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Abstract

We construct a new class of fully decoupled and higher-order implicit-explicit schemes
for the Cahn-Hilliard—Navier—Stokes System, which is a phase-field model of two-phase
incompressible flows, based on the generalized scalar auxiliary variable approach with the
new relaxation for the Cahn—Hilliard equation and the consistent splitting method for the
Navier—Stokes equations. These schemes are linear, fully decoupled, only require solving
a sequence of elliptic equations with constant coefficients at each time step. We show that
numerical solutions of these schemes are uniformly bounded without any restriction on time
step size. Furthermore, we carry out a rigorous error analysis for the first-order scheme
and establish optimal global-in-time error estimates for the phase function, velocity and
pressure in two and three-dimensions. Several numerical examples are presented to validate
the accuracy and robustness of the proposed schemes.
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1 Introduction

We consider in this paper numerical approximation of the following Cahn—Hilliard—Navier—
Stokes system

%—F(U-V)d):MAM inQxJ, (1.1a)
w=—rA¢d+1G(¢) inQxJ, (1.1b)
2—?+u-Vu—uAu+Vp:uV¢ in2xJ, (1.1c)
V-u=0 inQxJ, (1.1d)

%:3—‘;:0,u=0 on o2 x J, (1.1e)

1
where G(¢) = 4—2(1 —¢*)? with € representing the interfacial width, M > 0 is the mobility
€

constant, A > 0 is the mixing coefficient, v > 0 is the fluid viscosity. €2 is a bounded domain
inRY (d =2,3)and J = (0, T]. The unknowns are the velocity u, the pressure p, the phase
function ¢ and the chemical potential . We refer to [11, 20] for its physical interpretation
and derivation as a phase-field model for the incompressible two phase flow with matching
density (set to be pg = 1 for simplicity), and to [1] for its mathematical analysis. The above
system satisfies the following energy dissipation law:

E@W _  pryvul? = v vu)? with E(¢,u>=f {l|u|2+ﬁ|v¢|2+m<¢)}dx.
dt al?2 2

(1.2)

It is crucial that numerical schemes for (1.1) preserve a dissipative energy law at the discrete
level.

Various energy stable numerical methods have been proposed for Navier—Stokes equations
and for Cahn—Hilliard equations. The main issue in dealing with the Navier—Stokes equation
is the coupling of velocity and pressure by the incompressible condition V - u = 0. A partial
list of earlier works includes those three categories [9]: the pressure-correction method [19,
241, the velocity-correction method [10, 22] and the consistent splitting method [8] (see also
the gauge method [32]). Among these, the consistent splitting scheme has great advantages
in two aspects: (i) this method can achieve full accuracy of the time discretization since
it is not limited by splitting error; (ii) The inf-sup condition between the velocity and the
pressure approximation spaces is no longer enforced from a computational point of view. A
main difficulty in solving the Cahn—Hilliard equation is how to deal with the nonlinear term
efficiently so that the resulting system can be effectively solved while preserving an energy
dissipation law. There are several popular approaches including the convex splitting method
[5], stabilized semi-implicit method [27], invariant energy quadratization (IEQ) [31], and
scalar auxiliary variable (SAV) [26]. For an up-to-date review on various classical methods
for gradient flows especially for the Cahn—Hilliard equation, one can refer to [4, 30].

There are also many studies devoted to developing efficient numerical schemes and carry-
ing out corresponding error analysis for the Cahn—Hilliard—Navier—Stokes phase-field models
[28, 29]. Fully coupled first-order-in-time implicit semi-discrete and fully discrete finite ele-
ment schemes are considered by Feng, He and Liu [6] and convergence results are established
rigorously. Griin [7] established an abstract convergence result for a fully discrete implicit
scheme for diffuse interface models of two-phase incompressible fluids with different den-
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sities. A coupled second-order energy stable scheme for the Cahn—Hilliard—Navier—Stokes
system based on convex splitting for the Cahn—Hilliard equation is constructed by Han and
Wang [13]. In addition, Han et al. [12] developed a class of second-order IEQ schemes which
can preserve energy stability. In 2020, we [17] constructed a second-order weakly-coupled,
linear, energy stable SAV-MAC scheme for the Cahn—Hilliard—Navier—Stokes equations, and
established second order convergence both in time and space for the simpler Cahn—Hilliard-
Stokes equations.

It is important to note that all of the aforementioned works involve solving a coupled
linear or nonlinear system with variable coefficients at each time step. Recently in [18],
we construct first- and second-order time discretization schemes for the Cahn—Hilliard—
Navier—Stokes system based on the MSAV approach for gradient systems and (rotational)
pressure-correction for Navier—Stokes equations. These schemes are linear, fully decoupled,
unconditionally energy stable, and only require solving a sequence of elliptic equations with
constant coefficients at each time step. In the above work, we only established error estimates
for two-dimensional case, as the weak stability results established there were not sufficient
for establishing an error estimate in 3D. It is also much more difficult to construct higher than
second-order fully decoupled numerical schemes due to the splitting error of the pressure-
correction method.

The main purposes of this work are to construct a class of higher-order fully decoupled,
linear and unconditionally energy stable schemes for (1.1), and to carry out a rigorous error
analysis in two and three-dimensional cases. Our main contributions are:

e By using a combination of techniques in the GSAV approach [15] with the new relaxation
and the consistent splitting method [8, 16], we construct new fully decoupled, linear and
higher-order schemes for the Cahn—Hilliard—Navier—Stokes system, which only require
solving a sequence of Poisson type equations with constant coefficients at each time step
and are unconditionally energy stable with a modified energy that is directly linked to
the original energy.

e We establish global-in-time error estimates in [°(0, T; H'(2)) (1*(0, T; H*()) for
the velocity and 12(0, T; HY(Q)) for the pressure, and [*°(0, T; HY(Q)) for the phase
function in two and three-dimensional cases.

We believe that our higher-order, fully decoupled, linear, unconditionally energy stable
scheme is the first such scheme for the Cahn—Hilliard—Navier—Stokes system, and its global-
in-time error analysis in the three-dimensional case is the first for any linear and fully
decoupled schemes with explicit treatment of all nonlinear terms.

The paper is organized as follows. In Sect.2, we provide some preliminaries which will
be used in the sequel. In Sect. 3, we construct the fully decoupled consistent splitting GSAV
schemes and prove that they are unconditionally energy stable with a modified energy. In
Sect.4, we carry out an error analysis for the first-order consistent splitting GSAV scheme.
In Sect. 5, we present numerical experiments to validate our proposed schemes.

