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ARTICLE INFO ABSTRACT

MSC: We develop in this paper a new regularized flow dynamic approach to construct efficient numerical
65M06 schemes for Wasserstein gradient flows in Lagrangian coordinates. Instead of approximating the
65M12

Wasserstein distance which needs to solve constrained minimization problems, we reformulate the

22}:?2 problem using the Benamou-Brenier’s flow dynamic approach, leading to algorithms which only

need to solve unconstrained minimization problem in L? distance. Our schemes automatically
Keywords: inherit some essential properties of Wasserstein gradient systems such as positivity-preserving,
Wasserstein gradient flow mass conservative and energy dissipation. We present ample numerical simulations of Porous-
Energetic variational approach Medium equations, Keller-Segel equations and Aggregation equations to validate the accuracy and
Lagrangian coordinates stability of the proposed schemes. Compared to numerical schemes in Eulerian coordinates, our
Structure preservation new schemes can capture sharp interfaces for various Wasserstein gradient flows using relatively

smaller number of unknowns.

1. Introduction

Equations that are gradient flows in the Wasserstein metric arise in many physical and biological applications, including Porous-
Medium equations [2,43], Poisson-Nernst-Planck equations [20,21] and Keller-Segel equations [24,26,47]. In this paper, we consider
numerical approximation of Wasserstein gradient flows which take the following form [1]:

o,p=—V-(pv), v=-V—, (1.1)

with the initial value p(x,0) = py(x) > 0, where p(x, ) is the particle density on the domain Q C R (d > 1), and v is the velocity field
of the transport equation, and the energy functional is given by [14]

E(p)= / F(p)dx = / U (p(x))+V(x)p(x)dx+% / W (x = y)p(x)p(y)dxdy, (1.2)
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where F(p) is the energy density, U(p) is the internal energy which can be taken as U,,(s) = slogs for m=1 and U,,(s) = ,:_:"1 for
m> 1, V(x) is a drift potential and W (x,y) = W (y, x) is an interaction potential, see also [5,13]. Solutions of the Wasserstein gradient
flows possess three essential properties: positivity-preserving; mass conservation; and the energy dissipation in the sense that

LB =- / plvfdx. (1.3)
Q
In recent years, considerable attention has been devoted to constructing structure-preserving schemes of various Wasserstein
gradient flows (1.1), e.g., Porous-Medium equation [19,29,36,37,48], Fokker-Planck equation [18,25,32,34,40], Keller-Segel equation
[16,23,35,41,44], drift diffusion and aggregation equation [9]. Specially, numerical methods based on the approximation for the
Wasserstein metric have attracted much more attention, see [5,8-10,28]. For example, the celebrated Jordan-Kinderlehrer-Otto (JKO)
scheme [25] is proposed to solve Fokker-Planck equation in [25]. The scheme preserves essential properties of the Wasserstein gradient
flows, but a key difficulty of its numerical implementation is to approximate the Wasserstein metric efficiently. Benamou and Brenier
discovered [4] that the Wasserstein metric can be rewritten into the Brenier formulae [4].
In the present work, we will adopt Benamou-Brenier’s dynamic formulation for the Wasserstein metric [4]. In particular, given
two measures p, and p;, their Wasserstein distance can be obtained by solving

. 1 L
Wa(pg, p1) =inf,, { fi Jq lv(x. D2 p(x, dxdr} 2,
s.t. d,p+ V- (pv)=0, 1.4)
(pv)-n=0 on 9QXx[0,11, p(0,x)=py, p(1,x)=p,

where n is the outer unit normal on the boundary of the domain Q. Denote m = pv, then the original JKO scheme, proposed by
Jordan, Kinderlehrer and Otto [25], can be reformulated into the following equivalent form [9,28]: given ok, solve pk*1 = p(1,x) as

(p.m) = arginf ,,, 5= Ji oy Glp,mydxdr + E(p(1,x)),
s.t. 0,p+V-(pv)=0, (1.5)
(pv)-n=0 on 9Qx[0,1], p(0,x)=p,

where G(p, m) is defined by

m2

- if p>0,
G(p,m)=10, if (p,m) =(0,0),
+00, otherwise.

Various numerical methods [6,7,9,10,27,33] are proposed based on the dynamic formulation (1.5). But they usually require solving,
at each time step, a constrained minimization problem which can be difficult and costly. We adopt in this paper the flow dynamic
approach to develop a new class of numerical schemes in Lagrangian coordinates which only need to solve an unconstrained min-
imization problem at each time step. The relationship between the strong formula and variational formula is shown in Fig. 1. The
strong formula is obtained directly by discretizing the flow map equation, while the variational formula is derived by combining
the JKO scheme and the flow map. It is noteworthy that the two forms are equivalent. This flow dynamic approach also enjoys the
following advantages:

- It allows us to construct positivity-preserving schemes for Wasserstein gradient systems with positive solutions, and the schemes
can also conserve mass in both semi-discrete and fully-discrete cases.

+ Since the schemes are derived from an energetic variational approach, they are energy dissipative for Wasserstein gradient flows.

 The flow dynamic approach, behaving like a moving mesh method, can automatically capture the trajectory of movement in
Lagrangian coordinates, and as a consequence, requires fewer spatial points than an Eulerian approach to capture the interface
movements or solutions with large gradients.

We present several numerical results to validate the proposed approach. In particular, for Porous-Medium equations, our numerical
schemes can accurately capture the sharp interface, and obtain the correct finite propagation speed and waiting time; and for the
Keller-Segel equations, they allow us to simulate the phenomenon of blow-up.

The rest of the paper is organized as follows. In Section 2, the semi-discrete numerical scheme is proposed for the Wasserstein
gradient flow (1.1). In Section 3, fully discrete numerical schemes for the Wasserstein gradient flow (1.1) in 1D and 2D are constructed
and analyzed, respectively. Numerical experiments in 1D and 2D are carried out in Section 4 to validate the theoretical results.

2. Regularized flow dynamic approach

As our objective is to develop numerical methods for Wasserstein gradient flows based on flow dynamic approach, we will first
introduce this approach [17,29,45] and then apply it to Wasserstein gradient flows in the semi-discrete case.
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(A. Wasserstein gradient ﬂow\ B. Numerical scheme
Numerical schemes in Direct discrete scheme:
e+ Y (pv) =0, Eulerian Coordinate pntl — pn s
SE —+ V- (") =0,
v=-V—. — 6t )
20 J ol — (Vs_E)" )
. Sp
Regularized
flow map u JKO scheme:

T p"* = arg min W (o™, p) + 26t E (p),
C. Flow map: = =v 2

i 1
= 2 1
p(X,0) 5 — elyx + p(X, 0)V, & = 0, or Wa(po, p1) = infy »{ fo fﬂ [w(x O p(x, )dxdt}2,
dx dx SE _ (SN dep+ V- (pv) =0,
p(X,0) 37 — by + (X, 0)V, = = 0. &v) -m = 0,0n Q% [0,1], p(0, %) = pgy, p(1,x) = M
Numerical
scheme / D. Strong formula

xk+1 _yk [ p(X,0)
pX,0)——~ eAyxk ! + p(X, 0)V,F (£os) =0,
de ax
k+1 _ _PX0) Numeri({al schem§ in
=T oAkl Lagrangian coordinate

det

X

g

E. Variational formula

A 1 2
xkt1 = arg infze fﬂg p(X,0)|x — x*|" dx +§ fngwxx]z dX + E(x),

k+1 _ _P(X.0)
= axk+1*
det -

p

Fig. 1. Relationship between the strong formula and the variational formula for Wasserstein gradient flows. (For interpretation of the colors in the figure(s), the reader
is referred to the web version of this article.)

o) Ot

2 (X, t)

Fig. 2. A schematic illustration of a flow map x(X,?) at a fixed time #: x(X,7) maps Q(’)‘ to QF. X is the Lagrangian coordinate while x is the Eulerian coordinate, and
F(X,H= % represents the deformation associated with the flow map.

Given an initial position or a reference configuration X, and a velocity field v, define the flow map x(X,) [17,18] as follows:

w =v(x(X,1),1), 2.1)
x(X,0) =X, (2.2)

where x is the Eulerian coordinate and X is the Lagrangian coordinate, g—; represents the deformation associated with the flow map,
see Fig. 2. We assume that v is the velocity such that

0p+V - (pv)=0. 2.3)

Then the transport equation (2.3) and the flow map (2.1)-(2.2) determine the following kinematic relationship between the
Eulerian and Lagrangian coordinates:
(X,0)
P 5 = P(x.0). 2.4
detﬁ

According to the Energetic Variational Approach [21,30,31,38,39,42], from the energy dissipative law (1.3) of Wasserstein gra-
dient flows, we can use the least action principle and the maximum dissipation law to derive the conservative and dissipative forces,
respectively [17-19,29-31,45,46]:

1 2
SE SE &5 Joplvl*dx
Fconservative == ox = —pVx g, Fdissipative = T =pv,

and then apply the force balance law to obtain the following constitutive relation:
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Fconservative == g =pv= Fdissipative' (2.5)
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Combining (2.5) with Wasserstein gradient system (1.1), we derive the following equivalent formulation:

dx _ S6E _ v SE

A 2.6
EPG T o PGy (20
which can be written in Lagrangian coordinates as
dx 6E
X,0)— + p(X,0)V,— =0. 2.7
X0+ p(X, OV, — p @7

Notice that equation (2.7) is a fully nonlinear equation with respect to x in Lagrangian coordinate. By adding an extra regularizing
term into (2.7), we obtain

dx OFE
p(X, 0)5 —eAxx + p(X,0)V, % =0, (2.8)

where € <« 1 is a non-negative regularization parameter.

Notice that F(X,?) = XX represents the deformation associated with the flow map, the term ¢Axx can be interpreted as a
viscous term to smooth the computational meshes from a geometric perspective. Taking the inner product of (2.8) with x,, we obtain
the following energy dissipative law:

d ~
G E0=- / p(X, 0)|—|2dx (2.9)
of
where E is defined by E(t) = E(t) + 5 Jox IV xx|?dX.
0

Another regularized approach is

dx dx
X.,0 —eAy— X.,0)V, =0, 2.10
( )— a €Ay a + p( ) p ( )
which satisfies the following energy dissipative law:
iE(z):—/p(X 0)|—|2dX / d—x|2dX§0. (2.11)
dt X4t
of

This regularized approach can be used to construct second-order Lagrangian schemes for wasserstein gradient flow (1.1) where the
regularization term is eA X X in (2.10) with 0 <e < 1.

