-pv)+(B-Vyu0) - Z/ﬂ 0} [u] - Z/ﬁeuv

eef T eel’

=W +V-po)+ BV v)+ )

eef e

edlle] - 25 /ﬂe[[u]]{v}~

Let P be the L, projection of f onto U‘i?, i.e., the space of piece wise
constant with respect to 7, with the following approximation property
holds:

1B = PBllo,co0 < ChlBl1 w0 (4.15)

Since P - V,v, € U}, the definition of ov;, gives that

/Pﬁ - Voo, — 90p) =0.

Q

Combining the identities gives that
a. (v, @0, — pvy)
/(y + V- B, (pv, — (puh)+/((puh Qv )(B—PP)-V,vu,

oup] -
e€Er-VEr,

/e[[UhM(PUn /ﬁeﬂuhﬂ{(PUh Uy}
eeé‘l

=14+ I11+111+1V.

It follows from (2.6), (2.7) and Lemma 4.4 that

— 1 —
1 :/puh((pvh —Quy) + 3 / V- Bu,(ev;, — @uy)

Q Q

<, I+ b) 2 oyllQll (3 + b) /> (@05, — pvpllg

by ,\,
+2— lopllallev, — eupllg
p

1 h _
<(c,+ Zmznxnl,mluﬁ be)'*04lIg -

Using (4.15), (2.7), Lemma 4.4 and the inverse inequality gives that
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h h by 2
1T < ChlBl o IVavRll T X T o lloall S C = =l X110, 11 0A 15 -
L L g )

By (2.4), Lemma 4.4 and the Cauchy-Schwarz inequality, we have

hl/2
H+1V s0<2 ||c2/2ﬂvh]]||o,e> <T||ﬁ||(',(;||x||1,m||vh||

eef
h\'/? 2
< () Ml | Zle [0l + bolloaliq |-
eef

Together with the fact that 4/L < 1, we obtain that

— 2 h\'/? 2
0.0 7T~ pop) < (L ¢, + =)Cllxlrema (7)Mol
B

which completes the proof with y5=(1+c¢, + %)Cll;{llkﬂ oo O
5 100,

Next theorem gives the stability of the variational form.

Theorem 4.7. Let a; o(-,-) and a,(-, ) be the bilinear forms defined in (3.6)
and (3.7), respectively, with yy >y, > max{9C§, 1}. Then there exist positive
constants a, and h such that for all h < hy and v, € ‘l/é‘,

ay(vy,, wy)
sup > vyl pg-

(4.16)
wnevt Monllng

Proof. For any v), € 1/‘;‘, let wy, = v, € U‘,ﬁ‘ be the L, projection of guv,
into 1/;1‘. First it follows from the triangle inequality and Lemma 4.3
and Lemma 4.5 that

lev4lllpe < (l@vy — @vallpg + llevallng) < Cllvallpg-

To show the validity of (4.16), it suffices to show that

gV, wy) > Cllvgllyg- (4.17)

To this end, by Lemmas 4.3 and 4.6, we have that
g o(Ups @UR) = ay o(Uy, PO, — PUR) + ag o (U, PUY)
n+Kk
> (5 - )

Note that in Lemma 4.6, the constant y, is independent of K, so we can
choose K such that y, + K is bigger than 12 y,. Then it follows that

— 2
ay 0 @) 2 xallopllly-

In a similar way, then for 4 < h, we have that

erd 2
a0, 03 2 cllogI>.

with ¢ only depending on y, and ys. Combining the two inequalities
gives (4.17) and, hence, completes the proof of the theorem. []

5. A priori error estimate

In this section, we establish a priori error estimate in the DG norm
defined in (4.6) for the discontinuous finite element methods.

Let P, be the L,-projection onto U"f. The standard approximation
argument in [8,9] gives that: for u € V*¢(T,) n H*5(7;) with e <5 < 1,

1/2
la' 2V = Puwllq <C| Y il 2Vull? | . 5.1
KeT,
llu = Puull,, x < Chx+1_r|u|x+l,p.K’ r=0,1, 1<p<oo, KET,,. (5.2)

Together with the trace inequality, the following estimate holds:

s+1/2

”u - Phu”(),e < Ch[(e

|u|s+1’Ke, Vee&. (5.3)
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Let f, be the L, projection of f onto U’f, define
1/2
h
ose(f,K)= —2=II/ = fizillox and ase())=| Y ose(f.K)’
V2K KeTy,

Remark 5.1. The symbol < used in this section denotes smaller than
or equal to, up to a positive constant depending only on the triangu-
lation 7, the domain Q, the polynomial degree k, independent of the
coefficients of the problem and h.

