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Abstract

We carry out in this paper a rigorous error analysis for a finite element discretization
of the scalar auxiliary variable (SAV) schemes. The finite-element method we study
is a Galerkin method with standard Lagrange elements based on a mixed variational
formulation. We derive optimal error estimates for both the first- and second-order
SAV schemes with the finite-element method in space.

Mathematics Subject Classification 65M12 - 65N30 - 35K20 - 35K35

1 Introduction

The scalar auxiliary variable (SAV) approach is recently proposed for solving a large
class of gradient flows [17]. The SAV approach is inspired by the IEQ approach (cf. for
instance [20,21]), it inherits its essential advantages and fixes many of its shortcomings.
In particular, it enjoys the following remarkable advantages: (i) unconditionally energy
stable, (ii) at each time step only decoupled systems with constant coefficients need
to be solved. It has been already applied to several challenging gradient flows [16],
and shown great potential in numerical simulation of complex systems governed by
gradient flows.
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While the procedure of constructing unconditionally energy stable SAV schemes
is quite standard, one should be aware that energy stability alone does not ensure that
the numerical solution will converge to the exact solution, particularly when auxiliary
variables, such as in the SAV approach, are introduced. Moreover, the fact that SAV
schemes are energy stable with a modified energy further complicates the convergence
analysis.

Recently, convergence and error analysis for a first-order semi-discrete SAV scheme
is carried out in [15]. The analysis essentially relies on the H? bound, which implies
the L°° bound, of the numerical solution. The aim of this paper to derive error estimates
for first- and second-order fully discretized SAV schemes with a mixed finite element
discretization for the space variables.

Compared with [15], we have to overcome several additional difficulties: (i) The
finite element space only belongs to H ', so it is impossible to require A2 bound for the
finite element solution, and we have to derive its L° bound by another approach (see
the proof of Theorem 1). (ii) A direct procedure as in [15] only leads to a suboptimal
error estimate with respect to the finite-element space, since in the analysis the term
|AR(uw— Rpp)|l -1 will appear, and it can only be bounded by ||V (1 — R ) || where
Ap and Ry, denote the discrete Laplace and Ritz projection operators, respectively.
However, based on the L bound of the finite element solution (obtained associated
with the suboptimal result) a stronger stability for the finite element solutions can be
derived in Lemma 1 1. Then together with the discrete inverse inequality (see Lemma 7)
and the commuting property between A and the projection operator, we can obtain
optimal error estimates with respect to the given finite element space (see Theorem 2).
(iii) The analysis in [15] is only valid for first-order SAV schemes, analysis for a
second order SAV method is much more complicated. Our analysis can be also applied
to second order scheme and produce the optimal error estimates (see Theorem 4).

Although some convergence and error analysis are available for fully implicit
(such as backward Euler) [6,7,10] or nonlinearly implicit (such as convex splitting)
[2,8] schemes without restrictive assumptions on the free energy, most of the con-
vergence and error analysis for linearly implicit (such as semi-implicit or stabilized
semi-implicit) [8,12] are based on a uniform Lipschitz assumption, i.e.,

|F'(x) = F'())| < LIx—yl, Vx,yeR

where F (1) is the nonlinear free energy density defined below. However, this assump-
tion greatly limits its range of applicability as even the usual double-well potential
does not satisfy the assumption. Our error analysis, as in [15], does not require the
Lipschitz assumption.

The rest of the paper is organized as follows. In Sect. 2, we present a fully discrete
SAV scheme and prove it is unconditionally energy stable with the modified energy.
In Sect. 3, we recall the wellposedness and regularity results of the H~! gradient
flows, and present some useful properties about the discrete Laplace operator Aj. It
is followed by the L°° bound and error estimates for finite element solutions of the
first order scheme will be derived in Sect. 4. In Sect. 5 the method will be extended
to second order stable scheme, and the corresponding error estimates will be also
analyzed. Some numerical experiments are presented in Sect. 6.
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2 Fully discrete FEM SAV scheme and its stability

We start by introduce some notations to be used throughout the paper, see, e.g. [3].
We assume Q2 € R"(n = 2,3) is a bounded Lipschitz domain. Then we denote

the spaces L”(§2) associated with the L? norm ||ullz» := ([ |u(x)|1’dx)l/p, and

1/p
LP([0, T) associated with the L? norm ||u||1» = ( I |u(t)|1’dt> . Both of them

use the abbreviation L? as they can be easily distinguished by the context. Here we
also introduce the space L*°(€2) and WS (£2) with

[vliLee = sup [v(x)[, [lvllws, = max | D¥v]||Le
xe la|<s

and the space L>°([0, T']) and WS ([0, T]) with similar norms. The Sobolev spaces
H* with the order s will also be used, and the norms are denoted by | - ||. The space
L?P(0, T; V) represents the L? space on the interval (0, T') with values in the function
space V. We denote by (-, -) the inner product in L2 and the L norm without subscript.
We also denote by C a general constant independent of mesh size /& and time step At.

Let F (u) be a nonlinear free energy density, we focus on a typical energy functional
Elu(x)] given by

A 1
Elu] = / (—u2 + —|Vu|2> dx + Ei[ul,
o \2 2

where we assume that A > 0 and E[u] = fQ F(u)dx > —cq. Consider the gradient
flow

ou

m = G(—Au+ ru+ g(u)) (D)
where G = —1 for L? gradient flow, G = A for the H ™! gradient flow and g(u) =
F’(u). As an example, when E[u] = fQ a(l— uz)zdx, the two gradient flows are the
celebrated Allen—Cahn and Cahn—Hilliard equations [1,4]. The Eq. (1) is supplemented
with the initial condition u(x, 0) = u°(x) and the homogeneous boundary condition

u .
ulpgeg =0, or — =0, ifG=-I;
an

du _ O _ o ifG = A, ®
on on
or periodic boundary conditions where u = %
Let Co > ¢ so that Eq[u] + Co > 0. Without loss of generality, we substitute E
with E1 4+ Cp without changing the gradient flow. In this setting, E(u) always have
a positive lower bound Cy — cq for any u, which we still denote as Cy. In the SAV

approach, we introduce a scalar variable r(t) = +/E1[u], and rewrite (1) as
u; = Gu, 3)
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:—Au+ku+\/%g(u) @
1
r= 2\/ﬁ/gg(u)u,dx. Q)

Below we only consider the H ™! gradient flow, the analysis can be easily extended
to L? gradient flow.

Let I, be a quasi-uniform partition of the domain €2 such that @ = U ker, K, K
are triangles in the case d = 2 and tetrahedrons in the case d = 3. Assume that we
are given a family V;, ¢ H'() which consists of piecewise polynomials based on
I';, with total order of all variables is less or equal to &, such that [3,5]

inf {[[v—xll+AlIV =)} < CR vy, 1<s=<k+1.
XEVh

Then a fully discrete mixed finite element discretization of (3)—(5) is: Find
@+ ity € [V,12 xR such that

@)™ —ull,v) = = AtV V), Yo eV, (6)

(it o = (Yt Vo) + oyt >+J%(g(u ). 7). VT €V,
)

it = #W@(m wptt—up), (8)

with u2 to be some appropriate approximation of #(0) and r}? =,/E (u2).
We first derive the unconditional energy stability for the above fully discrete SAV
scheme, which plays an important role in subsequent error analysis.