Remark 2.1. For both regularized approaches proposed above, the regularized terms in the force balance equations (2.8) and (2.10)
can be regarded as adding a small extra force into the original force balance equations

F,

conservative — Fa’issipariue

=¢cF,

extra force>

(2.12)

where the extra force can be frictional force or viscous force. Actually, the extra energy dissipative term in (2.11) fgx elvV X de

will be converted into heat due to the work done by frictional force.
2.1. Numerical schemes based on the FDM approach

We observed from (2.9) that the flow map x also satisfies a gradient flow structure in Lagrangian coordinate. A benefit of the
gradient flow structure is that one can construct numerical schemes to inherit the energy dissipation of the gradient flows. In contrast
to the classic JKO scheme [25], we shall construct numerical schemes based on FDM approach which do not involve the calculation
of the Wasserstein metric, but only of a L? distance which is much easier to obtain.

2.1.1. First-order scheme
Given 6t > 0, t* = két for k=0, 1, —r, let x* denote the numerical approximation to x(-,#¥). Then, a first-order scheme in a

variational form to the solution of (2.8) at #**! can be obtained by

Xk — =arginf, — 61 /9(})( 2(X,0)|x — x*|2dX + % /Qox |Vxx|2dX+ E(x),
k+1 _ _p(X.0) (2.13)
P = AT
det

X

Motivated from the minimization problem (2.13), a first-order semi-discrete scheme for (1.1) based on (2.8) with ¢ = 6¢ and (2.13)
is:
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xk+1 _xk P , p(X,O)
(X, O)T —0tAxx " + p(X,0)V, F = 0, (2.149)
X
X,0
gt = 2XD 2.15)
det 22~
oX

with the Dirichlet boundary condition x**!|,o = X150, and QF = QX.
We will show that the numerical scheme (2.14)-(2.15) in Lagrangian coordinate achieves a first-order accuracy to (1.1) in Eulerian
coordinate:

Proposition 2.1. The solution p**! to numerical scheme (2.14)-(2.15) is a first-order approximation to the exact solution of Wasserstein
gradient flow (1.1) at t*+1,

Proof. Firstly, we shall calculate the variational derivative of the energy E:

o= [ F <_ﬂ<X;g>> PO o 02 05 (MX;S)) 22
det (detg_;) det

@
X X X
:/ax F’(—”( ;S)>—”( ’O)zdetg—;—F<p( ;i”) 5xdX
QOX deta—x (det:—;) deta—x
X X X
2/0X<F,<p( ;S)>p( ;S)—F<p( £>>>5de
Q(})( detﬁ detﬁ detﬁ
=/dx (F' (p)p—F(p))ﬁxdx:/pdxF’(p)éxdx. (2.16)
o af

We can then derive from (2.16) the variational derivatives of E in Eulerian coordinates and Lagrangian coordinates, respectively:

oF

S PO F'(p), (2.17)
oy F' <p<X}O> >
X X X det 5%
SE P p(X,0) \ p(X,0) _F p(X,0) =p(X,O)¢. (2.18)
ox det 2% det 2 det 2 det 2%
X X X X

From (2.18), we observe that the last term in (2.14) is exactly the variational derivative of E(%) with respective to x in
et 9%

Lagrangian coordinates. Then the equation (2.14) can be obtained by taking the variational derivative of (2.13) with respect to x,
which also show that the minimizer (x**!, p¥*1) of the variational problem (2.13) is the solution of (2.14)-(2.15). Assuming that
p(X,0) # 0 and rewriting the equation (2.14) into the following equivalent form:

k+1 _ ok X.,0
u=LAxxk+l_vxF/ X0 (2.19)
6t p(X,0) det 22!
0X
. L kly _ dx(X 5t . .
Notice the definition of flow map v(X,t**") = — > Wecan easily derive from (2.19) that

vV =V F'(p(x* ) + 061 = —Vx(‘;—E)"“ + O(61).
P

Then we conclude that the numerical scheme (2.14) achieves a first-order accuracy in time for the Wasserstein gradient flow (1.1). []

Remark 2.2. It is worth mentioning that there are several choices to add the regularization term in scheme (2.13), such as
fgx 5tp(X,0)|V Xxlde and fgx [V x(x— x¥)]2dX, which can also be proved to be a first-order approximation to the Wasserstein
0 0

gradient flow (1.1).

Remark 2.3. We can solve the nonlinear scheme (2.14)—(2.15) by using the damped Newton’s iteration. Denote the linear and
nonlinear operators by
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k+1y . PXL0) g K1 k+ly . /| P(X,0)
LeH) = B2 gyt NG = p(XL OV | S
X

and b(x¥) := %xk, then the scheme (2.14) can be reformulated as a nonlinear system

L + N = b(xh),
which can be solved iteratively by finding x*+1"+1  such that

. b xk iy xk+1,n __N' xk+l,n

L] kel s with §x = (x*) — £( )~ N( )’
C’(xk+1~") + _/\/'/(xk+l,n)

where 0 < a <1 is a damping coefficient. For Keller-Segel equations, Porous medium equations and Aggregation diffusion equations,

we can obtain good accuracy and convergence rates by using the standard Newton’s iteration with « = 1. Then, we just set the damped

coefficient @ = 1 to compute numerical solutions in the numerical experiments presented in Section 4.

2.1.2. Second-order scheme
In analogy to the first-order scheme (2.14)-(2.15), we can construct a second-order scheme for (1.1) based on a Crank-Nicolson
discretization of (2.10) with e = §7%;

1

xk1 = arginf o fﬂé‘ P(X,0)|x — x¥|2 4 612(|V x (x — x5)|HdX
1o X0 1 SE K
+2E<del§_;>+2fgoxx(5x) dX, (2.20)
k+1 _ _p(X.0)
P = Tk
det X

Next, we show that the above unconstrained minimization problem is equivalent to a Crank-Nicolson discretization.

Theorem 2.4. For any k > 0, the minimizer of the variational problem (2.20) is the solution of the following second-order Crank-Nicolson
scheme: given (x*, p(X,0)), solve (x**1, pk*+1) from

xk+1 _ xk 1 p(X, 0)
p(X,O)T —5t(Axx*t — Agxb) + Ep(X,O)VxF’ e
t X
X,0
+%p(X,O)VxF' a axk) =0, 2.21)
etﬁ
X
S = p(a,g)] ’ (2.22)
X!
det X

with the Dirichlet boundary condition x**!|,q = X |q-

Proof. The equation (2.21) can be obtained by taking the variational derivative of (2.20) with respect to x, then the minimizer
(xk+1, pk“) of the minimization problem (2.20) is the solution of (2.21) with (2.15). The equation (2.21) can be rewritten into

k+1 _ yk X,0 X,O
X = x* (;IO)(AXka—AXxk)'F%VxF/ p(0k+)| +%VXF/ o( ‘)k) =0,
p(X, x x
det X det X
which is equivalent to
K+l _ ! K+l 2N OF i+l 2
VI ==V, F(p(x""2))+0(t") ==V, (=) 2 + 0(61°),

5p

1
where the fact that the term %Vx F'(p(x%)) + %Vx F’(p(x**1)) is a second-order approximation to V, F’(p(xk+i )) has been utilized.
Then the numerical scheme (2.21) is a second-order time discretization for the Wasserstein gradient flow (1.1). []

Similarly as in the last subsection, we can also show that ,o"’rl obtained from (2.20) is a second-order approximation to the solution
p(x,1) at t =t*+1,

Proposition 2.2. The solution p"+l to numerical scheme (2.21)-(2.22) is a second-order approximation to the exact solution of Wasserstein
gradient flow (1.1) at t*+1,

The proof is analogous to that of Proposition 2.1 so we omit it for the sake of brevity.
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Remark 2.5. Similarly as (2.14), the nonlinear scheme (2.21) can also be reformulated as a nonlinear system
Ly 4+ %N(xk“) =Lk - %N(x"),
which can be solved by finding x**1"*+1 such that

Lk — xkrlny — SN (k) = JN (kL)

xk+1,n+1 xk+1,n
Ixk+1ny 4 L AST (s k+1n
L'(x )+ ZN (x )

+adx, with dx=

>

where 0 < a <1 is a damping coefficient.

Remark 2.6. From energy stability we can only derive that the norm ||V xx**!|| is bounded. For both first-order and second-order
Lagrangian schemes proposed above based on the regularized flow dynamic approach, we shall make very refined error analysis to
clarify that the regularized terms should be 6tA y x**1 = O(5¢) and t(A y x**! — Ay x¥) = O(6¢?) in which the bound of || A yx**+1||
is needed.

2.2. Properties of numerical schemes based on FDM approach

Now we show that our numerical schemes based on the FDM approach inherit essential properties of the Wasserstein gradient
flows. More precisely, we have

Theorem 2.7. For any 0 < k < é, assume initial value p(X,0) > 0 and consider the internal energy to be the form of U(s) = slogs in
(2.13), then the solution pF+!(x) of numerical scheme (2.14)-(2.15) satisfies the following properties:

« The numerical solution p**! > 0 is also positive.
» The scheme (2.14)-(2.15) is mass conservative in the sense that

/ Pl (x)dx = / p(X,0)dX. (2.23)
Qf Q(?](

« It is unconditionally energy stable in the sense that

E(xk+l)+%/|VXxk+1|2dX5E(xk)+%/|VXxk|2dX. (2.24)

X X
QU Q0

Proof. Since we choose the internal energy U(s) to be the form of slogs and x**! is the minimizer of variational problem (2.13),

then -2 (;X; ’,?31 should stay in the domain of the logarithmic function which implies p¥+! > 0.
X

Using the equality (2.15), we derive

k+1
/ P(X.0) dx=/ pX.0) 40 0% dX=/p(X,0)dX,

dxk+1 dxk+1 0X
det X det X

QF X X
4 @ @

k+1
where the equality det oxt dX = dx has been used. Then the scheme (2.14)-(2.15) is mass conservative.
From the minimization problem (2.13), we obtain that

E(xk+1)+%/|Vxx"+1|2dX§E(xk)+%/|VXxk|2dX,
oy o

the energy stability property is arrived. []

Remark 2.8. If the regularization term in (2.13) is taken as f,x |V x(x — x¥)|2d X, the energy dissipation E(x**!) < E(x*) for any
0

0<k< % can also be derived.

Remark 2.9. Similarly to the first-order scheme (2.14)-(2.15), we can show that the second-order Crank-Nicolson scheme (2.21) is
mass conservative and its numerical solution p¥*! is also positivity-preserving if the internal energy is chosen as a logarithm type
function. But we are unable to prove that the Crank-Nicolson scheme (2.21) is energy dissipative.
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3. Fully discretizations based on FDM approach

In this section, we provide more details about the spatial discretizations and propose full discrete schemes for the Wasserstein
gradient flows (1.1) based on the FDM approach. To better explain our approach, we first consider the discretization in one dimension,
then we generalize our FDM approach to two-dimensional case. More specifically, we show that our fully discrete schemes are also
positivity-preserving, mass conservative and energy dissipative.