2 Preliminaries

We introduce some standard notations. Let L™ (£2) be the standard Banach space with norm

1/m
||v||m<9)=< / |v|mdsz) .
Q
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For the case m = 00, set [|[v]loo = [[V]Lo() = ess sup{|f(x)]| : x € Q}. And WkP(Q) be
the standard Sobolev space

WEP(Q) = (g : lIgllwke) < o).

where

1/p

lghwery = D 1D | @1

| <k

in the case 1 < p < 00, and in the case p = oo,

oo(gy = max || D¥g|l Lo ().
8 1lwk.oo () \a\sk” gllLe(@)

For simplicity, we set H*(Q) = W52(Q) and || f |k = || f Il zr¢ -
By using Poincaré inequality, we have

IVl < c1llVvl, Vv € Hy(Q), (2.2)
where ¢ is a positive constant depending only on 2 and
H)(Q) = {ve H'(Q) : v|r = 0}.
Define
H={veL*Q) :divv=0,v-njr =0}, V={veH)Q) :divv =0},

and the trilinear form b(, -, -) by
b(a,v,w) = / (u- V)v- wdx.
Q

We can easily observe that the trilinear form b(-, -, -) is skew-symmetric with respect to its
last two arguments, i.e.,

b(u,v,w) = —b(u,w,v), YueH, v,weH\(Q), (2.3)
b(u,v,v) =0, YueH, veH) Q). (2.4)

The following lemmas will be frequently used in the sequel, one can refer the proof and
more detailed information in [2, 3]:

Lemma 2.1 (Holder inequality) Suppose thatu € LP(Q), v € LY(Q), w € L*(Q), 3 + + +
% = 1, then we have
/QI(M,V)wIdx < llullrvlie lwllLs - (2.5
Lemma 2.2 (Interpolation inequalities) For k = 3,4, 6, we have
6=k  3k=6 1 1
Wlgs < CIALE AT . Az < CIAL, I 2. 26)

We will frequently use the following discrete version of the Gronwall lemma [23]:
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Lemma 2.3 Let ay, by, ck, di, vk, Aty be nonnegative real numbers such that
Ap+1 — Qg + b1 Algy) + Cop1 Atiy1 — e Al < agpdp Aty + Vier1 At 2.7

forall0 <k <m. Then

m+1 m m+1
dnst + ) DAl < exp (Z dkAzk> lao+ (bo + o)At + ) yiAn).  (2.8)
k=0 k=0 k=1

3 The GSAV Scheme with the New Relaxation

In this section, we first reformulate the Cahn-Hilliard—Navier—Stokes system into an
equivalent system with generalized scalar auxiliary variables (GSAV). Then, we construct
higher-order fully decoupled semi-discrete consistent splitting GSAV schemes with the new
relaxation based on the IMEX BDF-k formulae with k = 1,2, 3,4, 5, and prove that they
are unconditionally energy stable.

3.1 GSAV Reformulation

Let y > 0 be a positive constant, F(¢) = G(¢) — %qﬂ and
_ Lo A 2, Moo
E(p,u) = FIulm+ IVl + —-¢" + AF (@) ¢ dx, (3.1
Q

where the term ’\7}’¢2 is introduced to simplify the analysis (cf. [25]). We introduce the
following generalized scalar auxiliary variable

r(t) = E(¢,u) + ko, (3.2a)

where K is a positive constant to guarantee that A f o F(@)dx+xo > 0. Next we reformulate
the system (1.1) as:

?T‘f +U-V)p=MAp inQxJ, (3.32)
w=—IA+ryd+rF (¢) inQxJ, (3.3b)
2—?+U~VU—VAU+VP=MV¢ inQxJ, (3.3¢)
V.u=0 inQxJ, (3.3d)

dr _ —M|Vu|? = v||Vul* inQxJ. (3.3¢)

dr

It is easy to see that the above system is equivalent to the original system. We shall construct
below efficient numerical schemes for the above system which are energy stable with respect
to (3.3e).

Assuming ¢~>j, ﬂj and @/ with j =n,n—1,...,n —1+ 1 are given, we fist solve q{~>"+1
and " *! from

ard"tt — Ag (@) 3¢

+ (B - V)Bi(p") = MAR, Lo =0, (34
At on
~n n n n 3
A = CAAGT 4 Ay @ T 4 AF (Bi(o™)), a—’;m =0. (3.5)
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Then, we solve @*1! from

"t — A @)
At
lag = 0.

— VAT = Br(u")VBr(@") — (Br (") - V)Br(u") — VBi(p"),
ﬁl’l+l
(3.6)

Forreaders’ convenience, ok, the operators Ax and By withk = 1,2, 3, 4, 5 are given below:
first-order scheme:

ar =1, A(f") = f", Bi(g") =¢";

second-order scheme:
3 1
w =2, M) =2f" = D" Balgh) =2¢" — "

third-order scheme:
11 3 1
w = A =3 = DT ST Ba(eh) =3¢ =3¢ 48"
fourth-order scheme:
1

25 4
— A Yy — 4" 3 n—1 T oen=2 _ n—3,
ay = 1o. Aa(fT) =4f s el

B4(gn) — 4gn _ 6gn—1 +4gn—2 _ gn—3;
fifth-order scheme:

137
60

10 5 1
’As(fn)zsfn_sfn—l+?fn—2_1fn—3+§fn—47

Bs(g}’l) — Sgn _ lognfl + logl’l72 _ 5g”73 +gn74.

o5

Then we solve R"*1, £"+1 from

M — g+l (M”V’anJrl”Z n v||VBk(u”)||2) g+l = R
At ’ E@™, 0" + k0
(3.7)
Next we update ¢!, u*t1, u'*! by
¢I1+l — r}]ré+l(£n+la /’Ln+1 — n]l;l+1'an+l’ un—H — n;{l+lﬁn+l7 (38)
where
M =1— -2 it =1 - (1 —&"™hE fork =2,3,4,5. (3.9)
Then we update the SAV R"*! as
R™! = min {R", E@"*', u"™!) + ko) . (3.10)
Finally, we determine p"*! by solving
Vp'tl vg) = (M”“v(p"“ — @t vt oV x v ox Vq) Vg e H\(Q).
(3.11)
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Remark 3.1 The above scheme is easy to implement and very efficient. Indeed, (3.4)—(3.5) is
a coupled second-order equations with constant coefficients; (3.6) is a second-order equation
with constant coefficients; (3.11) is a Poisson equation in the weak form; (3.7)—(3.10) can
be updated directly.