Lemma 1 For the H™' gradient flow and all N < T/ At, we have

 max —||u,,|| +f||w I+ G >2+Z< ¥t —upl® + ||V(u"+1 up)?

1
+ = A VRET?) < —||u2||2 + VU ? 4 )2 ©
2 2

Proof Taking the inner product of (6) and (7) with ,u"“ and u"“ — uj, respectively,
and multiplying (8) by 2r"Jrl we derive that the fully discrete SAV scheme satisfies

the following discrete energy law:

@ Springer



Optimal error estimates for the scalar auxiliary variable...

A 1
|| "“n + = ||w"+1|| +("“)2—§||uz||2——||wz||2—(r;:)2

n+1

1 1 2 1
IIM —upll* + IIV(M"+ —up >+ oyt =) = = A VP

from which (9) follows immediately. O

Hence, by (9) the SAV is unconditionally energy stable with the modified energy
A 1
Sl 4 SIVa I + o),

An important fact is that the SAV scheme is easy to implement. Indeed, if we define
Apup € Vi with [o Apupdx = 0 satisfying
(Ahuhvv) = _(Vuhvvv)v Vv € th (10)

and the L? projection by P; : L? — Vj and b} = Fng®) then eliminating it

JVE ()

and ,u,h“ from (6)—(8) to obtain

@it —ull, v) = ArAp(—2u T a T B (b”, ), v).
Then the above equation can be written as

At At
(I=AAtAp+At AU — — Ll (B, uf ™y = ul At Dbl — — Dby (B, ),
(1D

which can be solved using the Sherman—Morrison—Woodbury formula:
A+uvht=a'—alvg+vialuy-lvia-l. (12)

That is, if we denote the righthand side of (11) by ¢j. Multiplying both sides of (11)
with (I — AATA), + AtA2 - ! and taking the inner product with 7, we obtain

bty + 2 yh F Byt = B, (I = AAthy + AtAD) ™ )
where we have from Ay is negative definite

— (B, (I =AAL LR+ ALAD) T A = (B), (=2, +rAt—AtAR) b)) > 0.
Therefore, we have

2\—1
oty = G (= 2818 + Araf ) 13
h>%h 1+ A Vh

To summarize, we implement as follows:
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(i) Compute bj; and c};;
(ii) Compute (b}, uZH) from (13);
(iii) Compute uZH from (11).

Note that in (ii) and (iii) we only need to solve twice a linear equation with constant
coefficients of the form
(I — AALA, + AtAD)x = b. (14)

Therefore, the above procedure is extremely efficient.

3 Well-posedness and properties

We assume that F € C3(R). We first recall the existence, uniqueness and regularity
results for H ! gradient flows, and there are similar results for L? gradient flows [15,
Proposition 2.1].

Proposition 1 [18] For H™! gradient flow, ifu® € L?, there exist constants pg, C > 0

such that
F'(s) =g'(s) = —=C, sg(s) = b|s|" —c.

Then there exists a unique solution u for (1) such that
ue L*0,T; H)NLP©O, T; H®) N C([0, T]; L?).
Moreover, ifuo S H2, and

g )| < CUx|P + 1), forany p >0ifd =1,2; 0<p <4 ifd=3; (15
|g”(x)| < C(x|1?+ 1), foranyq >0ifd =1,2; 0<q <3 ifd=3; (16)

there exists a unique solution u for (1) in the space L*>(0, T; H*) N C([0, T1; H?).
We introduce the following negative norms [cf. (5.6) in [19]]:

(v, )
lolls

lvll=s = sup{ ;¢ € H*}, fors > 0 integer.

We prove below some properties of the discrete Laplace operator Ay, which will be
frequently used in the subsequent analysis [11,13].

Lemma 2 For the operator Ay, we have the following bound
[Apvll-1 = ClIVo]l. a7

Proof Since
I Prvllr < vl + llv — Pl < Clivll1, (18)
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by the definition (10) of the operator Aj, (17) immediately follows from

lawlo = sp SO, (B Fig)
0#peH! lloll g1 0#peH! lloll g1
Vv, VP
0#£pecH! lloll g1

]

The main ingredient in [15] is to derive a bound on the H 2 norm of the solution
which automatically provides a L* bound. However, this approach can not follow
since V}, is not a subspace of H2. Instead, thanks to the discrete Laplace operator A,
we can bound the numerical solution uy, of (6)—(8) in L norm by || Ajuy||.

Lemma 3 [9] For any v € V}, it holds that

4—d 2 2.4
vlloo = Cllvll™# (llvlI” + I ApvlI7)E. (19)

Let R, : H' — V, denote the Ritz projection operator onto the finite element
spaces, i.e.,
(V¢ — Ru¢). Vo) =0, VpeH' ¢V, (20)

with [, Ry¢dx = [ ¢pdx. Then we have from [3]

¢ — Rugll + hlIV($ — Rud)|l < Ch* || @llns . 2n

and
¢ — RugllLe < Ch*hllgllws, (22)

where ¢;, = max(1, log(1/h)) and 1 <s < k+ 1. For the general negative norms, the
Ritz projection has the following error estimates.

Lemma4 [19] Let Rju be the Ritz projection of u. It holds that
lu — Rpull—s < Ch* ully, for0<s<k—1, l<g<k+1  (23)
Lemma5 [19] Ay, is related to the projection operators by
AR, = PyA. (24)

It is well known that the L? projection P, is stable in L> norm. In fact it can be
proved to be stable in H~! norm as follows.

Lemma 6 Foranyu € H~1(Q), we have

[ Prull—1 = Cllull-1. (25)
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Proof By (18) and the definition of P, we have

(Ppu, v) (Ppu, v — Ppv) + (Ppu, Ppv)
| Prull—1 < sup ——— =
ver! vl veH! vl
(u, Ppv)
= —— < Cllu| -1,
ver! vl
which is the desired result. |

Lemma?7 Forany uy € Vy, it holds that
IApupll < Ch™ M Vuy |l < Ch™2|up. (26)

Proof By the inverse inequality in the finite element space [3,14], we have

(Apup, v) —(Vuy, Vv)
| Apupll < sup ———— = —_—
vev, vl VeV, llvl|
Ch— ||V
< sup L IVIRNN o191 < Ch 2 un,
veV, lvll
which implies (26). O

4 Error estimates for the first-order fully discrete scheme

In the first part of this section, we present error estimates of the finite element solution
based on a mathematical induction on the L® norm of uz, which is needed to control
the nonlinear terms in the equations. Then in the second part, we will derive a stronger

stability result for the finite element solution and improve the error estimate such that
it is optimal in each norm.

4.1 A first error estimate

Lemma 8 In addition to the assumptions in Proposition 1, we assume the following
regularity holds:

we L0, T Wa), w € L0, T, HY), uy € L0, T); LY. (27)
Then the truncation errors due to the time discretization satisfy that

n n n
<
max (IE7I-1 + IE I+ IE]I) < CAr.