3.1. Numerical scheme in 1D

In this subsection, we develop an implicit finite difference scheme for the Wasserstein gradient flows (1.1). For convenience, we
define some notations, let Qé‘ =[-L,L] and Qg =[—L, L] be the computational domain in Lagrangian and Eulerian coordinate and
choose the spatial grids: —L = X < X| < -+ < X = L. We define

x;(t) = x(X, 1), 0<j<N,0<k<

TN %[~

pi(t) = p(x;, 1), 0<j<N,0<k<

where X; = X +joX, 6X =X, — X;.
For the following finite dimensional minimization problem, we define the admissible set .S,; :={x : x 1> X forj=0,1,---,N—
1, and x5 = X, xy =Xy}t

N-1

N-1 x. . —x.
S I ko2 € A i
X :=arginf X ,0)x. 1 — 60X + = 60X
8xeSu 57 25t Z o +3 )|x1+% xj+%| 2 Eol 56X !
+Eh(x),
pX,,1.0) G
K+l
P -=7,
5X
where x = (xg, X[, ..., XNy_1.XN)s X1 i= %(xjﬂ + x;), and the discrete energy is defined by
2
N-1 (X, 1,0)
jts Xiy] — X
Ep(x) := ZF X,fo, ! e 15X, (3.2)

j=0 5X

Lemma 3.1. The minimizer of the variational problem (3.1) is the solution of the following numerical scheme with e = 6t: given (x*, p(X,0)),
we solve (xk“,pk“)from

p(X L 0)(xk+1 - x* l)(sx+lp(x, L OG —xkF s x
+3 J+s 26t 2 j=3 i3
xk+1 _2x1;+1 +x k+1

i SFE
— 5t Jj+l Jj= 15X+ _h(xk+l)=0’ (3.3)
6X)? 5%,
P(XH%,O)
P]le o j=0,1--,N—-1, 3.4
Jts X
X

with the initial and boundary conditions

x0=(Xg, Xy, Xy) and xft =X, o =Xy (3.5)

The last term %(xk“) in (3.3) is defined as follows:
j

X. ,0 X, 1,0)6X yk+l _ k1 X. 1.0
SEp 14 ’ o % )|~ f+% ) X1 7% o J_% )
5—(x )=F kI k] K+l _ k+1y2 5X 0X—F xkHT_ kel
Xj W EE ) (xj+1 -x;) I
oX oX
pPX,_1,0) | p(X,_1,006X xktl _ yk+l p(X,_1,0)
- F 2 . ! Ilsx 4+ F| — 2
PR k+1)2 5X xlHl_yk+
J N T A
6X 86X
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=F'

X.. 1,0 X.. 1,0 X. 1,0
o( j+h ) | A( j+h ) p(X;_1,0)
K+l K+l e+l K+l k+1_ K+l
Y X1 N 1Y
5X 5X 5X
p(X;_1,0) 1 p(X;_1,0) p(X._1,0)
’ /73 2 +F J73
STV TSI RS R Tkl
J j=1 J j=1 Jj J=1
5X X 5X
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Numerical scheme (3.3)-(3.4) can be applied to various Wasserstein gradient flows, for example:

« For the linear Fokker-Planck equation with one-well energy potential:

N-1 p(X .  1,0) 2
L Jt3 |xj+1+xj|
By := D) 8Xp(X,,1.0)log| ——— 3
Jj=0 5X
then we have
Eh(xk+1)=5x P(XH%,O) B p(X; -1 0)
] k+1 _ _k+1 Tkl _ k]
83 Xjr1 =% i T
+ g (X 0)(xk+l +xk+1)+ (X 0)(xk+l +xk+l)
7 \ PO AL

« For the porous medium equation:

Ey(x) =

we obtain

SE,

k+1
5 )

J

N-1

1 -
g 2 X)X 100k =X)L m> 1,
j=0

PO 10)
=(EX)" -
(xjci-ll _ xjf+1)m (xjf+l k+l)m

(3.6)

3.7)

(3.8)

(3.9

+ For the aggregation equation with the interaction potential W (x), we consider the discrete energy as follows by treating x implicit

and y explicit:

x+l
xk+ el
)= Z 8Xp(X,,1.0) Z P | WO =y, (3.10)
2
i
it can be calculated that
k
N—1 i+l
ok, 1
k+1 k 1, k+1
— (M) =X p(X ,1,0) ) p SW]GH = ydy
k+1 j+35’ i+ Xl
5"/ 3 =i / 2 J+3
X
k
N— Xigl
1
+5Xp(X,_1.0 2 " / W] (x** —y)dy. (3.11)
2 +3 Jj=
Xi
The Hessian matrix can be calculated by
[ 52E, 82E, )
k+1 k+1 ¢ k+1
S(xkt1y2 6x1+ 6x2+
52Ep, 52Ep, 52Ey,
6x12c+léxllc+l 6(xk+l)2 5x k+|5 k+l
5% E, 52E,, 52Ey,
V2Eh — 6%‘“5/2‘“ 5(x §+l)2 6x’3‘+'6xf4‘+'
52E), 52Ey, 52E),
k+1 k+1 k+1 \2 k+1 k+1
6x' 5 N_3 5(XN—2) ‘SXN—Z(SXN—I
52Ey, 52E),
k+1 k+1 k+1 2
| SxkHl xkil s
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The discrete energy is strictly convex if the Hessian matrix V2E,, is positive definite. For instance, when choosing W (x) =

% —In|x|, we can find that the discrete energy E, (x**1) is convex since W' (x) =1+ XLZ > 0. However, for the Keller-Segel
equation with U(p) = plogp and W (x) = ﬁ In | x|, we consider the discrete energy

N-1 PX 10| oy N
k+1y _
Ey(x*) = 3 8Xp(X,, 1 O)log| ———r Z
i=0 Xigr i i=0
X
N-
Z %( k*; ,H)lnuxk“ X D= ( f:%‘ —xk>1n<|xk+2' —x"|)> (3.12)

it is uncertain whether the discrete energy is convex. The details are shown in Appendix.

The fully discretized numerical scheme (3.3)-(3.4) in one dimensional case holds the following structure-preserving properties.

Theorem 3.2. Assume the initial value p(X,0) > 0 for X € QX, the energy density F(s) satisfies F(s) >0 for s >0, and 1in(1) F (%)s =00
Niaed

2
then the scheme (3.3)-(3.4) has a unique solution xktl g S,q when 55% > 0, and the following properties hold:

1
2
« the numerical scheme (3.3)-(3.4) satisfies the property of mass conserving for the density p

« the discrete energy in scheme (3.3)-(3.4) is dissipative in the sense that

« the solution to numerical scheme (3.3)-(3.4) is positive, pk“ >0,
j+

k+1 in the sense that

N-1

N-1
Xt - xhth = z / ](xj+1 -x)= E X1 0)5X, (3.13)

+1 ¢
1 J+1
*3 =0

E (x**h < E, (x5, (3.14)

where the energy E,(x**') is defined by

N—1 Sl k2

k1 k+1 8t [ X+ 7%
=E, — | —| 6X. 3.15
) ")+ z > 5% (3.15)

i=

Proof. Step 1 (energy law):

We can easily check that x¥+!

is the minimizer of the following Lagrangian function which is defined by

1 N-— xk+1 _xk+1

xk+l k+1 ko2 2 J+l Y k+1

= — E X 1,0 - 06X +6t°|———|°6X |+ E . 3.16
) 261 & (p( i+3 )|xj+% xj+%| | 58X | > W) (3.16)
k+1

Since x; is the minimizer of (3.1), it is easy to show that the discrete energy is dissipative in the sense that

N- 15 k+11 I§+1 N—1 xk - k
L) 2 hel ——6X < B+ ZO o, L Y psx
& lét 0+1 x)
< E,(x%) + % ’6—X’|25X.
Step 2 (positivity-preserving):

Taking variational derivative with respect to the Lagrangian =0for j=1, — 1, we derive the numerical scheme

ox k+l

2
(3.3). Obviously, the first two terms of (3.16) are strictly convex w1th respect to x*+1, Combining the assumption that M >0, we

find there exists a unique minimizer x**! belonging to the closed convex set S,; = {x : x 41 2 x; for j=0,1,- - 1 Xjo+1 =

x;, for some 0 < jo < N —1, and xy = X, xy = Xy}

Next, we prove that the minimizer does not lie on the boundary of .S,; by contradiction. We assume there exists a minimizer x
satisfies xjf++11 = xj?:l for some 0 < j, < N — 1, then we obtain E(x**!) = oo since we have
0

k+1

10
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X. ] 0 k+1 _ k+1
A Jo+ ) x/0+l /o
xh] —x’?*‘ o0X ’
Jot+1 o
56X

F

under the assumption lirr(l) F (%)s = o0. The above result implies
Kid E

L(xk+l) =00
which leads to a contradiction. Then the minimizer x**! must lie in the interior of the admissible set .S,; satisfying xk+1 > xj?“ for
all j=0,1, - — 1. Combining the x;,, > x; and using the equality (3.4), the positivity of the numerical solution pk+'1 can easily

+3
be obtained.
Step 3 (mass conserving):

From the equality (3.4), we derive the following result:

N- N-1 P(Xj+lv0) N-1
1 k+1 okl Z 2 k+1 _ L k+1y _ Z
Z 1 Xiv1 =% )= k1 k] (xj+1 X )= p(Xj+% 06X,
j=0 'tz j=0 Xj+17% j=0
§X

which implies that the proposed scheme is mass conserving. Finally, the proof is completed. []

Remark 3.3. Specifically, for the porous medium equation and the Fokker-Planck equation, we have b— > 0 since the convexity of
the energy, then Theorem 3.2 will also hold without the regularization term. Actually, numerical experiments for both models are
implemented without the regularization term in Section 4.

Remark 3.4. To be specific, for the Fokker-Planck equation with energy (3.6) and porous medium equation with energy (3.8), from

the energy dissipation law Eh(xk“) <E (xO) + ”—X , we have

p(X. 1 ,0) xk+1 _ xk+1
2 J+l1 J
k+1 k+l oX
j+1 /
68X

F

<Ea+ X 0<j<N -1

xl_c+l_ k+1
Using the fact that energy density in both cases satisfies F (l)s — oo as s — 0, we derive that L2 > 0,0 < Jj < N —1 is uniforml;
g 8y p 5X y
away from zero.

(x k+1_
Jj+l1 ]+1
8X

the unconditionally discrete energy dissipation law Eh(xk“) < Ej(x%) holds.

)— ( k+l k)
Remark 3.5. If the regularization term is taken as Z | |?6X, properties in Theorem 3.2 will also be derived, and

Remark 3.6. In fact, the first term of the optimization problem (3.1) can also be substituted by

N-1
1
3 ZO PO = xEP6X + p(X 14, OIXAF! = x5, 176X,
which is also an approximation to /,x p(X,0)|x**! — x¥|2dX. Then the corresponding numerical scheme follows
0
k+1 k k+l 2xk+l k+1
-t x4 x E
Xj,O)iéX L B W PN OZh (k1Y =, (3.17)
6X ) 5,

with the initial and boundary conditions (3.5), and pk+1 defined by (3.4). The solution to scheme (3.17) also preserves properties
proved in Theorem 3.2.