Next we prove the following unconditional energy stability with a modified energy for
the above schemes (3.4)—(3.11):

Theorem 3.1 Given R" > 0, Then for (3.4)-(3.10), we have £"+! > 0 and
0<R"™ <R" Vn<T/At (3.12)
In addition, there exists a constant Mt independent of At such that
a2+ A IV + Ay 19" P < My, Vi< T /At (3.13)

Proof Given R" > 0, it follows from (3.10) that (3.12) holds.
In addition, noting that R® = RO. It follows from (3.7) that
1

n n
1|+ A MIVE P40V B |2 RE <K (3.14)
E((]S'1+],ﬁn+])+l(0

O<I’én+1 —

then we have £”t! > 0. Denote R? := M, it then follows from (3.1) and (3.14) that
Rn+l M

= < — . _ :
E@ @) 4o — [ 0"TH2 4 A VO 4 Ay llgnt 2 + 2

(3.15)

where without loss of generality, we assume the positive constant fQ F(@)dx +ky > 1.
Recalling (3.9), we can derive from (3.15) that there exists a positive constant M such that

M,
[ T2 4+ AV 12 + Ay gn+l)2 42

where P, is a polynomial function of degree ¢ withg = 1 for/ = 1 and g = [ — 1 for
1 =2,3,4,5. Thus we have

o2+ AV 4+ 7P = G D2 AR + AV 1671

It = g" T < (3.16)

( v, )

= ”ﬁn+1 12 + AV 12 + Ay gnH |12 + 2 3.17)
A2+ AV + 2y 1617
< M7,

which implies the desired results (3.13). ]

Now we shall first establish the relation between R¥! and RF*! to give following esti-
mates.

Lemma 3.2 Using the definition (3.10), we have
Rk+l — O_k+11'ék+l +(1— o,k+l)(E(¢k+l’ uk+1) +k0), (3.18)

where

Ok+] =0, if Rk > E(¢k+1,uk+1) + Ko,
R (M| V1240 VB b))
(E@H1 M) 4i0) (E (@41 k1) +ig— RFFT)

okl — 1 _ At, if R¥ < E(@* !, uk 1) + ko.

(3.19)
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Proof Recalling (3.10), it is easy to obtain that if R > E(¢*+!, u**t!) 4 ko,
Rk—H — min [Rk, E(¢k+l, uk+1) + KO] — E(¢k+l, uk+l) + Ko. (320)

Thus we can easily obtain that o¥*! = 0 in (3.18).
On the other hand, if R¥ < E(¢**!, ukt!) + ko, we have R*T! = R¥. Thus by using
(3.14), we have

R < RF = RM1 < E(¢*H! ot + k. (3.21)
Thus there exists a constant 0 < o¥*t!1 < 1 to satisfy (3.18). Using (3.14) leads to
M|VA + v||VB1(u")||2> A

RFH1 Rk — (1 + At

E@+1, &%) + ko (3.22)
=O.k+1ﬁk+1 + (1 _ O'k+1)(E(¢k+1, uk-‘rl) +K0)7
which implies that
ShH R (M|IV 5112 + vV By (b))
(E($k+1’ ﬁk+l) + KO)(E(d)kJrl7 uk+1) + Ko — RkJr])
The proof is complete. O

4 Error Analysis

We note that even in the case of linear time dependent Stokes equations, the stability of
second- and higher-order consistent splitting scheme based on the usual BDF is still an open
problem. The main difficulty lies in the fact that the coefficient of the estimate for commutator
of the Laplacian and Leray-Helmholtz projection operators is not sufficiently small, which
means that the extrapolation of this term to a higher order poses considerable difficulties for
theoretical analysis. So here we only carry out an error analysis for the scheme (3.4)—(3.11) in
the first-order case. The recent progress in [16] based on a generalized BDF offers potential
for an error analysis of the scheme (3.4)—(3.11) at higher-order discretization, but it will be
much more involved and beyond the scope of this paper.
For purely technical reasons, we shall modify the definition of R*! in (3.10) slightly to

(3.18) with

o_k+l =0, if Rk > E(¢k+l,llk+l) + o,

RN (M) VA2 4v] VB ) |12)
(E@ 1) i) (E@FH ub+1) g — REH

4.1)

okt — 1 — )(At)2, if R < E(@FHL, uf ) + k.

Note that Theorem 3.1 still holds with this rn~0diﬁcati0n if At < 1. Indeed, if R¥ <
E (¢!, ukt1y + kp, we obtain from (3.7) that R¥t! < R*. Hence, we can write
Rk — yk+1R'k+1 + (l _ )/k+1)(E(¢k+l, uk+1) + KO)» (42)

RN (M| VA |2 o) Vut)?)
(E@H1 05 fieg) (E(hH uk ) ig—REH)

and derive from (3.7) that y*T!1=1— H Ar with H:=

Hence we have
RF = R — HArRM ! + HAt(E(¢F!, uf ) + ko). (4.3)
On the other hand, we have from (4.1) that
ot =1 — H(AD?. 4.4)
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We then obtain from (3.18) that
R =gk RR+1 4L (1 = gk (B (k! ub 1) f k)

~ ~ (4.5)
Subtracting (4.3) from (4.5), we have
R RE —HAL(1 — Ar) (1%"“ —(E(@MH k) Ko)) , (4.6)
which, together with R¥t! < RK < (E(¢*+!, ukt!) + k) implies
R < RE, ifAr < 1. 4.7

For notational simplicity, we shall drop the dependence on x for all functions

when there is no confusion. Let (¢, u,u, p,r) be the exact solution of (3.3), and

(¢n+l d")n+1 Mn-&-l 'an+1 ﬁn+1 u't!

ptt R R be the solution of the scheme (3.4-3.11), we denote

Gt =" =", &t = ¢>"+1 G0}

~n+1 ~ 1 1 1 1

St ="t — @™, et = "t — uth,

~n+1 ﬁn+1 u(thrl) eﬁ+l u' !l — u(t"H), 4.8)
~n+1 pn+1 1 1 1 1

e';{l R”+ r(t”: 1), et = R — "t

= pt Tt — p™th.

The main results are stated in the following theorem:

Theorem 4.1 Assuming ¢ € W>2°(0,T; L*()) (W0, T; H(Q)) () L>®(0, T;
H*(Q)), u € Wh(0, T; HX(Q)), u € Wh2°(0, T; H*(Q)) | W>>(0, T; L*(2)), and
p € Whoo, T; L%(2)), then for the first-order scheme (3.4)-(3.11) with (3.10) replaced
by (3.18) with (4.1), we have

n n
1 12 k+1,2 k+1,2
e PV 2 + A Y ek 4+ Ar Y ekt
k=0 k=0

n n
F Vet 2+ A Y AT P+ A Y |IVeEHP < c(an?, ¥ < T/ A,
k=0 k=0

under the condition that At < where Cy is independent of At and will be specified in

1+cz’
what follows.