@ Springer



Optimal error estimates for the scalar auxiliary variable...

Proof By direct calculation,

1 2 1 L
T = —m </Q g(u)utdx> + Z\/ﬁ /Q(g wu; + gWus)dx.

We know from Proposition 1 that u € L20,T: HH N C([0,T]; H?) (thus u €
L°([0, T], L°°(£2))), from which together with (27), (15) and (16) we deduce that

T T
/ rul?dt < C / (el s + 118" @) VulFoollu |12t
0 0

T
< ClIVul 7o) fo (Nluellf + llug |2 e < C. (28)

If we define v = v(¢") for any continuous function v and D;¢" ! := ("1 —¢") /At
for any function value {¢" }2’:0, this gives that the exact solution (u, u, r) satisfies the
equations

(un—H —u", ) = —Al‘(VMn-H, Vo) + At(Eg, v), (29)
n+1
YH‘I’ T) — (Vun+1, vr) + )\,(Mn+1, T) + r (g(un)’ T) + (En, T)s

(n o

(30)
1
Pl — W/ g @ —u"ydx + ArE", (31)
1u Q
where
tn+]
|E"| = D™ — | < / g -, 9)1ds, 32)
l}’l
1 n
|EP| = | D" — 9" — —/ M(Dtu”“ — d,u™)dx|
2 Jo VE[u"]
I"'H t"+1
<C (/ |r7e (8)1ds + /QWn(JC, s)ldsa’x> , (33)
l” tn
and

n+1 n
EZ — rn-l,-] g(u ) _ gE‘(u )n
JE@ry  VE @D

Hence, from (15) we derive

@ Springer



H. Chen et al.

n+1 n
NELN, = S Dy ]
\/El(u”'H) \/El(u ) te[0,T]
. |Ey (") — E; ™) W't — gl
le@™)lls i 1 n llg( gl
\/El(u;1+1)El(un)(El(un)+El(un+1)) /El(un+1)

< C (lIrlize, luelioeasy, ullzows)) At. (34)
Together with (27) we get the desired results. O

If we define the discrete norms as follows:

172

N
2
lleellz2 (s 2=<§ Atllbt"lls) o Mullieocasy == sup lu" |,
n=1

1<n<N

we can present the following error estimates for the finite element approximations.

Theorem 1 Under the same assumptions as in Lemma 8, let (u, w, r) and (up, iLn, rn)
be the solution of (3)— (5) and (6)—(8), respectively. Then we have the following error
estimates

lu —unlljoo 2y + IV — up)lljoor2y + IV — w22y + Ir = ruliee
< Cl’lk (||M||loc(Hk+l) + ||M||H1(Hmax(l,k71)) + ||u||L2(Hk+3))) + CAr. (35)

Proof Let ;! = u} ™! — Ryu"+!, 074! = (it — Ryprtl ot = pptt
and p!'t! = w1 — Ryutl ,ol’i"’l = "1 — R,u"*1. By using (20) the difference
between (6)—(8) and (29)—(31) gives that

(D0, v) + (VO V) = (Dl v) — (ELL ), (36)
@ o = (Ve Vo) =@t o = (o o — At o)
en+1 g(u") g(un)
I n , + n+1 h _ , _ En’ , 37
/7El(un) (g(u ) T) rh (\/El(uz) \/El(u") T ( T) ( )

1 gl 1 gl}) g™
D n+l _ ° h D 9;-&-1 — _ h _ .D n+1
' 2 (vE1(MZ) t ) 2 (\/El(”Z) VE; (" “ )

(38)

1 [ guy)
-5 —hn,DtPZH - E;
2\ VE, ()

for all v, T € V). We can choose appropriate initial approximations such that ||9,9 I+
RIVOI+ 1601 + RIVOQ | + €0 < CRATL.
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The Eq. (37) implies that

ul’l
IARELTH> < (ORI + A+ o™+ Ao+ e 8wl
VE (™)
guf) g™ ?
+|r2+1| hn _ 2 +||EZ||) = 1. (39)
\/El(”h) \/El(”)

Then substitute v = Gl’j“, 6" *+1into (36), r = D,6" !, 9,’1“'1 into (37) respectively.
Then multiplying (38) with 2¢"*! and adding the resultant equalities with (39), we
derive that

6
1
UG IR=107 D+ AN AP+ AL T+ =) < Ath+) i,

i=2
(40)
with

L= At(Dipp 05 — AL(EL, 60 + ArDip L 0t

— Ar(ER, 00 + aar@rt!, ot

+1 +1 +1 +1 +1

+ Ao 0,7 = AAL(p L 0,7 = AL(E 6,7,

I =—At(p ™ DO + aAr (ot DoY) + At(E], D6,

L= — A 8 (up) _ gw") Dot
e (¢E1<uz> JE Gy
(uj) g™
+n+lA[ g h _ ,D I‘l-‘rl
i (wsl(u':,) VEn )
Is = At (8U) 80D i)
T <¢E1<uz> JE@) "

g}) "M AL

—,D[,On+1)_2Aten+1En+—
VE (uy) ! " VE M)

At this moment, we invoke a mathematical induction on

fo = <"l A (g™, 0.

luplizee < llullzoocroey + 1. (41)

Since n = 0, u2 can be defined by any appropriate approximation of u satisfying
(41),e.g., u2 = Ryu®, we derive from (22) that

0 0 2 0
1u® — iz < Ch2eu 11 y2 .

@ Springer



H. Chen et al.

Thus there exists a positive constant /21 such that (41) holds forn = Owhenh < h;.
In the following, we present estimates of the finite element solution by assuming that
(41) holds for 0 < n < m, for some nonnegative integer m. We shall see that if (41)
holds for 0 < n < m, then it also holds forn = m + 1.

Below we bound each term on the righthand side of (40). By (23) and Lemma 8,

At
b= CAt(IDipy 2y + oyt I2) + 1L THIZ)) + 1651 + Car(IEG 2,
+HIELIZ)) + CAelop 1T

l”+1

2% 2 2% 1,2 1,2
<Ch / s limax (1 k—1ydt + Ch Ar(flu"* lmax(1,k—1) + Jlu™* ”max(l,k—l))
l”

At l‘"+1
+?||9;1+1 1+ cmZ/ s |? dt + CAL + CAr]|0" 13,

m

It follows from (36) that

DO = AT 4 P (Dlp;”rl _ E;}) . (42)

Together with (17), (25), (32) and (23) we can derive

1D Iy < IVO I+ Do -t + IS -1

ln+1 tn+l
< IVOI ) + CHE(An)! / ot a1 1y + / it |1t
™ m
(43)
Then we derive from (43) and (34) that
I < CAtR* w2, 4+ CAth lu" 2, + card + 27, (44)

where

i+l

At
7" = ?Ilve;j*l 1>+ Ch* /[ [ e
ln+]

+ cmZ/ g Iy dr.
l}‘l

In view of (27),

Vel  vew |’

Iy < Z" + CAt("™H? + CAt —
VE uy)  JE ("