3.2. Two dimensional case

We extend our numerical approach to multidimensional case, for simplicity, we only consider two-dimensions. Denote x = (x, y),

=(X,Y), and the Jacobian matrix 2% ax = aa((;(‘ i)) Set QX =[-L,,L,Ix[-Ly,L,] with L, L,>0, and Q(’)‘ = Qg. Let M, M, €N
be given, and define the grid spacing h, = Vx’ hy, = Vy Let X;; = Xo+Jjhy, Y;; =Yy +ih,for 0<j<M,, 0<i< M, We define
. T
x;;(t) = x(X;5, Y55, 1), 0<j<M,,0<i<M,1<k< <5

11
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= p(X, 0)>0.

ij? lJ’

The exp11c1t and implicit numerical schemes will be proposed in the following.

3.2.1. Implicit numerical scheme
The following fully implicit numerical scheme with the regularization term €A y x, ¢ = 8t can be proposed: given (x*, y*), solving
(xk+1 ’yk+1) from

k+1 _ _k Kkt k+1 ktl kel k+1 k+1
X — x +x5T = 2x +x —2x SE
0 i ij i,j+1 i,j—1 ij 1+1 o i—1,j ij h k+1
Pij —5t< 3 + > >+ (x)=0, (3.18)
ot h2 h
k+1 k k+1 k+1 _ ~k+1 k+1 k+1  _ ~ k+1 _
o Yii T Vi Yije1 Tijo 2y;; Yier; TVil1, 2y;; SEn i1
P — 6t + + —(x77)=0, 3.19)
Y ot h? hi oy Y
with the following initial and boundary conditions:
X=X, x5 =X|0 (3.20)
Then the density pk+l can be obtained by
P axirl oy S =N YV
k+1 . Tij . k+1 _ E) 9 _ 2h, 2hy
pi = —— with F'T = & X, | = kel kel K+l kel |- (3.21)
Y T‘ik.ﬂ Y ax:/f ayijJr .fn,‘ ,+1j yi:u i +1,
J oY ay 2n, 2h,

The proposed fully implicit scheme (3.18)-(3.19) is highly nonlinear and should be solved in the admissible set E,; = {x : det ;—; lij >
Oforalli,j €N, x|30 = X|;q}. The solution of the implicit scheme (3.18)-(3.19) is the minimizer of the minimization problem:

xk*! i=arg inf Ji (), (3.22)
x€E,

where J; (x) is defined by

1 Xij41 =X Xit1,; X -
T =50 3 oy = Pk + 60 ( == P | ==,y + Ey (),
ij x y

0
with E,(x)= %, F de|> det = ox < lijhchy. Following the analysis in [10,29], we obtain the following result for the implicit nu-
: x|
merical scheme (3.18)-(3.19).

Theorem 3.7. Assume the density of energy F(s) satisfies lirr(l) F(%)s = o0, and F(s) > 0 for s > 0. Then there exists a solution x**! € E,q
s E
to the nonlinear numerical scheme (3.18)-(3.19), and the following energy dissipation law holds:

hoh P o T W S B
_ j+1 Ij I+lj l!
E, N+ =2 Y st ti +
2 Z hy h,
k k|2 k k|2
_ hyh Xijr1 ~ Xij X1y~ %y
<E, M+ =2 6| |2 . S (3.23)
2 ; hy h,

Proof. The existence of the solution to the nonlinear numerical scheme (3.18)-(3.19) is equivalent to obtaining the minimizer of
Ji(x) in the admissible set E,;. Then we turn to prove the existence of the minimizer of the minimization problem (3.22). If the
minimizer lies on the boundary of the admissible set, i.e. x € 0E,;, we have J; (x) = oo, which is a contradiction. Following the proof
in [10,29], the claim of the theorem will be derived once we show that the sub-level set

k k k k

lj+l xi,/' |2 4 lxi+1,j - xiwj |2) o 7}
h, hy

S = {xe E, : J.(x) < Ey(x

is a non-empty compact subset of R2. Clearly, xk € S, so it is non-empty.
S is bounded. Assume the initial value p?j > 0, there exists A > 0 such that

A
ﬁZ"‘u xE2hh y_25 Zpl/|x,j—xf.‘j|2hxhy§y. (3.24)
i.j

Then S is bounded.

12
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S is a closed subset of R?. It suffices to show that the limit % of any sequence {x)}* C E,, belongs to E,,. For all k, we have

W ) ox®
ox I
. ) ax< ) ox®)
Since F| —— | det= | jj — o as det=~|;; = 0, it follows that det | > 0 is bounded away from zero, uniformly in k.
Ix J X
ox lij

Then we obtain det 2% X |11 >0,and X € E,,;

If x**! € S is a minimizer of the minimization problem (3.22), we have

k+1 _ k+1 k+1 _ k+1
+1 lj i+1 1/
E( k+1)+ YZ5t< ij |2+| l o |2>

x hy

W mxk ok xk
<E, (x* + y st ij+ KA A
5 (x*) 2 < I+ " |
which completes the proof. []

Remark 3.8. As stated in [10,29], we do not claim the uniqueness of the solution to the nonlinear numerical scheme (3.18)-(3.19)
due to the lack of convexity of J,(x) and E,(x) in d-dimension (d > 2).

k k k k

Xt =X O X ) o XX X))
- . + L then the ener

Ty | | 7 [9), 34

Remark 3.9. The regularization term can also be taken as ¢ Y, ;(

dissipation law still holds E,(x**!) < E, (x¥).

3.2.2. Explicit numerical scheme
The trajectories (x**!, y**1) can also be solved by the following linear scheme with the regularization term eA y x**!, ¢ = t, for

given (xk, yk):

k+1 k k+l k+1 k+1 k+l k+1 _ k+1 —
PRl —57< wn T TRy Sy oy TR | SE, (xk) = (3.26)
ij St h2 h2 - '
k+1 k k+1 k+1 _ » k+1 k+1 k+1 _ » k+1 _
o2 51(y'¥/'+1 Vo T2y Vi TYiny 2y > OFh (k) = (3.27)
ij - 2 2 :
at 2 n2

with the initial and boundary conditions (3.20), then density pk+1 will be derived by (3.21).
The last term 22 (x¥) of the proposed numerical scheme (3.26)-(3.27) is taken to be fully explicit in the following numerical
experiments. Obv1ously, the proposed scheme (3.26)-(3.27) admits a unique solution from its linearity. To be specific, we give some

explicit formulas of 2£n o (xk) for various kinds of gradient flows.
For the porous medium equation, we have the following results for m > 1:

SE) o (N 9 " oy
OBn gy O (P 9 _ 0 3.28
x X% ox (rn oY oY F" ox’ (3.28)
SE O\ gxn 0\"™ gxn
OChgmy= O (£} 9X1_ 9 () X" (3.29)
3y oy \F7) ox “ox \F) ovr

For the aggregation-diffusion models, we have

5Eh(xn) o (AN\"oy"y o (") oy
sx ST ox \Fr) ovly oy \Fr ) axliy

By 0 (22N oxr o ()" oxn
by U oYy \ Fn X \ Fr aY lij

where V), represents the area of the control volume of x; M= 1 represents the linear diffusion case where U(p) = plog p, and m > 1

0 !
Vol Y ot WL = 28 W (3.30)
2

0 !
VPij Z P Wy X = 250V pg: (3.31)
P

denotes the nonlinear diffusion case where U(p) = ﬁp"’.

Let us discuss the explicit numerical scheme (3.26)-(3.27) with a different regularization term €, Ay (x**! — x*¥), ¢, > 0, which
also has a unique solution. We assume the solution belongs to the set E,; := {x : det |1 ;>0foralli,j €N, x[30=X|y0}, and
introduce the following minimization problem in the admissible set E,;

13
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1 zarg inf L(x), (3.32)
x€E,,

X

where L, (x) is defined by

1
Lk(x)zz—&mex,j—x;‘jlzhxh +—||Vx(x xk)||2+Eh(xk)+( (xk)x x5,
ij

with E,(x) =3, F <

k+1

peECa) ) det ox | Then the solution to the explicit numerical scheme (3.26)-(3.27) with regularization
ox i

term €A x(x —xk) is the minimizer of the minimization problem (3.32).
For the sake of simplicity, we consider the Porous-Medium equation in 2D, we have

6E 0 _oky ok
ox ot 2 AX.Y)
X

g ky o k) — m a(xk’(y_yk))
<5y(x>,y y)— - ak) AL

2F 0ym — yxky K
(6 Eh(xk)’(x_xky):m WV e =999
X

5x2 oxk it o(X.Y) ’
(det Z5)"*
°E " CAR )
< 5y2h CONCE yk)2> =m Zxk U det a(; Y;/ ?
X%yt )
(det=3)
Assume that the initial value p(X,0) > 0 is bounded, and det = > 0 is uniformly bounded away from zero in k satisfying dct >0y

m(pO)"

C
for some 6, > 0, we have ||Tm+1||‘XJ < =5
(detﬁ) by

where Cj, isa posmve constant depending on m and p°. Then the following estimates

will be obtained:

" 9(x = x, )
i o) )’ _5m+1 IV I IV G = xOIE, (3.33)
X 0
)" 9K, (y =) 2€
i wraewilCaras ? <5+1 IV U 1V v = YOI (3.34)
X

Under these assumptions, the following energy dissipation law can be obtained.

Theorem 3.10. The solution to the explicit numerical scheme (3.26)-(3.27) with the regularization term €, A X(x"Jrl — xk), €, >0 is the
minimizer of the minimization problem (3.32). If either of the following conditions is true:

0 sm+lp2

= U0 withh=h,=h
20,V xF I,

min p;

+ €, =0, choose suitable time step controlled by 6t < 7., 1

. N CollVx x¥11Z,
« choose suitable regularization parameter €; > g
0
then we have the following energy dissipation law:
E,(x**1y < Ej(x5). (3.35)

Proof. Notice that L, (x**1) < Lk(xk) = Ej,(x¥), and

B =B )+ (x4 = x4 DL (1 o), 41— ety

F G
<Eyx+ x("k)" =X+ IV I IV G = xOI2,

m+1
60

for 0 <t < 1, then the energy dissipation law will be derived once we choose suitable ¢, and time step 6 such that the following
inequality holds:

14
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E,,<xk)+( <xk)x -xk)+ IV xxF 2 IV x (K = x9))|2 < L (xFH),

m+1
0

we only need to guarantee that

6m+, IV xxXE I IV x (4 = x| < 2&2/)0 x5 = X120 4 € IV (M = x)|1%.