Proof The proof of the above theorem will be carried out through a sequence of intermediate
lemmas. First we shall make the hypothesis that there exists a positive constant Cq such that

11 — &% < CoAL, Yk < T/At, (4.9)
1881 2 + 1851 < (ADYC, Yk < T /At (4.10)

which will be proved in the induction process below by using a bootstrap argument.
We can easily obtain that (4.9) and (4.10) hold for £ = 0 by setting & 0 = 1. Now we
suppose

Il — &% < CoAt, Yk <n, @.11)
18K 1 g2 + 1881 g1 < (ADYS, Yk < n, (4.12)
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and we shall prove that |1 —&" ™| < CoAr and [|eg || 2 + 1€+ || 1 < (AD'/® hold true.

Step 1: Estimates for H' bounds of lleg &"+1|. First using exactly the same procedure in [14],
we can easily obtain that

1
5 < &5, k| <2, (4.13)

under the condition At < min{ﬁ, 1}.

We shall first derive an H2(2) bound for ¢” without assuming the Lipschitz condition on
F(¢). A key ingredient is the following stability result

2 4 (1" 3, + IR < K, (4.14)

where the positive constant K is dependent on u® and ¢°, which can be derived from the
unconditionally energy stability (3.13). O

Lemma 4.2 Under the assumption of Theorem 4.1, there exists a positive constant K inde-
pendent of At such that

A 4 122 +ZAr||V*k“|| <K»VO<k<n+l.
k=0

Proof Combining (3.4) with (3.5) and taking the inner product with A2+ leads to

= MAAF'(¢h), A2 — (o - vk, A2, @.15)

The first term on the right hand side of (4.15) can be controlled by the following equation
with the aid of (4.14):

MAAF (¢4, A2k <M2 ||A 26512 - C(KIIAF (@5))1?
(4.16)
||A 2ghtp 4 ME ||A M1 + C(Ky).

Recalling (4.12), we have [[u”| ;1 < C. Then using (4.14) and lemmas 2.1 and 2.2, the
last term on the right hand side of (4.15) can be bounded by

—b vk, A2 < uf e IVeF I sl AR
1/2
<Clu 1 19812V GE T AZGR |

- - 4.17
<CI I3 199 By + S I8P 4 b 2 vghe 4P

M ~ ~
== 1A% + Cl I3, (1AGE 12 + C (K1)
Combining (4.15) with (4.16)—(4.17) leads to
1 ~ = ~
Sy 182 = 1AGH7 + 149+ — Agh? )+ ||A2¢"+'|| + May VA2

Mo (4.18)
< T||A2¢’<||2 + Cllut |2, (1AG 1> + C (K1) + C(KY).
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Then multiplying (4.18) by 2At and summing over k, k =0, 1,2, ..., n, we have

n
1AG™ > + MAALAPG™ N> + My At Y [ VAGH!
k=0 (4.19)

n
<IAGOI2 + MAAL|A2EO2 + CAr Y k|2, AGH 2 + C(K ),
k=0

which, together with lemma 2.3 and equations (3.5), (4.12) and (4.14), lead to the desired

result. O

Lemma 4.3 Under the assumption of Theorem 4.1, we have

MVE 2 = 1VeER ) + Iveyt — vEs P + MAr| Ve
+ Ay AP — 1% + eyt — 1%y + MarEt”?
< CAt|VET > + CAL|EY )1 + CAL|VE |1 + CAt|VE,|?
+ CUVE"|? + 19" 13,0 Co (A + C (A1,

(4.20)

where C is a positive constant independent of At and Cy.

Proof Let R;H be the truncation error defined by

1

n+l ntly _ g 92
R;H _ AP (") _ Pu"T) — o (") _ L/‘ " —t) ¢ ) 4.21)
ot At At ),

n

Subtracting (3.3a) at "1 from (3.4), we have
~n+l ~n

¢ X ¢ MA€n+l (u(tn+]) . V)¢(tn+1) _ (“Il . V)d)n + Rg+1. (422)

Taking the inner product of (4.22) with EZ‘H and XE$+1, respectively leads to

En-H _on

At (4.23)

— ((u([n—H) -V)¢(t"+l) (u n V)¢n ~n+1)+(Rn+l ~n+1),
and
(||~n+l||2 ||~:;||2 4 ”en-H ~n ”2)
=1 (") - Vg — @" - V)", &t (4.24)

+ART & — Mavertt vath.

Subtracting (3.3b) at "1 from (3.5), we have
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Ftl = —ang !+ ay et 4 AF (@) — AF (@ (")), (4.25)

n+1 é”
¢ | respectively results in

Taking the inner product of (4.25) with M e"'H and

M”é:lt+1” MA(V~n+1 ~n+1)—|—M)»)/(~n+1 ~n+1) (4 26)
+ M (F'(¢") — F'(p" ). &), '
~n+]_én
(W@;ﬁ“) 5 IV P = 1veg ) + vegH! - veg i)
n+1 _on
A(F’(«p") Fla). = “’) @27
At
<||~"+1|| —l1Eg 1% + eyt —egi™.

Combining (4.23) with (4.24)—(4.27), we have

E(IIVN”HII IVey* + 1veyt — vegl®) + Mvet|1*
<||~”+‘ I = 1epl> + eyt — a1®) + mest >
=((u<z"“)-V>¢(t”“> W' - Vyg", et 4 agth + (R et (4.08)

+)\.(Rn+l ~n+1)+M)\y(~n+l ~n+l)

én+1 _on
wl From — F ot ,M~”+1 _ ¢ ¢ )
( () (@), Me,, Ar

Using lemmas 2.1 and 2.2, the first term on the right hand side of (4.28) can be recast as

(@@ - g — @' - Vig" it + eyt
= (@™ - VP — @) - Vg, & + 2y )

— (- Vg™, &) - ((u” Vel 8 4 xé;;“) w2

M ~
= g lIve GNP+ CIVET P + ClUBIT e 0.7 122y et I
+ C||un||L3 ||V(3¢||L2 + C”u”%oo(o’T;Hl(Q)) ||¢||%VI<OO(O,T;HI(Q)) (At)z

2 2 2
+ C”“”WI"’O(O.T;LZ(Q)) ||¢||Loo(0,T;H1(Q))(At) .
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Recalling lemma 4.2 and (4.22), the last term on the right hand side of (4.28) can be estimated
by

1 1 52154‘1 _ ég
’ (F @") = Fl(pa™*h, méy* — m)
—a (F/<¢>"> — Fl(@@"th), mait" — Ré’s“)

— A (F'@") = F'(¢@"*h), @™ - V™™ — " - v)¢")
+ 4 (V(F'(¢") = F'(¢"t)), MVt
< SIS + SV + eI + CIvey P 50
+ Clp I3y 1000.7: 111 ) AN + CllBI oo 0. 1. 12y €Ul
+ CI" I35 IVER T2 + ClulGe o 7. 11 19150100 0.1 11 2y (AD°
+ Cllly 00 0.7 L2010 oo 0.7 111 ) (AD
+ Cllo 3207212062y (AD-
Using Poincaré inequality, we have ||eﬁ||2 < C||Veﬁ||2 and using (3.8) and (4.11), we have
IVepl* <2(Vep|* + 211 — o [P va*|?
<2|VE|1* + 2 V" *Ch(an?,

leg 52 <20Ep017 + 216" 13,:Co(AD*. (4.32)

(4.31)

Then combining (4.28) with (4.29) and (4.30) and multiplying 2At on both sides, we have
MVETP = IVER I + 1vEyT — vas|®) + MAr| Ve |2
+ar eI — 117 + 18 — e3P + MAE
< CAL|VE > + CAL|E |17 + CALIVEY| + C At Ve |1?

