
Sequences

Let w⃗ be a 2x1 vector, and A a 2x2 diagonalizable matrix. Let (v⃗1, v⃗2) be a basis of eigenvectors
of A, and (λ1, λ2) the corresponding eigenvectors. If

w⃗ = c1v⃗1 + c2v⃗2,

then
Anw⃗ = c1λ

n
1 v⃗1 + c2λ

n
2 v⃗2.

In other words there are constants a, b, c, d such that

Anw⃗ =

[
aλn

1 + bλn
2

cλn
1 + dλn

2 .

]
(1)

We can use this to solve some recurrence problems for sequences by calculating just the eigenvalues
and not the eigenvectors.

Example. Find A1000w⃗, where

A =

[
1 2
3 2

]
w⃗ =

[
3
1

]
. (2)

The eigenvalues are obtained by solving (1 − λ)(2 − λ) − 6 = 0, which gives λ1,2 = −1, 4. To find
a, b, c, d, plug in equation (2) into equation (1) with n = 0 to get

a+ b = 3, c+ d = 1,

and plug in equation (2) into equation (1) with n = 1 to get

−a+ 4b = 5, −c+ 4d = 11.

That gives
a = 7/5, b = 8/5, c = −7/5, d = 12/5.

Then

A1000w⃗ =

[
(7/5)(−1)1000 + (8/5)41000

(−7/5)(−1)1000 + (12/5)41000

]
=

1

5

[
7 + 8 · 41000

−7 + 12 · 41000
]
.

Exercise.

Find A123w⃗, where

A =

[
−4 2
3 −3

]
w⃗ =

[
1
2

]
.

Simplify your answer similarly to the example.

Kiril Datchev, February 25, 2025. Questions, comments, and corrections are gratefully received at kdatchev@purdue.edu.

1