In the case where ¢; =0, using the inverse estimate, we have

C1CollVxxMIZ,
h25m+1

2 k+1 k 2 k+1 k 2
IV IV ! =P < =k — ),

0

once we choose suitable time step 6t <

then the left hand side of above inequality will be controlled by — 3 5[ > . pO |karl - x{.‘j|2h2

min p}) 5”’+lh2 C1CallVyxk 2 min g9
% .= g i such that SLIVX e < M0 e energy dissipation law can be obtained.
201GollVxx 1, P 201
I . . CollVx x 112, 2 k+1 kyp12
n the other case where we choose suitable regularization parameter ¢, > ——5—= such that —5||Vxx || IV x(x**t —x)||* <
5! 6” ;

€]V x (¥ = x9)|12, the desired energy dissipation law is derived. []

Remark 3.11. In the proof of Theorem 3.10, we assume that det 2% > 6y > 0 is away from zero. From determinant plots depicted by
numerical experiments in Section 4.2, we observe that the determinant of the deformation gradient for the Porous-Medium equation
with Barenblatt solution and Aggregation equation satisfies this assumption. However, for the Keller-Segel model, where the particles
aggregate at the center or at the circumference under certain conditions, the positivity of the determinant will not be maintained with
time, and eventually the trajectory will become distorted, and once this distortion occurs, the numerical experiment will be stopped.
Such cases need to be further investigated.

Remark 3.12. Similarly, if we consider the minimization problem with the regularization term €, 6t||V y x**1||2, the energy dissipation
law Ej,(x**1) +€,6t||V y x¥+1||2 < Ej,(x¥) +€,6t||V x x*||? is derived if we choose suitable ¢, and 6t such that the following inequality
holds:

2 k+1 k 2 0 k 212 k+112
IV x 22 1V x FH = x| <—Zp Ix;; = x 1202 + € 61|V x x4 12

5m+l — 20t

0

In the case where we choose suitable regularization parameter ¢, to control the left hand side of above inequality by the regularization
term, it can be roughly estimated that

+1
k2
S 1 CoIIVxxkllgoHVx(xk“—xk)llz GollVxxHlIg, IV 25 5

€k Pl
1 1
ot 56n+ |V xk+1]12 5(r)n+ IV y2k+1 12

_xk
=|?

8t > C,é1.

Remark 3.13. It is worth noting that when we simulate numerical experiments using the explicit numerical scheme without regu-
larization term, the time step 67 is supposed to be sufficient small to guarantee the stability of the numerical scheme. If we carry
out numerical experiments with the regularization term ¢, ||V x (x*+! — x¥)||?, the regularization parameter should be taken appro-
priately through ¢, > C,||V x x* ||(2)o / 5(')"“ to ensure the stability of the numerical scheme. The regularization term can also be taken
as €,.6t||V x x*+1||2 with ¢, > C,6t, as displayed in the following numerical experiments.
4. Numerical simulations

In this section, numerical experiments for Porous-Medium equation, Fokker-Planck equation, Keller-Segel equation and Aggrega-
tion equation will be considered in one dimension and two dimension to validate the accuracy and stability of our proposed numerical
schemes based on our flow dynamic approach.

4.1. One dimension

For simplicity, we shall first show numerical experiments for models in 1D, then we consider numerical simulations in 2D in next
subsection.

4.1.1. Porous medium equation
The porous medium equation 0,p = Ap™, m > 1, can be regarded as the Wasserstein gradient flow with energy defined by

E(p) = / Ly
m—1
Q

15
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Table 1

Convergence order of trajectory x and density p with m=2 at T =0.5.
M ot Li error (x) order L* error (x) order Li error (p) order
100  1/100 4.0522e-04 2.3834e-04 3.6068e-04

200 1/400 9.6283e-05 2.0734 5.6442e-05 2.0782 8.8534e-05 2.0624
400 1/1600 2.3484e-05 2.0356 1.3746e-05 2.0377 2.2188e-05 1.9964
800 1/6400 5.5614e-06 2.0781 3.2461e-06 2.0822 5.4442e-06 2.0270

1 1.

0.98 —©&—Lermorofx
1.27324036285875 —O— L™ error of x -
0.96 L2 error of density ~
— — = slope= _

0.94 1.2732403628587

1.27324036285865

energy
°
©
mass
error

1.2732403628586

0.86 1.27324036285855

1.2732403628585

10* 10° 10? 107! 10° 10' 0 2 4 e 8 10 102
time time 5X

(a) Energy dissipation (b) Mass conservation (c) Convergence order

Fig. 3. The evolutions of energy and mass with respective to time under m =2 with M =800, 6t = 1/6400.

Convergence test. Consider the following smooth initial value:

po(x)zcos(%), xel-1,1], (4.1)

with Dirichlet boundary condition x|;q = X|;q. The numerical solution is solved by using scheme (3.3)-(3.4) without regularization
term. The reference solution is computed under very fine meshes with M = 8000, ¢ = 1/64000. The convergence rates for density p
and trajectories x in L? and L™ norms are shown in Table 1. We also depict the evolutions of energy and mass in Fig. 3 which show
the property of energy dissipation and mass conserving with respective to time.

Free boundaries. Considering the Barenblatt solution for Porous medium equation with free boundaries [43]:

1/(m=1)
- km—1) |x]?
B (x,H=0+D)F(1-—0©IL s 4.2
(D= @+ 1) ( ). 4.2)
where k= (m+ 1)"!. The support set of the solution is [/,,(?),r,, ()] with the moving interface r,,(t) = —1,,(t) := %(z + 1)k,

Using scheme (3.3)-(3.4) without regularization term to calculate the interior points, and (A.2)-(A.3) to compute the boundaries.
We choose the Barenblatt solution B,,(x,0) as the initial value to simulate the phenomenon of moving interface. The results are
displayed in Fig. 4, it can be found that the free boundaries move with a finite speed, and the numerical propagation speed is
consistent with the exact solution. The proposed scheme satisfies the property of energy dissipating, positivity-preserving and mass
conserving for the density p.

Comparison between Eulerian and Lagrangian schemes. We add one example in Fig. 4 to compare numerical solutions between
Eulerian and Lagrangian coordinates. We compute the Porous Medium equations in 1D by using the following fully implicit scheme

Ay N s R e L i
6t 5X2 '
The computational domain is X € [-8, 8]. For implementation, we use M = 800 mesh points and time step 6 = 1/800. We compute
the evolutions of density for Porous Medium equations in 1D in Fig. 4 (a-b), and the convergence results of scheme (4.3) are shown
in Table 4.

From the following Fig. 4 (b), compared with numerical solutions in Eulerian coordinate, we observe that the right boundary of
the moving interface can be computed more accurately for various times by using the Lagrangian scheme (3.3)-(3.4). In conclusion,
for Porous Medium equations we find that the Lagrangian scheme (3.3)-(3.4) can capture the moving interface more accurately
compared with the Eulerian scheme (4.3) from Fig. 4.

Convergence results of the trajectory and Barenblatt solution with m =2 are shown in Table 2. The reference solution of trajectory
is obtained on refine meshes, i.e. M = 8000, 6t = 1/64000. The Barenblatt solution B,,(x,0.5) is taken as the exact solution to test
the convergence rate for density p. It is observed in Table 2 and Table 3 that the convergence rates in time remain to be second order
with m =2, and we can not achieve optimal convergence rate when we take m = 2.5 due to limitation of regularity for density p. We
also observe that the errors for density p at x =0 away from the boundaries remains to be second order convergence rate when we
take m =2.5.

(4.3)
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Fig. 4. The evolutions of density, energy and mass for the Barenblatt solution solved by the Lagrangian scheme (3.3)-(3.4) with M =800, 6¢ = 1/6400. The numerical
o 4L ym g+ ym g ym
solutions in Eulerian coordinate are solved by the fully implicit scheme: % = % with M =800, 6t =1/800.

Table 2

Convergence order of trajectory x and density p with B,,(x,T) at T =0.5, m=2.
M ot Li error (x) order L* error (x) order Lfl error (p) order runtime (s)
100 1/100 0.0014 8.3240e-04 5.5360e-04 0.0340

200 1/400 3.4387e-04 2.0315 1.8335e-04 2.1827 1.3922¢-04 1.9915 0.0681
400 1/1600 8.3217e-05 2.0496 4.4631e-05 2.0385 3.4935e-05 1.9946 0.4879
800 1/6400 1.8721e-05 2.1522 1.0040e-05 2.1523 8.7565e-06 1.9963 2.6089

Table 3

Convergence order of trajectory x and density p with B,,(x,T) at T =0.5, m=2.5.
M ot Lf‘ error (x) order Li error (p) order error (0) order
100 1/100 0.0011 8.0390e-04 2.2763e-04

200 1/400 3.7503e-04 1.5509 3.6544e-04 1.1374 5.7061e-05 1.9961
400 1/1600 1.5814e-04 1.2458 1.8045e-04 1.0181 1.4262e-05 2.0003
800 1/6400 6.5878e-05 1.2634 8.7376e-05 1.0463 3.5611e-06 2.0017
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Table 4
Convergence order of density p solved by scheme (4.3) with B,,(x,T)
atT=0.5,m=2.

density u
o
n
o
T

o
n
T

M 5t Léuler error (p) order runtime (s)
100 1/100 0.0106 0.0193
200 1/400 0.0027 1.9893 0.0566
400 1/1600 6.6560e-04 1.9977 0.3178
800 1/6400 1.7630e-04 1.9166 2.0652
1600 1/25600 4.2717e-05 2.0451 16.9118
0.5 T T
I t=0.01
045 : t=0.1
| t=0.2
0.4 r | t=0.22
1 t=0.3
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Fig. 5. Density plots for the initial value (4.4) with m=2, § =0.25, M = 800, 6t =1/800.

Notice that we use the same number of spatial points as the proposed Lagrangian scheme to solve the Eulerian scheme (4.3) in
computational domain X € [-5,5] with m =2 and T' = 0.5. We take the exact solution to be B,(x,0.5). The convergence results and
computational CPU times of the Eulerian scheme (4.3) are shown in Table 4. We also show the CPU time in Table 2 by using the
proposed Lagrangian scheme. We run the Eulerian scheme (4.3) and Lagrangian scheme (3.3)-(3.4) in MATLAB on a laptop with
2.2 GHz Inter(R) Core(TM) i9-14900HX and 32 GB of RAM. We observe from Table 2 and Table 4 that to obtain the same accuracy
in L? the Lagrangian method (3.3)-(3.4) requires fewer spatial points than the full-Implicit Eulerian method (4.3) from the CPU
time. We can also observe that the Lagrangian scheme (3.3)-(3.4) achieves better accuracy than Eulerian acheme (4.3) with the same
spatial points.

Waiting time. It is known that solutions to the porous medium equation may show the phenomenon of waiting time. This
phenomenon indicates that the support set of solutions will not expand during a positive time ¢*, after which, it will start moving at
a finite speed. t* is called the waiting time.

To be specific, the propagation speed at the boundary for the porous medium equation can be calculated by [18,19]

m Ox(p(X,00)"!