+ ClE 3100 075111 2 A + CALIGN] 0.7 112 2 I VERII

+ ClullZ oo 7. 11 2 19 13y 100 0.7 111 52y (AD + CIVE" [P C (A1)

+ Clully o 0.7 120 1917 00,7111 2y (AD + ClIB" 31 €5 (A1

+ Clp 120 0,72 12 (52 (AD (4.33)
which implies the desired result (4.20). ]

Step 2: Estimates for /2 bounds of &/ *!. We first establish error estimate for the commuta-
tor of the Laplacian and Leray-Helmholtz projection operators to bound the part of pressure.
Similar to [21], we let P denote the Leray-Helmholtz projection operator onto divergence-
free fields, defined as follows. Given any b € LZ(Q, R4 ), there is a unique g € H 1 (2) with
Jo @ = 0 such that Pb = b + Vg satisfies

(b+Vgqg,Ve) = (Pb,Vep) =0, Vo € Hl(Q). (4.34)
Then foru € LZ(Q, Rd), we have [21]
APu=Au—-VV.-u=-V xVxu. (4.35)
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Next we recall the estimate for commutator of the Laplacian and Leray-Helmholtz projection
operators.

Lemma4.4 [21] Let @ C R? be a connected bounded domain with C3 boundary. Then

for any € > 0, there exists a positive constant C > 0 such that for all vector fields u €
H?> N HJ (Q,RY),

/ (AP — PAu|* < (l-i-e)/ |Au|2—|—C/ |Vul|?. (4.36)
Q 2 Q Q

We define the Stokes pressure pg(u) by
Vps) = (AP —PA)u, (4.37)

where the Stokes pressure is generated by the tangential part of vorticity at the boundary in
two and three dimensions by

/ Vps(u) - Vo = f(v xu) - (n x Vo), Vo € H'(Q). (4.38)
Q r

Then by using (4.35), we have
Vps(u) = (AP —PAu=({I—-P)Au—-VV-u= (I —-P)(Au—VV - u). (439
Recalling (4.34), we have

/ Vps(u)-V¢:f(Au—VV-u)-V¢, Vo € HI(Q). (4.40)
Q Q
Lemma 4.5 Under the assumption of Theorem 4.1, we have

M ~n+12 ~n )2 ~n+1 ~n )2 M 3d - ~n+1,2
E(Ilvdfr 1< = IVell +||V€ZJr — Ve, | )+E I—T VAIIIAEZJr Il

M 1-—
< M (o LY paniaz + carven?
2K3 8
(4.41)
Cane 2 + canver 2 + L arqen 2 + 1 ver 2
+ CAtly? + CAIVE + - Ar(IE, 12 + IV, 1)
+ C(IAG" 1> + | Va" |»)Cg(An?
+ClI¢" I3 Co (A’ + CIVA"[PCi(An’ + C(AD?,
where the positive constant C is independent of At and Co and the positive constant o
satisﬁes% <a<l

Proof Let R%:*! be the truncation error defined by

n+1
el _ AU uGth —uen 1 / e, wa
u B 27 '
o1 A At o or

Subtracting (3.3¢) at "1 from (3.6), we obtain

sn+1 sn
ent —é

A u UAE:’;-’:‘] — (u(tn+l) . V)u([ﬂ"rl) _ un . Vun

_ V(pn _ p(t}’l+1)) +an¢n _ M(tn+l)v¢(tn+l) +R:’l‘+l.

(4.43)
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Next we establish an error equation for pressure corresponding to (3.11) by
(Ve;+l, Vq) — ((u(tﬂ+1) . V)u(tn+l) _ (unJrl ) v)un+1’ Vq)
+ (Ve — (1"t Ve "t Vq) (4.44)
— (W x Vxé&tl vg), Vg e H(Q).

Taking ¢ = ™! in (4.44) leads to

1 1 1 1 1 1
Ve, <vI Vi @l + lleg™ o IVa@™ Dl + " s Ve Tl s

(4.45)
+ el s IV s + e D6l Vel s
Recalling (4.40) and lemma 4.4, we have
VIV @1 <va| AELTH? + vCo I VELT 2, (4.46)

where the positive constant % <a <l
Taking the inner product of (4.43) with —ZAZAéﬁ‘H and using lemmas 2.1 and 2.2, we
have

(IvepRtt? — (vep > + [vept! — ver | + 2varagyt)?
< AL AGT IV ) @)l + 4Az||Ae”“ ICllepll L6 IVu@E™) s + u” [l 2o | Vel £3)
+ AN ATl N Lo V" I3 + I s I Ve l3)
+2At|AZ I pE™) = pE O+ RG] + [t - Vyu@ ) — @) - VyuE™)|)
+2Ae [ AG T (" TH VT — n() Ve ™Il.
(4.47)

Using Cauchy-Schwarz inequality, the first term on the right hand side of (4.47) can be
estimated by

AL AZT VP! @Il < vALIAEET? + va At AZL|? + vCo At VEL]?. (4.48)
Recalling (4.12), we can obtain |[u” || 52 < C and by using (3.8) and (4.11), we have
I Aeq > <2 A&7 + 211 — " PIAR"|? < 211 A2 1* + 2 A" PC(AN*.  (4.49)
Thus the second term on the right hand side of (4.47) can be estimated by

ANt AZT I lepll LI VuE™) [ s + Il [l 6l Vepll )
(1—a)v

< TAtnAéﬁ“ 12+ CAt|VeR I Va@™) I Va™) || 1
+ CAL|VU" |2 Vel |V el ]|
1 —o)v 1 —w)v (4.50)
< %At”Aéﬁ“llz + %Az”AeﬁHz + CAt||Ver|?
1— 1—
< %AtﬂAéﬁ“nz + %Arwﬁuz + CAL|VEr |2
+ C(AR" | + IVE" ) (AL,
Using (4.25), we have
AZ = yet 4 Fl¢") — Floa"h) — ~”+‘ (4.51)
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Recalling (4.12) leads to || " || 1 < C. In addition, we have
e <2018 13,2 + 216" 13, Co(AD?, (4.52)
Ve, <2V + 2 VA" [ Coan'. (4.53)
Hence the third term on the right hand side of (4.47) can be bounded by