The next lemma proved in [10] gives a trace inequality of functions
with low regularities.

Lemma 5.2. For any K € T, assume that v € V'*5(K) and w,, € P,(K),
then the following trace inequality holds:

172

/ (Vo myuwyds S B lwylloo IV ollox + gl Aol
e

Lemma 5.3. Let u € VI*5(T,) (| H'*(Q) be the solution of (2.1) with
boundary conditions (2.2). For any v € 1/‘,’1‘, let £ =u— v, then on any
K €T, the following estimate holds:

h
hylla' 2 Agllox S a2 VeElox + \%nv (B + vEllg x +ose(f. K).
K

Proof. For any v e lf,f, denote the element residual of v over K €7,
by

rg=[-V-@Vo)+ V- (Bv)+yv— fi_i] ¢

=[V-@VE) -V - (B —yé+ [~ frot g -

Let wg be the cubic element bubble function on K, then it follows from
integration by parts, and the Cauchy-Schwarz, the triangle, and the in-
verse inequalities that

||rK||§,Ks/riu/K=/(v-(avg)—V-<ﬁs>—y:+f—fk_l)wK
K K

Z—/avé‘v(rklllk)"'/(f—fk—l =V-(BE) —-vrdrgwk
K

K
5||av'f||o,1<|'"l<ll/l<|1,1<

+(IV-BO+r&llox +If = ficillox ) lrgwillo.x

s (h;(l laVEllgx + IV -(BE) +véllox + Il f = frei ”QK) Ik llo.x»

which implies

lrgllox S h,_<1 [laVéllgx + IV -(BE +véllox + IIf = fi—1llox-

Now, the lemma is a direct consequence of the fact that

Aé=ap! (rg+ fror = f+V - (BO +7E) ¢

and the triangle inequality. []

Theorem 5.4. Let u € V'*5(T,) (| H'*¢(Q) be the solution of (2.1) with
boundary conditions (2.2), and u|x € H'**k(K) be the restriction on
K €7, Let u;, be the solution of discrete problem (4.1). There exists a
positive constant C, depending on the domain, the triangulation 7, and the
polynomial degree (but independent of mesh size h and the coefficients of
the problem), such that

lle = upllpg SC Y, Ci g pphi& a2 Vul g g +ose(f), (5.4)
KeTy,

where
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1/2
1/2 1 2 1/2
Chapp=1+ l—,z(nﬁno/wﬁ L2 )
K

hK
+=E (IBllg o+ hx 1Pl )-
K

Proof. Let

E=u—Pu and E,=u,— Pyu.

By the triangle inequality and the standard approximation argument of
Py, (5.1), (5.2) and (5.3), to show the validity of (5.4), we need to prove
that

NEwllpG <C Y Ckupphif la'/?Vuly,  +ose(f).
KeT,

By Theorem 4.7 and the error equation, we have

ag(E,vp)

lloallpe -

ag(Ey,vp) _
lloxllpe

aollEplllpg <

Hence, it suffices to show that

ago(E,vp)

<C Y Crpphila'?Vul, g +osc(f) (5.5)
loalloe ~ &
E,v
and 200 SC Y CrapphEla'PVulg g +o0se(f). (5.6)
lowllog =~ &,

To this end, the definition of q, 4 gives that

= (thE,VhUh)+0 2 /(XVUh ne}qu]]

e€EIVED

/aVE n,},lvnl + Z
eeé‘,ué‘D

eeé’,ué’D

ag9(E,vp)

/ 7, 12 W, E] [0,

=114+12+134+14

It is clear that Lemma 4.1 and the Cauchy-Schwarz inequality imply

I1+ 12+ T4 SIEN 4 Mogllly-

Using Lemma 5.2, Lemma 5.3, and the Cauchy-Schwarz inequality, we
have

B< Y w w0,
eegrJép

x ¥ (Ia2VElq o+ hgolla> A Elly o )

=+,

1/2
<lowlly (12, Elloa + Y, hxcllay/* A Ello )
KeTy,

<Mewlla (WEN, + X

KeTy,

Summing up all the terms gives that

ago(E,0) S ol (NN, + y L

KeTy, g

It follows from (2.5), (2.7), (5.1)-(5.3) and the fact that 2/L < 1 that

IV - (BE)+7Ellyx +05e(/))-

IV-(BE)+vEllgx =llpE+EV-B/2+B-VElox
Slpllocog + 1Blic)IEllox + 11Bllo.coal El

L
ShPENplloo ol ik + K NBllo.o oty k

and that

S 1/2
NEN, S Y, h&la'/?Vul,, g
KeT,
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which implies (5.5).
Next we show the validity of (5.6). The definition of a, gives

upﬂ”h}]"' 2 /ﬁeEUh

eeé‘r+

a.(E,vp)=(E, =p- Vv, +70p) +2/ bE

eeé‘l
Since P, (8- V,vp) € U, we have

/P,1 (B Vyop) de:/Ph (B-Vyvy) w=Pyuydx=0.