0 x=—
m—1 (Oxx)m

The numerical waiting time can be calculated as the first instance such that 0,x # 0 as stated in [18,19]. Considering the following
initial value:
>1/(m—1>

o) = (”’T_l ((1 = 0) sin?(x) + Osin*(x)) . xe[-m0l (4.4)
where 6 € [0,0.25]. For the initial value (4.4), m =2 and 6 = 0.25, we use scheme (3.3)-(3.4) without regularization term to calculate
the interior points, and use (A.2)-(A.3) to calculate the boundaries, the numerical results are displayed in Fig. 5, the free boundaries
remain to be static during 0 < <0.22. After the moment ¢ = 0.22, the free boundaries begin to move at a finite speed.

The waiting time for the initial value (4.4) is given theoretically in [3] by tpe '= T8 Now, by using scheme (3.3)-(3.4)
without regularization term to calculate the interior points and (A.2)-(A.3) to compute the boundaries, we calculate the waiting time
numerically with different 6 and m to compare the numerical waiting time with the exact formulation, the results are shown in Fig. 6,
it can be observed that the tendency of the numerical waiting time is consistent with the theoretical result, and it will converge to
the exact waiting time when we reduce time steps, as displayed in Table 5.
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Fig. 6. Influence of the parameter 6 and m with different 6 and M =1/6t.

Table 5
Convergence order of the waiting time with the initial value

(4.4), m =2, 0 = 0.25, the exact waiting time is tye =
1 _2
Am+1)(1-0) — 97

M ot tun [tyn—twel  order
1000  1/1000  0.2240  0.0018

2000  1/2000  0.2235  0.0013 0.4695
4000 1/4000 0.2233 0.0011 0.2410
8000  1/8000  0.2229  0.0007 0.6521

4.1.2. Fokker-Planck equation

In this subsection, we will discuss the Fokker-Planck equation with different potentials by choosing various U (p), V' (x) and taking
W(x)=0.

Nonlinear Fokker-Planck equation. For the nonlinear Fokker-Planck equation, U(p) is taken to be ﬁpm, and V' (x) will be
taken as one-well and double-well potential, respectively. If V(x) is a confining drift potential, all solutions will approach to a unique
steady state which is formulated as, see [9,12,15]

1
po)= (Cpp = "=V ()" @.5)

where C flz; > 0 is determined by the mass of initial v:;llue such that fg po(x)dx = fg Poo(x)dx. In the following, one-well potential
V(x)= % and double-well potential V' (x) = % - % will be considered.

2
One well. Taking V' (x) = %, we consider the following energy with one-well potential:

2
E(p)= me + ﬁp dx.
m—1 2
Q

Consider m =2 and the initial value to be
po(x) =max{l — |x],0}. (4.6)
In this case, the stationary solution p, is given in [18], formulated as

2
H 2
Poo = Max (%)3—%,0 N 4.7)

where (%)§ is determined by the mass conservative property, such that fg Poodx = fQ podx. The relative energy is defined by E(r) =
E(t|0)/ E(0]oo) with E(t|c0) = E(t) — E(00).

Using scheme (3.3)-(3.4) and enforcing the free boundary (A.4) without regularization term to solve the Fokker-Planck model,
the numerical results are displayed in Fig. 7. As time increases, the profile of density converges to the steady state when time goes
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Fig. 7. Fokker-Planck equation with the one-well potential, m =2, M =800, 6t = 1/800.

to T = 10. The convergence rate for the density is computed at the stationary time 7" = 10. It can be observed that the convergence
rates of L? error and error at x = 0 are second-order. The proposed scheme is mass-conserving, and is also energy dissipative in time.
As shown in diagram (d) in Fig. 7, the scaling law of the relative energy is about e~%.

i NE M B
Double well. Taking V' (x) = =- — -,

_ 1, Ix* [x]?
E(p)—/m_lp +< 7 > p dx.
Q

Let m =2, choosing the following initial value with ¢ = 1:

we consider the following energy with double-well potential:

2

po(x) = (x* + 10—%’;?)(1 -x%), xel[-1,11. (4.8)

Now, we implement numerical simulations with initial value (4.8) by using scheme (3.3)-(3.4) and (A.4) without regularization

JETME - kP
7 3 and V(x) = 2 s
numerical solution is computed with double-well potential V' (x) = %

2
potential is set to be one-well V' (x) = %, the stationary state will also be one-well.

If we take the following one-well value as the initial condition:

term, where the potential is taken as V' (x) = respectively, the results are shown in Fig. 8. When the

- %, the stationary state will also be double-well. If the

po)=1-x>  xe[-1,1], (4.9)
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Fig. 8. Double-well initial problem for the Fokker-Planck equation with the one-well potential and the double-well potential, m =2, M =800, 5t = 1/800.
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Fig. 9. One-well initial value for the Fokker-Planck equation with the double-well potential, m =2, M = 800, ¢t = 1/800.
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Fig. 10. One-well initial value for the Fokker-Planck equation with logarithmic potential, M =800, 6t = 1/800.

and calculate the numerical solution with the double-well potential, it will also converge to a double-well stationary state, as displayed
in Fig. 9.

Linear Fokker-Planck equation with the logarithmic potential. Now, we consider the linear Fokker-Planck equation, i.e. taking
U(p) = plog p. Consider the following energy with one-well logarithmic potential:

|x|?
E(p)= [ plogp+ =’ dx.
Q

Numerical experiments are implemented by using scheme (3.3)-(3.4) without regularization term, and the following initial condition
is considered:

C,
po(x) = —2=e/°,  xe[-5,5], (4.10)
\V2orx

with C; = ¢ = 1. The results shown in Fig. 10 imply that numerical solution will converge to a one-well stationary state, and the
curve of energy is dissipative with respective to time.

21



Q. Cheng, Q. Liu, W. Chen et al.
Journal of Computational Physics 524 (2025) 113696

0.35 T 0.568
e=1e-4x4t e=1e-4x4t
e=1e-2x4t 0.566 - e=te-2xdt| 7
031 €=0.1x4t €=0.1x5t
———e=1x4t 0.564 e=1xdt |
e=10x4t e=10%4t
0.25 - oo 1 0.562 -
0.56 -
> 02r 7 >
£ )
c @ 0.558 -
3 5
A5+ 1
015 0.556 -
01 4 0.554
0.552 -
0.05 i
‘ 055 F
-4 -3 -2 -1 0 1 2 3 4 102 107! 10° 10!
particle position time
(a) Density at t = 10 (b) Energy

Fig. 11. Aggregation equation solved by (3.3)-(3.4) with the regularization term eA y x**!, the last term of (3.3) is defined by (A.6). The initial value (4.10), C,=0=1,
N =200, 6t =1/200.

4.1.3. Aggregation equation
Considering the aggregation equation with the energy defined by

E(p) = / W (x = »)p(x)p(y)dxdy,
QxQ

2
with W (x) = % —In|x|. We show that taking variational of E(p(x)) with respect to x leads to the following equations in Eulerian
coordinate:

i—f =pV,.F'(p)=pV, / W (x - y)p(y)dy|=p / W' (x = y)p(y)dy,
Q Q

and in Lagrangian coordinate:

SE
55 =PX0 / W'(x = y)p(y)dy.

X

Q
Let’s set x to be implicit and y to be explicit, details can be reached in Appendix. Taking the initial value (4.10) with C, =0 =1,

we apply scheme (3.3)-(3.4), incorporating the regularization term eA Xxk“, and define the last term of (3.3) as provided in (A.6), to
simulate the numerical experiments. The density plot at r = 10 and energy plot with different regularization parameter ¢ are shown
in Fig. 11. It can be observed that the density achieves the equilibrium state [11]

Cag
— — 2
Poo = - \/(2—=x )_'_7 4.11)

as € decreases, where C,, =1/ \/E is determined by the property of mass conservation.

Now we use scheme (3.3)-(3.4) with the regularization term €Ay xk*t1 e =107*5t to make numerical experiments by choosing
the initial value (4.10) with ¢ = Cg = 1. As shown in Fig. 12, the solution will converge to the equilibrium state. If we take the initial
value (4.10) with ¢ =0.1, Cg =1, it will converge to p (4.11) with ng = 4/0.1/2 where the numerical results are displayed in
Fig. 13. Both results indicate that the numerical solution will converge to a stationary state which is consistent with the theoretical
result, and the proposed scheme is mass conserving and energy dissipating. As shown in diagram (d) in Fig. 12 and Fig. 13, the scaling
law of the relative energy is also verified with theoretical results.

For the fully explicit numerical scheme, the corresponding modified discrete energy can be taken by E ZH =y

N—18Ep (kyo k1 _
j=0 ox; x )(xj

xj?) + Eh(x"), then the last term in the numerical scheme (3.3) will be taken as %(xk). Now we make the numerical experiments by
J

using (3.3)-(3.4) with the regularization term €A Xx’“rl , € = 1025t where numerical results are shown in Fig. 14. It can be observed

that the numerical solution also converges to stationary state, and the total mass is preserved well.

If we set x to be explicit and y to be implicit in the numerical scheme, details can be found in Appendix. We use scheme (3.3)-(3.4),
in which the last term is adjusted according to (A.7), and the regularization term €A y x**!, ¢ = 1075t to conduct numerical exper-
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Fig. 12. Aggregation equation solved by (3.3)-(3.4) with the last term defined by (A.6), the regularization term eA y x**!, ¢ = 107*5¢. The initial value (4.10), C,=o=1,
N =200, 6t =1/200.

iments, the numerical results can be found in Fig. 15 which show that the scheme preserves total mass, and the numerical solution
will converge to its stationary state. The energy is also dissipative with E,(x**!) defined by (A.5) in Appendix.

We set x and y both implicit in numerical scheme (3.3)-(3.4), and implement numerical experiments by using scheme (3.3)-(3.4)
with the last term defined by (A.8), and the regularization term €Ay xk*t1 e =10726t, the numerical results are displayed in Fig. 16
which implies that the proposed numerical scheme is also stable with E,(x**!) defined by (A.5) in Appendix.

4.1.4. Keller-Segel model
Consider the Keller-Segel model [24] with the following energy:

Ep)= / U(p(x)) + oV (x)dx + / W (x — »)p(x)p(y)ddy,
Q QxQ

where U = plogp, V(x)=0and W (x)= % In |x|. Taking variational derivative with respective to x, we have

OFE

5 =pV. U (p(x)) +p / W'(x = y)p(y)dy. (4.12)
Q

é

Rewriting (4.12) into Lagrangian coordinate:

23



Q. Cheng, Q. Liu, W. Chen et al.

0.4

0.35

0.3

0.25

0.2

density

0.15

0.1

0.05

!
i

1

particle position

(a) Density

0.095

0.09

0.085

0.08

0.075

energy

0.065

0.06

0.055

0.05 : :
102 107!
time

(c¢) Energy dissipation

Fig. 13. Aggregation equation solved by (3.3)-(3.4) with the last term defined by (A.6), the regularization term eA y x**!, e = 10~*5. The initial value (4.10), C, =1,

o =0.1, N =200, 6t =1/200.