AN NG e s V™ s + e @™l s Vel )

1/2 12

< AAL|AGT Ll IV IV 1y + e [V eR 2 IVeR I )
1 - - -
< %AtnA B2 K3 A28 ]2 + 1VEL|?) + CAr|EL 1> (4.54)
+ CAL|VE|* + Clld" 17,.Co(AD° + CIIVR" [P C (ALY

2 2 3
+ C”¢”W1'°C(0,T;H1(Q)) ||I’L||LOC(0,T;H1(Q))(At) )

where K3 is a positive constant which is independent of At and C.
Using Cauchy-Schwarz inequality, the last two terms on the right hand side of (4.47) can
be bounded by

2AL[AZE [ (Ip (™) — p"TH I+ IRET ) + [ - Vyu™™) — @) - V@™ |)
+2At | A (T VP T — () Vo (M|

tn+l
2 2
Il dl+f fluy | dl)
o
1

ln+l
+ C(A1)? (/ IV, [ 2de a2, + @3, f ||u[||§,2dr>
tVl

i+l

1 —
< LoD nag 2 + can? (/

8
(4.55)

m
il

+ C(AD? ( /
'

Finally, combining (4.47) with (4.48)—(4.55), we obtain

el

IV 12 dtlle (") 132 + g ™) 1%, / ||m||§,zdr> :
y

N 3 31 -a) N
(Ivertty )z —ver|? + |vertt — eﬁ||2>+<1—TwmnAeﬁ“n2

]l —« N - - -
< <a + ( 2 )> VAL AZ + CALIVEL? + CALE} 1> + CAL|VE,|1*
+ K3Ar([E] 1> + Ve 1)
+ C(AR" | + IVE" 1P CH (AL
+ Cl1¢"13,.Co(AD® + CIVR"|*Ch (At

(4.56)

+ C(lu”%vl.m((),T;HZ(Q)) + “¢”%/VI'OC(O,T;H1(Q)) + ||I’L”%VI,OO(O’T;HZ(Q)))(AZ)?’
+ C(||p||%vl.oo(01T;L2(Q)) + ”u“%)l/ZOO(O’T;LZ(Q)))(At)3a

which leads to the desired result (4.41) by multiplying % on both sides of (4.56). O

Combining lemmas 4.3 and 4.5, we have
AV R = IVER I + Vet — Ve I%) + ay (st IR — e 1® + ekt — %)

+ MAL| V2 + MAr)kt)? +E(HV€ﬁ“II — VeI + Vet — vel|h

@ Springer



Journal of Scientific Computing (2025) 103:27 Page 17 0f28 27
M 3(1 —
s M3 AL ASKTT |2
2K3 8
= CLAn|VEH I 4 CarEyI? + Carves | + ¢ (IVE 12 + 18413, ) cian?
(1-0a)
8

+C(Az)3+ﬂ( + WAL A + CALVE|> + CAr|ed)1> + CAr| Vel |1?
3K o ey ey eq g

M - - - -
+ 5 Al + VeI + C(IAT | + Vi) Chan?
+ ClIFFI12,.CH (AN + CIVAFIPCH (AN + C(An?. (4.57)

Summing (4.57) over k, k = 0,1,2,...,n, using boundedness estimates (4.12), (4. 14)
lemma 4.2 and applying the discrete Gronwall lemma 2.3 under the condition that At <
we can arrive at

T’

15+ + 1vey +AzZ||~"+‘|| +AzZ||V~"+‘
k=0

. _ (4.58)
+||V n+1” +AIZ||A k-‘r]

< G (1+Cg(An ) (Az)2, Vn < T/At,

where C» is independent of C and At.
Step 3: Estimates for |1 — £71!| with the new relaxation. We finish the induction process
by establishing the estimates for |1 — &"+1|. Let Sf'“ be the truncation error defined by

K+ K1y _ poik k]
s = Ir@ )  RETH —RE 1 / (t* —t)—dt (4.59)
t

k

ot At At

Subtracting (3.3e) at t**+1 from (3.7), we obtain

Skl _ ok Rk+1
Rk R (R v ?)
At E (@KL, i) + kg (4.60)
I’([k+1)

ktly )2 k+14,2 k1
T E@ET, uF ) + ko (MIVREHI? + v VaEHI?) + sE

Thus we can obtain an error equation corresponding to (3.18)

ek = okek + (1= oty (E(qbk, ub) — E(p(5), u(tk))) . (4.61)

Plugging (4.61) into (4.60) leads to

i =tk =1 —oh) (E@h uh) — E@(*).uat)
Rk+1

PV ~k+12 k2
At g o (VAP 4 v vufyP) (4.62)

r([k+l)

T A G, u ) F o

(MIVREHI + vl Va2 + Arst,

Next we continue the error estimates in the following two cases RF-1>E (d)k ,u¥) 4k and
RF1 < E(¢k, uk) + Kg.
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Case I: Under the condition that RF=! > E(¢*, u*) + ko, we have from Lemma 3.2 that
0% = 0. Thus multiplying (4.62) with & ~k+1 and using the triangle inequality, we have

S = (Bt ) - E@h),ueh), )
+A1(Sk+l ~k+l)+H(Rk+1 ~k+1 uk)!

(4.63)

where

1§k+1

E (k1,65 + ko

H(§k+l’ 'ak+1’uk) —At ( <M||V~k+1|| + v||Vu/<”2>

= (MIVREHI + v Va2
Using (4.14) and (4.58), we have

|E (9%, u¥) — E(p(t%), u(t®))]
< |E(¢*, u*) — E(¢*, &) + |E@*, &) — E(p ("), u(tb)))|
< CK{(|V* — V|| + ¢ — @Il + u* —a¥|))
+CUVP = VoI + 18 — ("1 + 17" —u@)I) 4.64)
+ A /Q |F(¢") — F(p(t*))ldx
< CI1=nf 115 1 + 11851 + C A
< C(I1" 1 + 10D CE(An? + C At

Then the first term on the right hand side of (4.63) can be estimated as

(E@* ) = E@@h), ua), &)
(4.65)
- 1

< CUIGA T + 1T IHCIAN* + Can? + J1g .

Since

Rk+l

VW
E@ 1,6 + ko

t Rk (i
E(¢Zk+l, ﬁk+1) + Ko E(¢(zk+1), u(tk+l)) + Ko

(MIVASIZ + ivek12) = (MIVREDIR + v vaet)?)