The last term on the right-hand side of the last inequality needs to be treated as
follows
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Veluy) — Vew") _ Vo™ E (u") — E(up)
VE ) JE " VE W) E; ™) (E (") + E, (u}))
Vg(uy) — Vgu")

= A + Ap. (45)
VE; (up)
The two terms on the righthand side are bounded by
ALl = CIVg@)Illu" —uyll < CAUIOF 1T+ oy D, (46)

and

Azl = ClIVE(u) — Vg™l
< C(I(8 up) — g' @)V | + lg' i) Vo Il + 18" i) VO D
= CUVo I+ oyl + 16,1+ 1V, D, (47)

where we have used the fact that E[u};] > Co and g'(u}), ¢”(u}) have an uniform
upper bound by (15), (16) and (41). Therefore, we combine (45), (46) and (47) to get

Vg(up) Vg(u")

NGICHRNER D

= CAV@II+ Loyl + 16,1 + 1V 1D
< Ch* " kgt + BN + 1V D). (48)

Similarly, it holds that

g(uy) g™ - o ) )
B = Cllu™ —uy |l = €GN+ oy 1D, (49)
JE @ JE @y - T al= cltt el

which gives that

1
Athy < S A6 + CALIGFI® + 16, 1%) + C A (1" IR

Hlu 12+ 11" + C At P + C AP

and by (9)
1
Is < AL + CAh* " If + o Acllop 2.

Again by using (9), (41) and (33), we can derive that ||’ (u})Vu} || < C so that

iy

At
Is < CAt(e" ™) 4 CcAr® + Cth/ e eyt + ?ne,’;“nz.

tn
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We combine the estimates for each term /;, 1 <i < 6, and (48) to get

1 1
SUBLHIT = 1671 + A ARG + S AOEIT + ("7 = ()
l"+1

< CAt (1027711F + 10217 + (" TH?) + cmZ/ g ()12 ds + CAL® + Ch*
tn
t)H»]

( f ot D a—1.1y@ + AL R+ At IR, + Atfu” ||%+1) . (50)
tn

By applying Gronwall’s inequality, we have

0<n<m

m
max (1027113 + @) + A Y (16p 3 + AP
n=0
2k 2 2
< Ch (”M”H](Hmax(l.k—])) + ||M||12(Hk+l) + ||M||12(Hk+l)) + CAt
< C1(W** + Ar?). (51)

for some positive constant Cj.
Hence, there exists a positive constant 4y such that when 7 < hy and if At < h,
then from the inverse inequality (c.f. [19, Lemma 6.4]) we have

1674112 < Clog(1/M16™ 12 < Ch= (W + Af%) < C(W** ! + Ar).

On the other hand, if At > h, then we have
+12 1 < +12 th 2k—1
ARO™ < — At||ARO" <C|—+At) <CHh™ At).
ARG, II_AtnE_O ARG, 17 < <At+ )_( + At)

Overall, together with (19) we have [|0"1]12 . < C(h**~! 4 At), and so from (22)
luf ¥t — ™ e < 107 oo + 0™ = Rpu™ oo < CH*TV2 4 ALY,

where C is independent of m. Thus there exists positive constants /43, Afz such that
when & < h3 and At < Atz we have

Jut — e < 1,

and this completes the mathematical induction on (41) in the case that 1 < h3 and
At < Atz. Thus (51) holds for m = N — 1 with the same constant Cy, provided
h < h3 and At < At3.

If h > hs or At > Atz, from (9) we see that

N-1

n+12 n+14y2 n+1,2
smax (I8 0+ @ )+At2(:) Vet
n=
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< Gy < (A + hy (A + %) (52)

for some positive constant C. From (51) and (52) we obtain for any A¢ and A,

N—-1
n+12 n+1y2 n+12
smax (16 1+ @ )+ArZO 1v6 |
n=
< (C1 + Ca(AL;* + h3 M) (Ar* + h?)

from which we obtain the desired result (35) by using (21) and the triangle inequality.
O

4.2 Animproved L2-error estimate
Notice that the error estimate for L2 norm in Theorem 1 is not optimal. Below, we
shall derive an improved L>-error estimate. For this purpose, we improve Lemma 2

first.

Lemma 9 For the operator Ay, we have the following bound
[Apvl—2 = Cllvll, Vv € Vj. (53)

Proof By the definition (10) of the operator Ay, (24), (17) and inverse inequalities of
finite element space [19], we get

(Apv, @) (Apv, ¢ — Rpop) (Apv, Rpo)
lApv||=2 = sup ———— = e _—
ozper2  lol2 0£peH? el otgen?  llel2
Vv, VR L ALR
< Chlapls + sup — Y2 VRD iy up 20RO
0kpeH? el otger2  ll@ll2
v, P, A
<chll+ sup LD oy
0£peH? llell2
which is the desired result. O

Then we derive a stronger stability result, that is the difference quotient for the
numerical solution uj, is also uniformly bounded, which is needed to get the improved
error estimates (see the term Q1 in Theorem 2). The derivation process is divided
into two steps, Lemmas 10 and 11 respectively. In fact, from (6) and (17), it follows
that || Dyuj || -1 < [Vl Together with (9), we have

N-1
> At D2 < Co. (54)
n=0
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In Lemma 10 we shall derive the boundedness for Zflv 01 At D,u"+1 |12 via (54) when
A > 0. Then it follows in Lemma 11 the desired stability, that is || D,u} || is uniformly
bounded.

Lemma 10 For the H™' gradient flow and all N < T/At, there exists a positive

constant C such that
N—1

2 At D < €, (55)
n=0

where we define ||A;1/2uh|| = ||VA;1M;,||.
Proof By replacing uj, by A;luh, we derive from (10) that
(VA 'up, Vo) = —(up, v), Yv € V. (56)

Taking the difference of (6)—(7) at the time t**! and ", we have

(D™ = Dot v) = (VU = uf), Vo), Vo e W, (57)

n+1 n
™ =g o) = (Vg —up), Vo) + Ayt —up 0 + Jm(g(uh) 2

up

g(up) gy )
n - L ,T), VreV,. 58
J’-rh<\/E (un) — T TE V) ( )
1 E (u,”)

We choose (v, 7) = (—A), D,uz+1 D,u"“)m(57)—(58)andusingYoung’sinequal—
ity arrive at

~1/2 —1/2

<||A a2 = 1A P D12 + AtV D P + A AL Dl
At g(uh) g™

< ZE - (g(uh) Dtun+1)2+|r});l| hn _ h DI n+1
(uj, VE, (up) \/El(u;f’1

IA

CAt(nD,u;;n2 + 1D %)

I/\

(umuhn VD) + CAr(I1 Dt %) + I1Deud T2 ),

where we also used (8), (9), (41), (49) and (56). Noticing (54) and || Dtug I <C,we
thus from summing the last inequality over n from O to N — 1 obtain the desired result
(55). O

Lemma 11 For the H™' gradient flow and all N < T/At, if » > 0 there exists a
positive constant C such that

[Diupl <C, YO<n<N. (59)
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Proof Taking (v, 7) = (D™, — Ay Dl ™) in (57)~(58) leads to

1
S DG P = 1D 1P) + Al Ag Doy ™ 1P + 2 ALY Dy |

< m(g(uﬁ), DY (g})), Ay Dyt

gwp gy h
\/E] (MZ) \/E (un—

< CAt(| Deu ) + ||Dtu,,||)||AhD,u"“ I

+Irf| , Ap D!