04

03

0.25

0.2

density

0.15

0.1

particle position

(a) Density

Fig. 14. Aggregation equation solved by fully explicit scheme with the regularization term €A, x**!, e = 10-25t, the initial value is taken as (4.10) with C,=o=1,

M =200, 6t =1/200.

10°

energy

10°

0.568

mass

Journal of Computational Physics 524 (2025) 113696

0.22360679775001
0.22360679775 - 1
0.22360679774999 1
0.22360679774998 | E
0.22360679774997 | 1
0.22360679774996 1
0.22360679774995 : : : :
0 2 4 6 8 10
time
(b) Mass conservation
10° K
~
N
~
N
~
N
N
~
N
N
N
N
~
N
~
~
5 [N
@ RN
® oS
° SN
2 o~
K N
[ S
N
~
N
~
~
~
~
1 0'1 L L L L L
0 0.2 0.4 0.6 0.8 1 1.2
time

0.566

0.564

0.562

0.56

0.558

0.556

0.554

0.552

0548
107"
time

102

10°

(b) Energy dissipation

24

(d) Relative energy

0.70710677033274.

0.70710677033272
0.7071067703327
0.70710677033268

@
§ 0.70710677033266

0.70710677033264

0.70710677033262

0.7071067703326

0.70710677033258
0 4

time

(c) Mass conservation



Q. Cheng, Q. Liu, W. Chen et al.
Journal of Computational Physics 524 (2025) 113696

0.568 0.70710677033274

0.566 0.70710677033272
0.564
0.7071067703327
0.562

0.56 0.70710677033268

=z 5 4
2 02 T 0558 & 0.70710677033266
H g g
3 5
o1s 0.556 0.70710677033264
0.554
0.1 0.70710677033262
0.552
0.05 055 0.7071067703326
0 0.548 0.70710677033258
“* 102 10" 10° 10! 0 2 4 6 8 10
particle position time. time
(a) Density (b) Energy dissipation (c) Mass conservation

Fig. 15. Aggregation equation solved by (3.3)-(3.4) with the last term modified by (A.7), the regularization term eAXx"“, e = 10745t The initial value (4.10),
C,=0=1, N =200, 6t=1/200.
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Fig. 16. Aggregation equation solved by (3.3)-(3.4) with the last term defined by (A.8), the regularization term eA y x**!, ¢ = 10726¢. The initial value (4.10), C,=o0=1,
M =200, 6t =1/200.

d Ul( (X,O))
SFE X dxx ’
o p(X,0) Wi(x = y)p(Y,0)dY |. (4.13)

+
Oxx
Q

Consider the following initial value with one well:

C
po(¥) = —Le=*/2 41078, xe[-15,15], (4.14)
2r
and the initial condition with double well:
Cp,
po(x) = —K8 (e740H2? 4 o427y 4 1078 x e [-15,15], (4.15)
T

combined with the Dirichlet boundary condition x|;q = X|;o. We simulate numerical experiments by using scheme (3.3)-(3.4) with-
out regularization term, and the last term of (3.3) defined by (A.9).

Taking C;, =1 in (4.14) and (4.15) to implement numerical experiments, respectively. As shown in Fig. 17 and Fig. 18, it can
be observed that numerical solutions remain to be positivity and bounded for all time. If we choose C;; = 57 to make numerical
simulations, solutions also remain to be positivity. Finally, we observe that numerical solutions blow up in finite time shown in
Fig. 17 and Fig. 18.

4.2. Two dimension

In this subsection, we focus on numerical simulations in 2D. For simplicity, to avoid solving nonlinear equations, we only validate
the accuracy and efficiency for explicit numerical schemes (3.26)-(3.27) proposed in Section 3.2. We also take the Porous-Medium
equation, Keller-Segel equation and Aggregation equation as examples.

4.2.1. Porous-medium equation
The 2-D Barenblatt solution takes on the following form:

k(m—1) |x|? >1/(’"‘”

4m  (t+ D ’ (4.16)

B, (x,1)= <C32 -
+
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Fig. 17. Keller-Segel model solved by (3.3)-(3.4) without regularization term, the last term of (3.3) is defined by (A.9). The initial value (4.14) with C;; =1 and 5z,
M =800, 6t =1/800.
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Fig. 18. Keller-Segel model solved by (3.3)-(3.4) without regularization term, the last term of (3.3) is defined by (A.9). The double-well initial value (4.15), C,, =1
and 5z, M =800, 6t =1/800.

where k = 1/m, and Cp, is a positive constant. The solution has a compact support |x| < &,,(¢) for any finite time with

AmCr oy 1y,
k(m—1)
Now, we take the Barenblatt solution with Cp, = 0.1 as initial condition to make numerical experiments by using scheme (3.26)-(3.27)
with the regularization term €A Xx"“, € =10738t for m=2, ¢ = 10716t for m = 5. The evolution of the numerical solution is shown in
Fig. 19 and Fig. 21 for m =2, m =5, respectively, it can be found that the profile of density changes as the trajectory moves outward,
and the free boundaries move at a finite speed. The plots of the absolute error between the numerical solution and the exact solution
are also displayed, it can be observed that the main part of the error is around the free boundaries.

The trajectories at various times are shown in Fig. 20 and Fig. 22 for m = 2 and m = 5, respectively, which implies that the tendency
of the numerical interface is consistent with the exact one calculated by (4.17).

The energy curves are shown in Fig. 23 which indicates that the energy dissipation law holds in both cases where m =2 and
m = 5. Fig. 24 illustrates the minimum and maximum determinant values for both m =2 and m =5 with various regularization
terms, respectively. It is evident from the plots that the determinant value maintains its positivity. Further, a positive distance can be
observed between the minimum value and zero. The convergence order of the numerical solution with the exact solution B,, ;(x,0.1),
m=2 and m =2.5 are shown in Table 6.

&)= (4.17)
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Fig. 19. Numerical solution solved by (3.26)-(3.27) with the regularization term eA ,(x“+l , €= 10’361, the initial value is Barenblatt solution with C, =0.1, m=2,
M,=M,=64,5t=00L.

25 25g 25
2 2 f 2
15 iz 15 ;i 15 H
1 t ! 1 : 1 )
05 ‘ 05 t 05 H H
> 0 t " > 0 S e > 0
1 1 i 4 HhH 1
15 i -1.5 i 15 ! ]
2 2 2
28 HH-Q -1 0 1 2‘ 28 -2 1 0 1 2 - 25 2 1 0 1 2
X x X
(a) Trajectory at t =1 (b) Trajectory at t = 2 (c) Trajectory at t = 4

Fig. 20. Trajectories solved by (3.26)-(3.27) with the regularization term eA Xx“”, e = 10736, the initial value is Barenblatt solution with C, 5 =01, m=2, M, =
M, =64, 5t =0.01. The blue line represents the exact interface of the support set calculated by (4.17).
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Fig. 21. Numerical solution solved by (3.26)-(3.27) with the regularization term eA yx**!, ¢ = 107! 6t, the initial value is Barenblatt solution with Cp, =0.1, m=35,
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Fig. 22. Trajectories solved by (3.26)-(3.27) with the regularization term eA y x*+1 ¢ =107'6t, the initial value is Barenblatt solution with C, 5 =01, m=5 M, =

M, =64, 5t =0.01. The blue line represents the exact interface of the support set calculated by (4.17).
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Table 6

Convergence order with B, ,(x,0.1), Cpy =0.1, m=2and m = 2.5 in [-2,2] X
[—2,2]. Numerical solutions are solved by (3.26)-(3.27) with regularization
term eAyx**!, e =h2.

m=2 m=2.5
M,xM, N, Lf' error (p)  order Lfl error (p)  order
16x16 16 0.0029 0.0054
32x32 32 0.0014 1.0506 0.0026 1.0544
64x64 64 7.5117e-04 0.8982 0.0014 0.8931
128x128 128 3.6211e-04 1.0527 6.5371e-04 1.0987
256x256 256 1.7947e-04 1.0127 3.0605e-04 1.0949
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Fig. 25. Numerical solution solved by (3.26)-(3.27) with the regularization term eAyx**!, e = 0.15t, m = 3, the initial value (4.18) in [-1.5,1.5] X [-1.5,1.5],
M, =M, =64, 6t=0.001.

Non-radial problem. Consider the following initial value:

3
25(0.252 = (VX2 + 2 = 0.752)2, /x2+32€[0.5,1]and (x <0 or y < 0),

3
22 _ 2\5 2 _ 2 2
pol,y) = 25(0.252 — x2 — (y — 0.75) )z, X2+ (y—0.75)2 <0.25% and x > 0, (4.18)
25(0.25% — (x — 0.75)2 — y»)2, (x—0.75)% +y*> <0.252 and y > 0,
0, otherwise,

which has a partial donut-shaped support [29]. Let’s set m =3, M, = M = 64, 6t =0.001, and use scheme (3.26)-(3.27) with the

regularization term €A Xx"“, € =0.16t to implement the numerical experiments, numerical results are shown in Fig. 25, where the

evolution of the trajectories can be found. We can observe that the scheme (3.26)-(3.27) handles this situation well. However, it
should be noted that this approach cannot handle topological changes automatically, which serves as a limitation of our method.
Now we take the initial value as

po(x,y) = 0000 e [2,2]x [-2,2]. (4.19)

Let'sset m=2, M, = M, = 64, 6t =0.01, and use scheme (3.26)-(3.27) with the regularization term eAXkarl , € =0.1567 to simulate
the numerical experiments, results are shown in Fig. 26. It can be found that the proposed scheme (3.26)-(3.27) can handle the
nonradial case well.

4.2.2. Aggregation equation
Consider the following aggregation equation:

0,p=V-(pVW %p), W :R’5R. (4.20)
We simulate the evolution of solutions to (4.20) with

2
W(x)= % —In|x]|,

and the initial value

2.2
po(X,y) = Crge™ 7, (4.21)
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Fig. 26. Numerical solution solved by (3.26)-(3.27) with the regularization term eA y x**!, e = 0.15t, m = 2, the initial value (4.19) in [-2,2] X [-2,2], M, = M, =64,
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Fig. 27. Aggregation equation solved by (3.26)-(3.27) with the regularization term eAyx**!, e = 0.15t, the initial value (4.21) in [-2,2] X [-2,2], M, = M, =64,
6t=0.01.

in [-2,2] X[-2,2], Cyy =1, M, = M, = 64, 6t =0.01. Using scheme (3.26)-(3.27) with the regularization term eAXxk“, e=0.16t
to simulate the numerical experiments, the numerical solution and trajectory plots at ¢t = 1 are shown in Fig. 27. The blue line in
the trajectory plot represents the unit circle. As can be observed the solution converges to a characteristic function on the disk of
radius 1, centered at (0,0), recovering analytic results on solutions of the aggregation equation with Newtonian repulsion [9,22,28].
Moreover, the determinant value plot is also presented in Fig. 27, we find that despite the minimum value diminishing over time, the
distance between the minimum and zero remains positive as the density tends to a steady state.