(MIVREHI + vl VaEth)?)
pk+1

+ MAt—————— e (IVAF 2 — |V (* %)
E@ 184 + ko

pk+1
E@ &) + ko
< CAHE |+ CAt(IVEFT | + DIVEH | + CAr|éh ) + C At

(4.66)
Ive* 2 = [va@ )

+ vAt
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Thus using Cauchy-Schwarz inequality, the last term on the right hand side of (4.63) can be
bounded by

- 1
H(Rk+1,/1k+l k) <CAtl~k+1| + At”vuk-l-] ” |~/<+1|

(4.67)
+ cmuv”‘“n + CArék )2 + c(an?.
Combining (4.63) with (4.64)—(4.67), we have
&M 1P < CAIghiy, + It IHcgan® + - |~k+‘| +CArER?
(4.68)

1
+ Rmuwk“ 12185 12 + CAr|VEET I + CAr|ek|1* + C(An?.

By substituting n for k and adding some positive terms on the right hand side of (4.68), we
get

R = CU 17 + 1T 1HC5 (A" + Lgnrip +C3ArZ|~k“
(4.69)
+4 e Azank“n%rcmZ||vek“||2+cmZn ul? +C@an’.
k=0 k=0 k=0

Case II: Under the condition that R¥~! < E(¢F, u¥) + ko, we have from (4.1), that

k_p_ _ ROVt P vett?) 2 '
o =1 <E<q3k,ﬁk)+xo)<E(¢k,uk>+Ko—1%k>(At) - Thus using (4.62), we have

Sl gk — _ A R <M||V;1k+1 12 + | Vuk ||2)
keoor E@+1, 61 + kg

r(tk'H)
E(¢ (kD) u(t*+1)) + ko
RE(M|VE ) + v Vuk=1)2)
E(¢k, i) + ko

+ Ar (MIVREHIP + v VuEth)?)

+ ArSH 4 (A1)

(4.70)
Mu]tlplymg (4.70) with e ~k+1 and using the triangle inequality, we have

~k+12 ~ ~k+1 _ ~
| L2 — f| &2 +f| — ekl

E@*, ") + ko
+HR A ),

R* (M||Vi¥)|% + v|| Vak=T1)2
=N< (MIVESI 4 oIVWHR) | ) st ket @D

Taking the sum of (4.71) from ¢ + 1 to n with 04 = 0 and using (4.63) result in

n k 2 k—1
1|~,,+1 < Ar Z R M”vﬂ =+ vlVa* )Al‘ ~/;3+1
2 k=q+1 E(¢k7u )+K0

(E(¢" uh) — E@u), e, o) + 3 ans ot (4.72)

n
FAr YD (SELA 4 LR w4 Y G, ),
k=q+1 k=q+1

@ Springer



27  Page 20 0of 28 Journal of Scientific Computing (2025) 103:27

Using (4.14) and lemma 4.2, the first term on the right hand side of (4.72) can be estimated
as

A
' Z E(¢*, i) + o

z (Rk M ViF|? + v Vut—1|2)
k=q+1

1
At, ~’,3+‘) < 1'57%“'2 + C(K1 + K2) (A1),

(4.73)

where we suppose that |e 12
we should repeat this estimate.
The other terms on the right hand side of (4.72) can be estimated by using exactly the

same procedure as above in Case I, we can obtain that

achieves its maximum value at the time step n + 1. Otherwise

| n+1| <C4At Z |ek+1| +CAtZ||V~k+]||
k=q+1 k=0
" (4.74)

n
+ CALY NEsl® + CUIg? I3 + 107 1P CH(AD* + C(an?.

Applying the discrete Gronwall lemma 2.3 under the condition that A < min{ %, ﬁ} and
using (4.58), we can arrive at ‘

18512 < Cs (1 + C(AD?) (AN?, Vn < T/At. (4.75)
Next we finish the induction process as follows. Recalling (3.7), we have
R(ln—H) I’én-H
E@@@ ). u@ ) +x0  E@ 7 + ko
<CUE T+ et I+ 125+ 1ve

<CoAty/1+ C(AD?2, Vn < T/At.

where Cg is independent of Cp and At.
Let Co = max{2Cs, 24/C1, 2/C3, (2C2)3 , ZCL 4} and Ar <

|1 _§n+]|

(4.76)

l—cz, we can obtain

Coy/ 1+ CH(AD? < Co(1 + C3AT) < Co. 4.77)

Then combining (4.76) with (4.77) results in
[1 — &™) <CoAr, Vn < T/ At. (4.78)
Recalling (4.58), we have
183 gz 4+ 188 g < C2 (14 CGAD?) (AD'? < (AD'S, (4.79)

which completes the induction process (4.9) and (4.10).
Then combining (4.58) with (4.49), (4.52) and (4.53), we obtain

n n
el 2 + Vel T2 4 Ar Y ek 2+ Ar Y Vet )2
k=0 k=0 (4.80)

n
Vet 1P + At Y lAegt 1P < C(AN?, Vn < T/At.
k=0
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Now it remains to estimate the pressure error. Recalling (4.46), we can estimate (4.45)
into the following:

n n n
ALY VT2 < CAr Y IAGT P+ car Y |vett)?
k=0 k=0 k=0

n
+ CALY (Ve T IPIVaE Y IVa @ Y g + V0 12 Vel Vel g
k=0

n
+ CALY (Ve PNV IV g + IV DI IVe Ve )

k=0
< C(AN?, ¥n < T/At, (4.81)
which completes the proof. O

5 Numerical Experiments

In this section, we provide some numerical experiments to verify our theoretical results
of the constructed high-order GSAV schemes with the new relaxation (3.4)—(3.11) for the
Cahn-Hilliard-Navier—Stokes model.

5.1 Convergence Tests

We first verify the accuracy of the proposed numerical schemes. We choose the coefficients
A=1, M=1x10"3 e=1, y=0, v=0.05, (5.1)
and solve (1.1) with right hand sides chosen so that the exact solution is
¢(x,y,t) = cos(t) cos(mx)cos(my),
u(x, y, 1) = 7 sin(r)(sin® (77 x) sin(2m y), — sin(2mx) sin’ (7 )7, (5.2)
p(x,y,t) =sin(t) cos(mx) sin(mwy).
We set @ = (—1, 1)2 and use 50 x 50 modes to discretize the space variables, so the
spatial discretization error is negligible compared to the time discretization. In Fig. 1(a—e),
we list the errors between the numerical solution and the exact solution at 7 = 0.2. We

observe that all schemes achieve the expected accuracy in time, which is consistent with the
error analysis in Theorem 4.1.