< CAt(IDa | + 1Dt %) + = AtuAthu"“n

where we also used (8), (9), (41) and (49). After summing the last inequality over n
from 0 to N — 1, using (55) we complete the proof. O

From the proof of Theorem 1, we can see the “trouble” term is (j% D, 9[}“)
in (38). Due to the fact g(u}) ¢ H?, it implies that there appears || DzQ,ZlH ||—1 on the
right-hand side of (40), and so by (36) ||V9;1+1 || arises with no doubt. Therefore, we
can only obtain the error estimate with order 4. In order to get the optimal error
estimate in L2 norm, we need to rewrite (38) as follows

1 gw") 1 guy) g")
D"t — — =’ D 9n+1 S _ .D n+1
T2 (m o ) 2 <¢E1<uh> VE@ )

1 g(un) n+1 n
— 2 it - Er (60
) ( Tl D) tP ) (60)

Then with the help of (59), instead we have || D,6+!||_; and || jlg ?:n) — \/gé'l‘:;n) I
on the right-hand side of the following equality (61) such that the followmg theorem

holds.

Theorem 2 Under the same assumptions as in Lemma 8, we have

lu — unlljoor2y + le = mnllp2y + 1r = rpliee
< CH*M (ug |l 2 ggmaseiy + el 2ggresy + el oo gisny) + CAL.

Proof We substitute v = 6"*! into (36) respectively, take T = 93“ in (37), and
multiply (60) by 2Are"+!. Then we add the resultant equalities to get

1
S BT — 16717 + Arlo 1P + (€712 — (")
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< AuDy e 00T — AL(ER 6)T) + anr@p ! onth

u’-u
+Ar(p ont — 1At (p

n+1 n+1
" 0

u’/L)

n+lAl ut n
= <g<u">,eﬁ+]>+mr}$“< e

VE W) VE, (u}) - VE @

n+1 A Lu”) D,o"t1 ntl A g(”Z) _ gu") e
+e t(\/ms tYy +e t \/EI(MZ) \/El(un)’ tuh

n
N (g(u) D n+1) o 2e"+1AlEf

;;El(un)s tlou

14
= Z 0;. (61)
im1

>— At(E!, 0t

Since Q;, 1 < i < 10 have been already appeared on the right-hand side of (40),
we only need to estimate the remaining terms Q;, 11 <i < 14 as follows.
Since by (42), (53) and the fact that || - ||_2 < || - || -1,

1 1 1
D6 2 < 1AW 2 4+ 11D -1 + 1E |-
tn+1

< lopth+ chfan ! / llur llmaxcz. ) dt
tn
t"“

+/ lugell—1dt,
tn

it follows that

1
Q11 < CAr(e"™)? + EAtHDteﬁ“n%z
tn+l

1
< CArE™ ) 4 S Arop P + Cn?r? / e dt
ln+]

+CA12/ ||utt||2,]dt.
l}

n

As a consequence of (49) and (59),

glup) g
VE ) JE ")
< CAt(E"™H2 + CAL)|021* + CAth* P2 |u" |7, .

Q12 < Ce" At

Then from Lemma 8, we have
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et

013 < CAr(e"H? + Ch2k+2/ ||ut||r2nax(2,k)dt’
[n
[n+1

014 < MA@+ CAP / e ()2 + lter (5912,
tn

Combing the estimates for Q;, 1 <i < 14, we have

1 1
E(IIQL’}“II — [l 1% )+ 16 Ar||0"+1|| + (@2 — (e")?
ln+1

2k+2 2 2k+2 1,2 1,2 2
< Ch*** / ||“t||max(2,1<)dt + CAth™* (”M”+ lier + flu"* lger + ””””kH)
t'

d

il

+CAL(6M1> + 160711 + (" TH) + AtZ/ IF ()1 + llug |12ds + CAL.

mn

Add the last inequality forn = 0, ..., N — 1, then by discrete Gronwall inequality
we have

16 llz00 2y + 10,1212y + lelime < CHE (el 2 max.pyy + Nl L2ge3)) + C AL,

from which we obtain the desired result by (21) and the triangle inequality. O

5 Error estimates for a second-order fully discrete scheme

A main advantage of the SAV approach (as well as the [EQ approach [22]) is that linear
second- or even higher-order energy stable schemes can be easily constructed. In this
section, we construct a finite element algorithm based on Crank—Nicolson scheme,
then analyze the corresponding error similarly as we did in the last section. First, we
state below the finite element approximations for the Crank—Nicolson SAV scheme to

the H~! gradient flow, given by: Find (u”"'],,uZJr]/2 ”+1) € [Via]?> x R such that

n+1/2

@™ —ull, v) = AtV T V), Yo eV, (62)

n+1 2

( n+1/2 7)) = (V n+1/2 V‘E)_’_)L(Mn+l/2 ) +

(g(ﬁZ), 7), VYVt eV,

(63)
== 2 Ellmb(g(ﬁﬁ), wy ™ — ), (64)
with
1
”Z+1/2 (un+1 ), r2+1/2 (r”“ +rp), U= 5(3142 — uZ_l). (65)

Note that for n fixed these equations employs three time levels rather than the two of
our previous methods. We therefore have to restrictits use ton > 1. With u2 given, we
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then also need to define u}l in some way, e.g. by employing one step of the backward

"+1/2 and r”“

Euler method. Just as in the first-order scheme, one can eliminate
from (62)—(65) to obtain a linear equation for u 41 gimilar to (11), so it can be solved
by using the Sherman—-Morrison—Woodbury formula (12) which only involves two
linear equations with constant coefficients of the form (14). At the following we shall
establish error estimates for the scheme (62)—(65) using a similar procedure.
Similarly as the backward Euler scheme, we can derive the unconditional stability

for the scheme (62)—(65).

Lemma12 Let (u”"H, ,uz+l/2 "H) be the solution of the the scheme (62)—(65), then
we have

N-1

A 1/2
Jmax = + —||wh|| + 07 Y AV R
sn= n=0
A 1
< §||u2||2 + 5||Vu2||2 + (). (66)
Proof Taking the inner product of (62) and (63) with ,u"+1/ 2 and u"“ uj respec-

tively, and multiplying (64) by r”Jrl + r, we derive the following discrete energy
law:

A 1
||u"+1|| + = ||W"“|| + (2 — §||uz||2—§||wz||2—(r2>2

+Ar||w”+‘/2||

from which (66) follows immediately. O

We shall first analyze the truncation errors due to the time discretization. Then
we will present error estimates for the finite element approximations of the Crank—
Nicolson SAV scheme with the help of the stability result (66) and the mathematical
induction on L® boundedness derived in Theorem 3.