4.2.3. Aggregation diffusion equation
Now we simulate several examples of aggregation-diffusion equation:

0,p=V-(pVW % p)+vAp™", Wi iR2>R, m>1. (4.22)

For the aggregation diffusion equation (4.22), we take W (x) = —ie""'z, m =3 and v =0.1. The initial value is taken as

1
polx,y)= Ex\x\gs,wgzs(x,y). (4.23)
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Fig. 28. Evolution of the numerical solution for the aggregation diffusion equation solved by (3.26)-(3.27) with the regularization term €Ay x**!, ¢ = 0.15¢, initial
value (4.23) in [-3,3] X [-3,3], m=3,v=0.1, M, = M, =32, 6t =0.01.
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Fig. 29. Trajectory and determinant value for the aggregation diffusion equation solved by (3.26)-(3.27) with the regularization term €Ay x**!, ¢ = 1, initial value
(4.23)in [-3,3] X [-3,3], m=3,v=0.1, M, = M, =32, 6t =0.01.

Using scheme (3.26)-(3.27) with the regularization term eA Xxk“, e =0.16¢ to carry out numerical experiments, the evolution of
density can be found in Fig. 28, the solution tends to form four bumps at the four angles at the beginning, and finally approaches
a single bump equilibrium [8,9]. The trajectory and determinant value plots are depicted in Fig. 29, which implies that there is no
distortion or swap during the evolution of the solution, and that the minimum value of the determinant is lower bounded away from
zero.

We also simulate the evolution of the solution for the Keller-Segel equation, which is the aggregation-diffusion equation (4.22)
with the kernel W (x) = % In(|x|) for v=1, m=1 and m = 2, the global existence and blow-up of solutions are displayed. Taking the
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Fig. 30. Keller-Segel model solved by (3.26)-(3.27) with the regularization term €Ay x**!, e = 0.1, initial value (4.21), m=1, M, = M, =64, 61=0.001.

initial value (4.21), and the constant C,; will be chosen as 1 and 20 in the following numerical experiments. The numerical solution
is solved by scheme (3.26)-(3.27) with regularization term eA y x**!, ¢ = 0.16t.

For the case when m = 1, the numerical solution can be found in Fig. 30. The solution decays to zero as time increases, given
C,, = 1. Conversely, when C,, = 20, the solution becomes sharply peaked at the origin, which can be regarded as the blow-up
phenomenon. As for the case when m = 2, we can observe from Fig. 31 that the solution converges to a stable state denoted by
a single bump, provided C,, = 20. Fig. 32 illustrates the determinant value plots for m =1 and m = 2. It can be noticed that the
determinant values remain positive for the given time. However, since the particles are clustered at the center for m = 1 and at the
circumference for m = 2, the particle trajectories will actually be distorted or exchanged as time increases, and the positive value of
the determinant will not always be maintained.

5. Concluding remarks

We constructed in this paper new numerical schemes for the Wasserstein gradient flows using a flow dynamic approach based on
the Benamou-Bernier formula. We showed that the new schemes preserve essential structures of the Wasserstein gradient flows. More
precisely, the fully discrete schemes are shown to be positivity-preserving, mass conservative and energy dissipative. Moreover, it is
shown that the schemes are uniquely solvable in the one dimensional case.

We presented ample numerical experiments to show that the proposed schemes are indeed positivity preserving, mass conservative
and energy stable. Our numerical results also indicate that the new schemes can capture accurately the movement of the trajectory and
the finite propagation speed for the Porous-Medium equation, and can simulate blow-up phenomenon of the Keller-Segel equation.
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Fig. 31. Keller-Segel model solved by (3.26)-(3.27) with the regularization term eA y x**!, e = 0.16t, initial value (4.21) att =0.12, m=2, M, = M, =64, 5t=0.001.
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Fig. 32. Determinant value for the Keller-Segel model with m =1, 2, solved by (3.26)-(3.27) with the regularization term eAy xk*+1 ¢ = 0.16¢, initial value (4.21),
M, =M, =64, 5t=0.001.
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Appendix A
In this section, some details about the numerical experiments are presented.

A.1. Porous-medium and Fokker-Planck equations in 1D

For the Porous-Medium problem with free boundaries, the following boundary condition can be obtained by using the fact that
plao =0 as discussed in [19]:

m Ox(p(X,0)"!

Oxx)" 1o, x=—

Al
m—1 dyx a1
The numerical free boundary conditions are proposed as follows:
k_ kNPT kL k (X100 —(p(Xp.0)"!
X1 T %o Yo "X  0m 5X (A.2)
6X 6t m-1 ]kt ’ '
5X
ko k m=l il _ _k (XN )™ —(p(X ;. O)"!
XN T XN_g N TN m 5X (A.3)
86X st m-1 ke _ykal ' '

6X

The free boundaries problem for the Porous-Medium equation in the numerical experiments is solved with above free boundary
conditions.

Similarly, for the Fokker-Planck equation with free boundaries, the following boundary condition can be obtained by using the
fact that p|;q = 0:

oot
=TT e (A4)

which can be solved by equations analogous to (A.2)-(A.3).

A.2. Aggregation equation in 1D

In the subsection, we give details about the numerical experiments for the aggregation equation in 1D.
Implicit-explicit. Let us set x to be implicit and y to be explicit in scheme (3.3)-(3.4), define the following discrete energy:

N-1 N-1 iy |xk:1 P
Byt =8X 3 p(X, 1,00 X 4k % In(]x**} =y [dy,
=0 j= T2 ) i+3
i
N-1 N-1 { N
=X ) n(X,, VDI <—g(x’_‘+} WG = I =) - o —y))
i=0 =0 1"’5 i*3 *2 *2 *3
N-1 N-1 { :
k K+l _ k)3 K+l _ k3 Lk k
=6X Z p(X; +10 )Z Pl <_5(x,»+1 X)) g X _"j>
i=0 Jj=0 2 2 2
N-1 N-1
k K+l _ Lk K+l _ Lk K+l _ Lk K+l _ Lk
+6X Z p(XH_%aO) L PH_l <(x,~+l _xj+1)1n(|x,~+l _xj+1|)_(xi+l _Xj)ln(le_l —X}|)>, (AS)
i=0 Jj=0 2 2 2 2 2
and the following result can be obtained by simple calculations:
Polas, N-1 { 1
h k K+l _ ko y2 K+l _ L ky2
—— =6Xp(X. 1,0 ——(x - X" + —(x — X7
6xf.‘+1 ~ i+3 )j;opj+;< 4( i+l j+) 47 i+d ) >
N-1 1
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2 =0 Jt3 i-5
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+8Xp(X, 1,00 Y, ot (2 (x4 = D= 2 Inlxt! le)>
j=0 2 2 2
N-1
+8Xp(X. 1,00 Y pF 11n(|xk+1 —x* - 11n(|xk+1 —-xp). (A.6)
i—3 i\ 2 il Jj+l L J
j=0 2 2 -2
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One can also find that

N-1 P
=6X(p(X ,1.0)+ (X, y 0))2

ok k
(X4 —X;)
=
k
N-1 p]+l 1 1
2
+5X”(Xi+%’0) L g |k gk kel ok
Jj=0 H% j+1 il J
k
NG s 1 1
2
+8Xp(X,_1,0) . 4| Gk _ K - oLk >0,
j=0 L T LT
2
1 b _ fb
where the fact that — b=/ = y)2
the Hessian matrix V2E,, is positive definite

Explicit-implicit. If we set x to be explicit and y to be implicit in scheme (3.3)-(3.4), i.e
5Ek+1
6x

k+142 k+142
g e )
N-1 1
k _ 2k k+142 k+1\2
+5X”(Xf-%’0),.§”j+%< 2L TN g e Wy ))
N-1 1
+6X X R K = In(|x* Xkl ln xk oyl
PX,p1.0 Zép“%(Z (It =D =3Il =D
N-1
1
+8Xp(X,_1,0) ) p* | <§1n(|x{‘ X - —1n(|x(< 1 _x§+1|)>.
2 = J+3 1—5 i-3
k+1
Implicit-implicit. If we take both x and y implicit in scheme (3.3)-(3.4), set k T as follows:
SER+ N-1 {
— k 2 k+1 k+1 2 k+1 _  k+152
j=
N-1 1
k k+1 k+l 2 k+1 _ k+1\2
+5Xp(Xi_%,0)j_0pj+%< A M (xi_% Xj ))
N-1 1
k 1 k+1 k+1 k+1 k+1
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N-1 1
+5Xp(X,_1,0) pil <§1n(|x{<_+l1 j‘jﬂ) 1n(|xk+l_
2 j=0 ‘Tz =3
A.3. Keller-Segel model in 1D

xjf+1 |)> .

The discrete energy for the Keller-Segel model in 1D is defined as follows

N-1 p(X. 1,0) 5X N-1
K1y _
( )= Z 6Xp(X,, 1,0)log kel | T o Z p(X;,1,0)
¢ 2 T 4 2
i=0 Xig1 ~i i=0
5X
N-1
k k+1 k+1 k+1 k k+1 k
X2 0 <(x,+1_ X (] = D = G —x,)ln(|x‘_+l—x,|>),
j=0 2 2 2 2 2
it can be calculated that
k+1 N-1
BB, __6X
Sxk+1 T
1

1
. 70 k 1 k+1 _
i 240, <2 n(lx
Jj=0

i+l J+l|)__

In(|x) —xfl))
i+3
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dy > 0 for a < b has been utilized in the last inequality. Then the discrete energy is convex since
N-1
k+1 =0Xp (X

(A.7)

(A.8)
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1 i1
2 2

N-1
6X k 1 K+l k 1 k+1 k
- EP(X,._%,O) j§=0 P <51ﬂ(|x —xD- 3 ln(|xi_% —x;0)

6Xp(X,,1.0) 5Xp(X,_1.0)

+ Xkt _ k] - xRl ekl (A9)
i1 T i i1
and we have
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Notice that
xk
N-1 ] ! N-1 I 1
k k -
-y - =y, [ ———dy<o, (A.11)
i Uy L ket _ ik Lk & Fjyl K2
Jj=0 ,+% j+1 H_% J Jj=0 o ( i % )
J
k
X
N-1 1 ) N-1 s+ |
k k -
- A - = A ——dy<0. (A.12)
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=0 1t P R TS B =0 1" k (x‘_l -
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e . 5%E, . . . . . R
However, the positivity or negativity of W—Jr{’)z is not determined. Whether the discrete energy is convex or not is uncertain, since
X
i

the positivity or negativity of the Hessian matrix V2 E,, is not clear.
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