5.2 Shape Relaxation

In this simulation, we employ an evolution of a star-shaped interface, with the initial value
provided by

0.25+0.1cos(s8 +m/2) — r

(x,y,0) = tanh ,u(x,y,0)=0,
¢ Y \/EG Y

_ y—0.5 _ 5 2
Q—arctanx 05 r_\/(x—O.S) + (y — 0.5)~,
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tep size

(a) BDF1 vs. errors

2 001 0015 002 0025 003 0.035004 0012 0014 0016 0018 002 0022 0024
Time step size Time step size

(c) BDF3 vs. errors (d) BDF4 vs. errors (e) BDF5 vs. errors

Fig. 1 Numerical convergence rates of the first- to fifth-order schemes
- . | E J E
; . | ﬂ E

Fig.2 Snapshots of the phase function ¢ att =0, 0.2, 0.6, 1.5

where the parameter s denotes the count of vertices in the initial data. We set Q2 = (0, 1)2
and use 128 x 128 modes to discretize the space variables. The parameters are

At=1x10"3, A =1x10"2, M=1x1073,

(5.3)
e=1x10"%, y =2x10% v=1.

In Fig.2, we depict the dynamic process of shape relaxation towards a disk, considering
various initial values with third-order scheme. It can be clearly observed that the energy
dissipation law holds for both s = 4 and s = 6 in Fig.3 (Left). Furthermore, we can also
find that the more vertices, the faster the evolution by comparing the energy evolutions of
two cases.
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0.055 T T T T T T
——— Original energy of GSAV scheme

—— s = 4: Original energy

—-=-5 = 4: Modified energy | 005 —-=- Modified energy of GSAV scheme
——s = 6: Original energy ool Original energy of NR-GSAV scheme
—-—-5 = 6: Modified energy [q . —-=- Modified energy of NR-GSAV scheme

Time

Time

Fig.3 Evolutions of both the original and modified energy curves under shape relaxation (Left), as presented
in subsection 5.2. The energy curves that depict the nucleation process (Right) using the GSAV and NR-GSAV
schemes can be found in subsection 5.3

5.3 Flow-Coupled Phase Separation

In this subsection, the process of flow-coupled nucleation is considered. The initial conditions
are as follows

¢(x,y,0) =y —1+0.0lrand(x, y), u(x,y,0) =0,

where rand(x, y) represents the random distribution between —1 and 1.
We set 2 = (0, 2)2 and use 200 x 200 modes to discretize the space variables and the
other parameters are set as follows:

At=1x10"3, A=1x10">, M =5x10"",

_2 4 54

e=1x1077, y =2x107, v=1.
The magnitude of ¢ has a larger value close to the upper and lower boundaries and a smaller
value close to the domain center with the specified initially condition. We observe a mono-
tonic decay of energy with third-order scheme in Fig. 3 (Right), with the original and modified
energy of the GSAV scheme with the new relaxation (NR-GSAV) showing enhanced consis-
tency compared to the GSAV scheme over the same time step. In Figrue 4, it can be noticed
that the phase separation occurs close to the domain center. The generated droplets eventually
disappear over time since the interfacial length as a whole shrank as a result of energy decays.

5.4 Buoyancy-Driven Flow

In this example, we reformulate the momentum equation as follows:

Ju
a3 4+u-Vu—vAu+ Vp =uVe + xp(o)g, (5.5)

where x(¢)g is a buoyancy term with xp (¢) = x (¢ — @), and ¢ is spatially averaged order

parameter. The computational domain is Q = (0, 1)>. We use 128 x 128 modes to discretize
the space variables and the initial velocity is initialized as u(x, y, 0) = 0.
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Fig. 4 The top and bottom rows display the snapshots of the phase function ¢ and velocity field for the
flow-coupled nucleation process at time r = 1, 5, 10, 20
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Fig.5 Snapshots of the phase function ¢ atz = 1, 2.55, 3.25, 4

5.4.1 Bubble Rising

The numerical and physical parameters are provided as follows:

At =5x10"% A=1x103, M=1x10"2 e=1x 1072,

(5.6)
y=2x10* v=1, g=0,-DT, x=5x10.

We set the initial condition for the phase function as a circular bubble centered at (0.5, 0.25)
with a radius of r = 0.15. In Fig.5, snapshots of the phase evolution with second-order
scheme at different times (t = 1, 1.75, 2.55, 3.25, 3.35, 4) are displayed. Initially, the bubble
appears as a circular shape near the bottom of the domain. The bubble, which is lighter
compared to the surrounding fluid, rises gradually, transitioning into an elliptical shape, and
eventually deforms as it approaches the upper boundary, as expected.

5.4.2 Dripping Droplet

We first conduct simulations to observe the evolving behavior of a dripping droplet under
different Reynolds numbers: v = 1/10, 1/100, and 1/200. Set the parameters as

At=1x10"3 A=1x10"3, M=1x10"2, e=1x1072,

4 r 5.7
)/=2X10, g:(ovl)v X:lo
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Fig.6 Snapshots of the phase function ¢ at different 7'
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Fig.7 Snapshots of the phase function ¢ at t = 0.2, 0.4, 0.7, 0.9

The initial condition is as follows

¢(x, y,0) = tanh <

(f) v =10.01, T=0.6

(i) v =0.005, T=0.6

V2e

032 —/(x =052+ (y — 1.1)2>

Initially, the droplet with heavier density is attached to the upper solid wall. Due to the
influence of gravity, the droplet gradually descends over time. In Fig. 6, the top row presents
a snapshot of the droplet at v = 1/10, while the second and third rows depict the evolution
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results for v = 1/100 and v = 1/200 respectively. It is evident that as the Reynolds number
1/v increases, the pinch off occurs more rapidly and the droplet descends at a faster rate.
Next, we choose the parameters as

At=1x10"3, A=1x10"°, M=1x10"", e=75x1073,

2 (5.8)
y=-. v=5x107 ¢g=0.D", x=10.
€

The snapshots of the droplet are shown in Fig. 7 with the initial state unchanged. The forma-
tion of spike structures becomes evident, particularly when the liquid filament is extremely
elongated.

6 Concluding Remarks

In this paper we constructed novel fully decoupled and higher-order IMEX schemes for the
Cahn-Hilliard—Navier—Stokes system based on the GSAV method with the new relaxation
for Cahn—Hilliard equation and the consistent splitting method for Navier—Stokes equations.
The resulting higher-order schemes are fully decoupled, linear, unconditional energy stable
and only require solving several Poisson type equations with constant coefficients at each
time step. We also carried out a rigorous global-in-time error analysis for the first-order
scheme in two and three-dimensional cases.

We only carried out the error analysis for the first-order scheme, due in principle to
the lack of strong stability for the second- and higher-order consistent splitting schemes
for the Navier—Stokes equations. Recently a consistent splitting scheme for the Navier—
Stokes equations based on a generalized BDF was introduced in [16], and its second-order
version was shown to possess a strong stability. While its error analysis for the Navier—Stokes
equations is much more complicated, it offers potential for an error analysis of the scheme
(3.4)—(3.11) at second- and higher-order discretizations. We plan to investigate this potential
in a future work.
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