Lemma 13 In addition to the assumptions in Lemma 8, we assume the following reg-
ularity holds:
wy € L0, T); HY,  wr € L0, T); L), (67)

Then the truncation errors due to the time discretization satisfy that

max [ Ep| + I1EpIh + |E}| < CAF. (68)
1<n<N

Proof First, like (28), || can be bounded by [[Vullpee(roe), llusll 21y and
lusiell 21y through direct calculation. Then similarly as Lemma 8, we define
V2 = (" H1/2) = (" + "1 /2) for any continuous function v. Note that
the exact solution (u, w, r) and " = %(3”" — u"~1) satisfy the equations

@ —u" v) = —Ar (V"2 Vo) + AL(E" v), (69)
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n+1/2

W2 1) = (Va2 V) 4 A 1) b — (g (@), T) + (BT, T),
VE @)
(70)
1 ~
P = —/ aM "t — uMdx + AtE", 71
where
|E| = |Du"™ — d,u" 12
1 12 it
N B " 2 d _ tn+1 2 d
AL ([n (s ) U () S+/tn+l/2(5 ) g (8)ds
tn+l
<car / rar . 9)1ds, (72)
tn
172
) = [ Dt — gtz - L W) bt
’ ! 2 Jo JE [un 12!
1 n+1/2 —n
1 / ARG N (I IS PPAVELIN
2 Ja \/El(unJrl/Z) VE, @™
tn+l
< C(llullLoe(roey, "ut”LOO(LZ)s ||”tt||Loo(L2))(Af/ [reee (s)|ds
[ﬂ
tn+1
+At/ /|um(x,s)|dsdx+At2), (73)
" Q
and by (15) we have
R n+1/2 =N
VL = ey S 8@
\/El(un+1/2) \/El(u )
E. (i — E n+1/2
< sup [rI(lg@™ )]s by = By @ )
t€l0,T] \/El(un+1/2)El(ﬁn)(El(ﬁn) + El(u"+1/2))
N llg " t1/%) — g(ﬁ")HS)
JE, @
< C(IIFllzoe, llusell oo sy Nullzoo o)) AL
O

Theorem 3 In addition to the same assumptions as Lemma 13, we assume that u; €
L2((0, T): H3). Let u, w,r and uyp, iy, rp be the solution of (3)—(5) and (62)—(64)
respectively. Taking (uz, r,(z)) = (Rpu®, VE1(u®)) and u}lZ by employing one step of

@ Springer



H. Chen et al.

the backward Euler method, then we have the following error estimates

I — unlljoo 2y + IV Q@ = un) o2y + IV = wn)llj2 g2y + 11 = ralie

< Chk (||M||L00(Hk+l) + ”M”Hl(Hmax(k—l,l)) + ||M||L2(Hk+3)) + CAtz
1/2

At
+CAt (/ ||Mtt(5)||2_1d5) ,
0

where the last term on the right-hand side is the error produced by the first step and
we denote

N—1 1/2
1/2
IV = )l g2y = (Z AV (2 — Y >||2)

n=1

Proof With p" bounded as above, we only need to consider 6”. Substracting (69)—(71)
from (62)—(64) gives that

(DO v) + (VOIH2 Vo) = (Dot v) — (B2, ), (74)
O o) = o Vo) =0 0 = (o o) = el )
n+1/2 i Tk N
T (e@y o (B 8D )
VE @) VE () JE @)

(75)

L[ gluy) L[ gluy) gu")
D n+1 _ h ,DQ:J’_I _ h ,D n+1
te 2 (VEl(ﬁZ) t ) 2 (\/El(b_‘z) \/El(zZ”) " )
1 g(ﬁZ) n+l ;o
—~ | —=—%=.Dipy " | — E] 76
) ( 1('22) 1P ) (76)

for all v, T € V;, where by (65)

Y2 = 2 Ryt i 2 Ry 12 it
— "2 _ Ry t12,
9;+1/2 — ulh’l+1/2 _ Rhun+1/2 _ %(Q;Jr] +0") + Ry <un+12—|— u” B Mn+1/2) .
_!
2
/2 — r;ll+1/2 _ntl/2 %(en+l ey + %(rn+1 Ty — P2

O 4+ 00 + w",

1
— E(en+1 +e”)+y".
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From (Y, r)) = (Ryu®, v/ E1(u9)), it implies

As for the backward Euler method, from (50) there exist positive constants /1, Aty
such that when & < hy and At < At we have ¢, < 1/h and

At
16112 4+ Atl|AR0L12 + ' < 1A + € Ath* + clAﬁ( / ||un<s)||2_1ds>.
0

(78)

Setting T = Ahe;}“, we derive from (75) that

At
- (AR = 1 AROM I + 120 O + ODI + AIVOLT 1> — A ver |
1 2
FAIV @ 0%
— Ar (—A(Vw”, VoI + (VO Vet — (Vort V2, werthy a2, ve;}*'))

n+1/2 V(i Vo (i
—At(e (VPhg(ﬁ"),veﬁ“)JrrZ“/z( 80 g’ ve”“))

JE @M JEGh  JE @ "

+AL ((VE" VOl 4 (VA ", Ve;}+1)> = M. (79)

w

Then we substitute v = OZH/z, 9,7—“/2 into (74)and T = D;@[,’H, 93+1/2 into (75)
respectively. Multiplying (76) with e"*! + ¢ and adding the resultant equalities with
(79), we get

1
SUBHIT = 1671 + At 2 + @) — (e")?

5
At
5 (18 P = 18w 1P + 180 O +ODIP) < D Mic (80)

i=1

with
A 172 £ 12
My = At (D 65712 = (E3L 03 4+ (Do 6 ) - (L 0iT)
+At (A(GL’,‘H/Z, 9ﬁ+1/2) + (pﬁﬂ/z’ gz+1/2) _ A(pgﬂ/{ 93+1/2) _ (EZ’ 03“/2)) ’
M = At(rpi "% = Gt Dw" = 2 D) — ALV, VD6

on
—Aty" (g(u)’Dte;Hl> +AZ(E",D;9,:H1),

VE @)
_rn+1 + g(ﬁZ) g(ﬁn) bl en+1 + e

My = 1 - Do)
4 2 (,/El(ﬁ;;) JE @ ) 2

8(122) _ g™) D;un+1 +Alr"+1/2 g(IZZ) _ g™) gn+1/2
VE,.Gh  JE,GM’ h VE.GhH  JEGH " ’

At -
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n+1/2

Ms = _en+1 + e Al g(ﬁZ) . Dtpn+]) _ (en+1 +€)l)AlEn + At (g(ﬁn)’QnJrl/Z).
2 ,/El(ﬁZ) " " ,/El(ﬁ”) "

At this moment, we invoke a mathematical induction on (41). Since from (19), (22),
(77) and (78) we have

luf — u"l[poe < 10" || Loe + U — Rpu"||pe < C(R* + Ar'/?), n=0,1,

itimplies that whenn = 0, 1 there exist positive constants h,, At such that (41) holds

provided & < hy and At < Aty. In the following, we present estimates of the finite

element solution by assuming that (41) holds for 0 < n < m, for some integer m > 1.