Q Q

Together with (2.7), the inverse inequality, and (5.1)-(5.2), we have

/—ﬂ'VhUhE=/(Phﬁ—ﬁ)'VhUhE
Q o

ShlBlioollVivplloallEllog

1/2 1/2
< 1ty *vallogliby* Ellog

1+s
Shoglle Y A kB2 Qlul sy k-
KeT,

Applying y =p— %V - B, (2.6), (2.7), and (5.1)-(5.3) gives that

(E,yvh):/(p— %V~ﬁ)Evhdx
Q

_ by
S, Ellpall(e + bo)vylloo + o IEloallvnlloo
p

— 172 1+s
Sloalle Y, (IBllog + 1Blloca) "’ i lul s
KeTy,
and that
/{ﬁeE}upuuh]]-" /ﬂeEvh
€€l e, e€Er+ Y,

1/2+s 1/2
Slloalle Y, A SUBIYE Gl o k-
KeT,

Now, (5.6) is a direct consequence of the above three inequalities. This
completes the proof of the theorem. []

6. A new discontinuous Galerkin method

In section 4, we stabilize the diffusion operator by adding the fol-
lowing equation:

/ W, ul[v] ds = Z v, b, W/g vds, Yoe VT,

e€ETVEY ee€p

The order h;! may lead to the difficulty in the convergence analysis.
Considering this, for any v € V'!*¢(7},), denote the tangential deriva-
tive along edge e by

re(Vo)= =

And for any v € V1*¢(7},), we add the following term to stabilize:

/ 1y he W, lreVllr. (Vo) ds = Y 7,0, W, / 7e(Vg, )r.(Vu)ds.

eGEIUED e€fp

Now, define the new bilinear form for u,v € V!*¢(7,) by

85w 0)= @V, Vo) + Y

ey U£D

/{aVU n,},[ulds— 2

e€EVED,

o heWelre (Vi) [y (Vo)] ds

{aVu-n,},[v]ds

+0 )

e€ETVED o,

for # € {1, 0, 1}. And define the new linear form for v € V”f(T,,) by



Z. Cai and J. Yang

L= 0+ Y 7,hW, / 1e(Ve, e (Voyds + Y / g, vds

e€€p e€€y .

B - ne)gD vds.

+0 Y /gD(va~ne)ds— D

e€fp " e€€p— "

The new variational formulation is to find # € V''*¢(7},) such that
Gp(@,0) = 8y (@, V) + a.(@,0) = fp(v), YoEV'H(T)).

To discretize the problem, modify the DG finite element space asso-
ciated with the triangulation 7, as

i?lf ={veL*Q) : vl € P,(K), VK €T, and [0], =0, Ve € &},
where v, = ﬁ /[, vds is the average of v on e.

The new DG finite element method is to find u), € ﬁé‘ such that
3y, v) = fov), YveUk

For any v e 17}11‘, define the norm for the modified DG space by

ol = lla' /29,0015 ¢, + ollF; + ol

where

ol = Y hWelllre (VoL
e€& UED

The following lemma implies the equivalence between ||[u]| and
he|lTy.(Vw]|l in the DG finite element space.

Lemma 6.1. For any v € 1/,’; and any e € &, ||[V]lo, and A, |[[y. (V)]
are equivalent, i.e., there exist positive constants c,, and c,, such that

emlllvllloe < Aelllre(Vidlll < eprll[elllo..-

Proof. By a scaling argument, it suffices to prove that ||[y,(Vo)]|| =0
implies that v =0 on e. It follows that

[r(Vo], = uj—tiﬂe = § [o]. =0.

Computers and Mathematics with Applications ese (ssee) see—see
Hence, [v], is a constant, which implies that
— 1 —

ol =Tl = [ Bleds=[al. 0.

e
This completes the proof of the lemma. []
Corollary 6.2. For any v € 1//\}{‘, a, 9(v,v) and a, o(v, v) are equivalent.
Data availability

No data was used for the research described in the article.
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