We shall see that if (41) holds for 0 < n < m, then it also holds forn = m + 1.
Now we analyze each term on the righthand side of (80). By (68) and (72),

il

M < Cit /tn et a1, 1yt 4 C A2 (V217 + e 207 )
t”+1

+CAt4/ lisee 12 + luee3de + CAr(67T1)2 4 16713) 4+ CAL
I3

n

At
SETA/ AT

where we have used the fact that

+1 2
||wn||§ — H Rh (w _ un+1/2)
s
n+1 n 2 it
B R V) PN i |2dt. (81)
2 s
s "

Since it follows from (74) that
DO = A0 2 4 p (D,p;”‘ - E;’)
together with (17), (25), (72) and (23) we can derive

1Dy =1 < VORI + 1D T It + I E 1
t)H»l

< Vert2) + chkan™ f Nl llmax (1k—1ydt
t)l
tn-H

+CAt/ llotgee || —1dt. (82)
t

Then by (24), (18), (81), (68) and (82) we have
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1/2 , .
Ms < CAr(lon IR + w13 + 1o 213 + aw™ 13 + " 1P + 1ERID)
At
+ 16 ID:6; 12,

S CAchk(”Mn+l/2”%+l + ||Mn+]/2”]%+1) + CAIS
l"+l

+cm4/ 2 + luy 13)de + X",
tll

where like (81) we have used that

rn+1 rn 2 tn+1
2 = 2+ — 2] < CAt3/ ridt, (83)
lVl
and denoted
At tn+|
X" L= — 92+1/2||% + Cth/ Mt“ﬁ]ax(l,kfl)dt
tn
trH»l
+CAt4f ||Mttt||2_1dt- (84)
tn
Now we estimate
gl g V(@ @) 1 ()

VE @) JE @) JEGOE, @)(E, @ + E, @)
V(i) — Vg(@")

VE @)

The two terms on the righthand side are bounded by

= B + B». (85)

IB11l < Cligllwreellit™ — il < CUGL + Nopll + 167+ o~ D, (86)
and

B2l < ClIVg(uy) — Vg@™)|
< Cli(gp) — g @ NVa"ll + 18" @IV o) | + IV I + 11V~
IV D < Cllpf e + 165 11+ llof ™" 1+ 165" 1) (87)

where we have used the fact that El[uz_l], Eq[u}] = Co > Oandg/(uz_l), g”(uz_l),
g'(u}}), g"(u}}) have a uniform upper bound by (15), (16) and (41). Therefore, we
combine (85), (86) and (87) to get
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Vg(uy,)  Vg(")

o <C e 10 + n—1 + 91171
JE@  JEG (o I+ 16 M =+ Moy e + 116, 1)

< CH*(lu™ kg1 + e Mlker) + CAGM + 1627 11).
(88)

Hence, together with (66) we derive that

2
g(uy) g@@")

JE@) B @)
< CAt((€"™)? + () + 162117 + 11627113
+CAth* (u" 17,y + ") + X"

My < CAt((e"TH2% + (¢")?) + C At + X"

Thanks to (66), (41), (73) and (83), we have

Ms < CAt((e"™)* + (e")?)

tn+| tn-H

+C (At4 / rf +rk)ds + Art / /Q up, dxds + At5>
tn l”

il

At
+ Ch* /t e eyt + E||9;1+1/2||%.
Then it implies from (18), (81), (66), (68) and (88) that

At —
My = T IE  car (10517 4+ 16 I+ 167 I + @)
tn+l

)+ Cart [T 02+ e

tVl
2k 1/22 1/22 2 —1,2
+ CAtRH (I Y23+ 200+ ™ + e i)

We combine the estimate for each term M;, 1 <i < 5 and (84) to get

1 At
S UEETIT = 671D + 1651 2IT + (" H? = (e)?
At
+ 7 (ARG = 1AW I + 148 @+ 6)112)

= Car (013 + 1617 + 16,711 + (@2 + ()?)
il

+Ch2kf 0t a1 -1y
tn
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2k 1722 2 —12 1/22
+CAth (Ilu"” 1701 + a7y + e 02+ Y ||k+1>
tn+l

+CAr / riv i+ a3 + lue|Pds + CAP.
tVL
By applying Gronwall’s inequality and using (78), we have
max (16511 + At Aoy 2 + @ F)?)
1<n<m

m
+ALY (16215 + A6 + 0D117)
n=1

At
< CiIAP + CiAth* + clmz(/ otz (s)||21ds> + CoAt?
0

2
+C2h?* ([lull g1 gmaxii—ny + Il 2y + Il 2 gie) (89)

where the underlined part is the error by the first step.
Hence, when h < hy and At < Aty and if At < h, from the inverse estimate (c.f.
[19, Lemma 6.4]) we have

16712 < Clog(1/M)|0" 112 < Ch= (W + AF%) < C(W** ! 4 Ar).

u

On the other hand, if At > h, then we have

h2k
lagey > < ¢ (E + At) < C(h*' + Ar).

Overall, together with (19) we have ”931+1 e < C(h*=1/2 4 Ar1/2), and so
T R A R e R )

where C is independent of m. Thus there exists positive constants 43, Afz such that
when & < h3 and At < Atz we have

™ — e < 1,

and this completes the mathematical induction on (41) in the case that 2 < h3 and
At < Atz. Thus (89) holds for m = N — 1 with the same constant Cy, C,, provided
h < h3 and At < Ats.

If h > h3 or At > Ats, from (66) we see that
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N—-1
n+1,2 n+1.2 n+1/2,2
0§£zn§azif(—1 (”0” T+ ) ) + A Z V6, |
n=0
At
< C3 < C3(A; 4+ h3™) (At4 +h* +C A (/ ||Mzt(5)||21d5>>
0

(90)

for some positive constant C3. From (89) and (90) we obtain for any Ar and #,

N—1
n+12 n+142 n+1/22
053153113/‘71(”9“ 7+ ") >+At EO Ve, ™/~
n=

At
< (C1+ Co + C3(A;* + h3)) <At4 +h* 4 Aﬂ(/ ||u,t(s)||21ds))
0

from which we obtain the desired result by (21) and the triangle inequality. O

Thanks to the fact that (66) and (41) also hold for this second order scheme, fol-
lowing a similar procedure as in the proof of (59) and Theorem 2, we can also get the
following optimal error estimates in L2 norm for the finite element approximation.

Theorem 4 Under the same assumptions as in Theorem 3, we have

lu = unlljoor2y + e = mnlljz 2y + 1 = rulice

< CR*H (ull g gmasceary + Nl 2 gessy + Nl oo ity )
At 12
+CA* + CAt (/ ||u,t(s)||2_1ds>
0

For other second-order SAV schemes, such as the one based on BDF2 method, one
can derive similar error estimates as we did in this section.

6 Numerical experiments

In this section, we present several numerical experiments to validate our theoretical
estimates. Since the time discretization errors of the SAV approach have been examined
previously in [15], we shall concentrate on the spacial discretization errors.

We consider the Eq. (1) with boundary condition (2). First, we choose Q =
(0, 27r) x (0, 27) and take the initial condition to be

up(x, y) = 0.05cosx cos y. ©n
Since the exact solution is unknown, we take the numerical solution computed by the
cubic elements on the finest grid 128 x 128 as the reference.

First, we consider the first-order scheme (6)—(8), and use Lagrange elements of
degree r for both u and 1. Then we compute the example by taking Ar = 1074, T = 1,
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Table 1 Compute with P! on square by backward Euler method at final time (h = 3.93E—01)

Mesh size Nl — up | Rate IV — up)l| Rate
h 4.90E—03 1.95 4.33E—-02 0.97
h/2 1.24E—03 1.98 2.18E—02 0.99
h/4 3,12E—-04 1.99 1.09E—02 1.00
h/8 7.78E—05 2.00 5.45E—03 1.00
Table2 Compute with P2 on square by backward Euler method at final time (h = 3.93EF — 01)

Mesh size Nl — up || Rate IV — up)l| Rate
h 1.56E—04 2.75 3.42E—-03 1.97
h/2 2.09E—05 2.90 8.46E—04 2.01
h/4 2.68E—06 2.96 2.11E—-04 2.01
h/8 3.37E—07 2.99 5.27E—05 2.00
Table 3 Compute with P! on square by C-N method at final time (h = 3.93E — 01)

Mesh size Nl — up || Rate IV — up)l| Rate
h 4.96E—03 1.95 4.33E-02 0.96
h/2 1.25E—03 1.99 2.18E—02 0.99
h/4 3.14E—-04 1.99 1.09E—02 1.00
h/8 7.91E-05 1.99 5.47E—03 1.00
Table4 Compute with P2on square by C-N method at final time (h = 3.93E — 01)

Mesh size Nl — up | Rate IV — up)l| Rate
h 1.56E—04 2.75 3.42E—-03 1.97
h/2 2.09E—05 2.90 8.47E—04 2.01
h/4 2.68E—06 2.96 2.11E—-04 2.01
h/8 3.37E—07 2.99 5.27E—05 2.00

where the error due to the time discretization should be much smaller than the one due
to the spatial discretization since the time step is small enough. Tables 1 and 2 show
the computation results for r = 1 and r = 2 respectively, from which we can find that
the convergence rate in each norm is as predicted by the theory.

Next, we compute the same example by the SAV method based on Crank—Nicolson
scheme, that is (62)—(65). Here we take At = 1074, 7 = 1 and compute with u,
discretized by P! (or P?) Lagrange element spaces. The corresponding numerical
results are shown in Tables 3 and 4 respectively, which also show the convergence
rate in each norm is just as predicted by the theory. Again, we observe the predicted

convergence rates.

@ Springer



H. Chen et al.

References

10.

11.

12.

13.

14.

16.

17.

18.

19.

20.

21.

22.

. Allen, S.M., Cahn, J.W.: A microscopic theory for antiphase boundary motion and its application to

antiphase domain coarsening. Acta Metall. 27(6), 1085-1095 (1979)

. Baskaran, A., Lowengrub, J.S., Wang, C., Wise, S.M.: Convergence analysis of a second order convex

splitting scheme for the modified phase field crystal equation. STAM J. Numer. Anal. 51(5), 2851-2873
(2013)

. Brenner, S., Scott, R.: The Mathematical Theory of Finite Element Methods. Texts in Applied Math-

ematics, 3rd edn. Springer, New York (2010)

. Cahn, J.W., Hilliard, J.E.: Free energy of a nonuniform system. I: interfacial free energy. J. Chem.

Phys. 28, 258 (1958)

. Ciarlet, P.G.: The Finite Element Method for Elliptic Problems, Studies in Mathematics and its Appli-

cations, vol. 4. North-Holland Publishing Co., Amsterdam (1978)

. Condette, N., Melcher, C., Siili, E.: Spectral approximation of patternforming nonlinear evolution

equations with double-well potentials of quadratic growth. Math. Comput. 80(273), 205-223 (2011)

. Du, Q., Nicolaides, R.A.: Numerical analysis of a continuum model of phase transition. SIAM J.

Numer. Anal. 28(5), 1310-1322 (1991)

. Elliott, C.M., Stuart, A.M.: The global dynamics of discrete semilinear parabolic equations. SIAM J.

Numer. Anal. 30(6), 1622-1663 (1993)

. Feng, X.,He, Y., Liu, C.: Analysis of finite element approximations of a phase field model for two-phase

fluids. Math. Comput. 76, 539-571 (2007)

Feng, X., Prohl, A.: Error analysis of a mixed finite element method for the Cahn—Hilliard equation.
Numerische Mathematik 99(1), 47-84 (2004)

Kay, D., Styles, V., Siili, E.: Discontinuous galerkin finite element approximation of the Cahn—Hilliard
equation with convection. SIAM J. Numer. Anal. 47(4), 2660-2685 (2009)

Kessler, D., Nochetto, R.H., Schmidt, A.: A posteriori error control for the Allen—Cahn problem:
circumventing Gronwall’s inequality. ESAIM: Math. Modell. Numer. Anal. 38(1), 129-142 (2004)
Liu, Y., Chen, W., Wang, C., Wise, S.M.: Error analysis of a mixed finite element method for a Cahn—
Hilliard-Hele—Shaw system. Numer. Math. 135(3), 679-709 (2017)

Quarteroni, A., Valli, A.: Numerical Approximation of Partial Differential Equations. Springer, Berlin
(2008)

. Shen, J., Xu, J.: Convergence and error analysis for the scalar auxiliary variable (SAV) schemes to

gradient flows. SIAM J. Numer. Anal. 56(5), 2895-2912 (2018)

Shen, J., Jie, X., Yang, J.: The scalar auxiliary variable (SAV) approach for gradient flows. J. Comput.
Phys. 353, 407416 (2018)

Shen, J., Jie, X., Yang, J.: A new class of efficient and robust energy stable schemes for gradient flows.
SIAM Rev. 61, 474-506 (2019)

Temam, R.: Infinite-Dimensional Dynamical Systems in Mechanics and Physics, 2nd edn. Springer,
Berlin (1997)

Thomée, V.: Galerkin Finite Element Methods for Parabolic Problems. Springer Series in Computa-
tional Mathematics, vol. 25, 2nd edn. Springer, Berlin (2006)

Yang, X.: Linear, first and second-order, unconditionally energy stable numerical schemes for the phase
field model of homopolymer blends. J. Comput. Phys. 327, 294-316 (2016)

Yang, X., Ju, L.: Linear and unconditionally energy stable schemes for the binary fluid-surfactant phase
field model. Comput. Methods Appl. Mech. Eng. 318, 1005-1029 (2017)

Yang, X.,Zhao, J., Wang, Q., Shen, J.: Numerical approximations for a three components Cahn—Hilliard
phase-field model based on the invariant energy quadratization method. Math. Models Methods Appl.
Sci. 27(11), 1993-2030 (2017)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Optimal error estimates for the scalar auxiliary variable finite-element schemes for gradient flows
	Abstract
	1 Introduction
	2 Fully discrete FEM SAV scheme and its stability
	3 Well-posedness and properties
	4 Error estimates for the first-order fully discrete scheme
	4.1 A first error estimate
	4.2 An improved L2-error estimate

	5 Error estimates for a second-order fully discrete scheme
	6 Numerical experiments
	References




