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ON A NEW CLASS OF BDF AND IMEX SCHEMES FOR
PARABOLIC TYPE EQUATIONS*
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Abstract. When applying the classical multistep schemes for solving differential equations, one
often faces the dilemma that smaller time steps are needed with higher-order schemes, making it
impractical to use high-order schemes for stiff problems. We construct in this paper a new class
of BDF and implicit-explicit schemes for parabolic type equations based on the Taylor expansions
at time ¢t"1t# with 8 > 1 being a tunable parameter. These new schemes, with a suitable 3, allow
larger time steps at higher order for stiff problems than that which is allowed with a usual higher-
order scheme. For parabolic type equations, we identify an explicit uniform multiplier for the new
second- to fourth-order schemes and conduct rigorously stability and error analysis by using the
energy argument. We also present ample numerical examples to validate our findings.
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1. Introduction. We consider in this paper numerical methods of a class of
nonlinear ordinary or partial differential equations in the form

(L1) g + Lu(t) + Glu(t)] = f(t), 0<t<T,
' u(0) =u’,

where £ is a linear (or possibly nonlinear) positive operator and G is a nonlinear
operator, whose exact descriptions can be found in the next section.

Numerical approximation of ordinary differential equations (ODESs) is a very ma-
ture field (see, for instance, [9, 10, 15, 18]), and the numerical methods developed
for ODEs have been playing important roles in solving partial differential equations
(PDEs) in the form of (1.1) through the method of lines [27] or the so-called method
of lines transpose [20], i.e., discretizing first in time followed by the discretization in
space. In particular, the backward difference formulae (BDF) and the implicit-explicit
(IMEX) schemes are frequently used to deal with (1.1) which exhibit stiff behaviors
[8, 16, 21].

Two key issues of numerical methods for (1.1) are stability and accuracy. In
order to obtain a highly accurate solution with less computational costs, it is highly
desirable to be able to use higher-order schemes with larger time steps. However,
as we increase the order of accuracy of BDF or IMEX type schemes, their stability
regions usually decrease, i.e., smaller time steps need to be used with higher-order
schemes, particularly for stiff problems, making high-order schemes impractical for
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many complex nonlinear systems. A natural question arises: is it possible to develop
higher-order multistep schemes such that their stability regions are comparable or
even larger than lower-order classical BDF or IMEX schemes?

The main purposes of this paper are twofold:

e to construct a new class of BDF and IMEX schemes with a tunable parameter
such that larger time steps can be used in higher-order schemes;
e to carry out a rigorous stability and error analysis for this new class of IMEX
schemes.
Furthermore, we provide convincing numerical evidence to validate our theoretical
findings.

We recall that the classical BDF and IMEX schemes for approximating a solution
at time t"T! are usually constructed using the Taylor expansion formulae at time
t"+8 with 8 € {0,1}. In this paper, we shall construct a new class of BDF and IMEX
schemes based on the Taylor expansion formulae at time t"1# with 8> 1 being a tun-
able parameter. The new schemes are a simple generalization of the classical BDF or
IMEX schemes with essentially the same computational efforts. However, they enjoy a
remarkable property that their stability regions increase as the parameter 5 increases,
making it possible, by choosing a suitably large 3, to use high-order schemes with rea-
sonably larger time steps. The price to pay with a larger g is increased truncation
errors, which can be more than compensated for with a higher order of accuracy.

On the other hand, it is well known that a rigorous stability and error analysis by
using the energy technique of the classical BDF (and the related IMEX) schemes of
order up to five (cf. [5, 6, 14, 22, 24]) relies on a result by Nevanlinna and Odeh [25]
(see also [3] for the extension to the six-order BDF scheme) in which the existence of
a suitable multiplier that can lead to energy stability was established. It is therefore
natural to ask whether such a multiplier exists for the new class of BDF schemes. We
shall construct explicitly suitable multipliers in a more general form for the new class of
BDF schemes of orders two to four and derive explicit telescoping formulae associated
with these multipliers. Furthermore, for nonlinear parabolic type equations, we show
rigorously that the stability condition of the new class of IMEX schemes becomes less
restrictive as 8 increases, particularly compared with the classical case of §=1.

The idea behind the new class of BDF and IMEX schemes is very simple but
original and can be easily extended to other types of numerical schemes. However,
our stability and error analysis rely on the explicit formulae for the uniform multipliers
and telescoping decomposition whose derivations are totally nontrivial and original.
On the other hand, the new schemes can be easily implemented with a minimal effort
by modifying the code based on the classical BDF or IMEX schemes and provide a
much needed improvement on the stability of higher-order schemes.

The rest of the paper is organized as follows. In section 2, we describe the abstract
setting and construct the new class of BDF and IMEX methods based on the Taylor
expansion at time "1 and investigate their stability regions. In section 3, we identify
an explicit and uniform multiplier for the new class of BDF and IMEX schemes, which
plays an essential role in the stability and error analysis. In section 4, we establish the
unconditional stability for the linear parabolic equations and the stability, followed
by error analysis for the nonlinear parabolic equations in section 5. In section 6,
we discuss extension to the fifth-order scheme. In section 7, we provide numerical
examples to show the advantages of our new schemes, followed by some concluding
remarks in section 8.
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2. A new class of BDF and IMEX schemes.

2.1. The abstract setting. We first describe the functional setting. For the
sake of simplicity, we consider a simpler setting than that used in [6], although our
analysis would also work for the more general setting there.

Let V and H be two real Hilbert spaces such that V ¢ H = H' C V' with V
densely and continuously embedded in H and V' being the dual space of V. We
consider (1.1) with £: V — V' being a positive definite, self-adjoint, linear operator,
and f in V' is a given source term. We denote the inner product in H by (-,-) and
the induced norm in H by |-|. We also denote the norm in V' by || - ||, which is defined
as |Jul| := |£'?u| = (Lu,u)'/?. The dual norm in V" is defined by

(2.1) [lo|lx:= sup (v, w) VoeV'.
wevrioy [ull

We assume that the nonlinear operator G satisfies the following local Lipschitz con-
dition [6] in a ball By = {v € V : [[v —u(t)|| < 1}, centered at the exact solution

u(t),
(22)  16() =@ <Allv = 3l* + plv =0 Vu,0 € By, Vte[0,T]

with a nonnegative constant v and an arbitrary constant u.

2.2. Construction of the new schemes. We shall first construct the new
schemes for (1.1) based on the Taylor expansion at time t"*#. Given an integer k > 2,
denoting t" = nAt, it follows from the Taylor expansion at time t"*# that

k—1 (m) (4n
(2.3) p(t" T = mzzo[u Sy - 5)At]m%ﬂ%) +O(At%)  for k>1i>0.

Then we can derive from the above an implicit difference formula to approximate
8t¢(tn+ﬁ)7

k
(2.4 T D kg (BT = 0,07 ) + O(AR),
q=0

where ay, 4(8) can be uniquely determined by solving the following linear system with
a Vandermonde matrix:

1 1 1 ak’k(ﬁ) 0

B—1 B ... .. B+k—1 ak);gfl(ﬁ) -1

@5 | B0 B L Brk-1? || aua(®) || 0
(B-1F 5 o o BrE=DF ][ no®) 0

Similarly, we can derive an implicit difference formula to approximate ¢(t"+5),
k—1

(2.6) D brg (B TR = (¢ ) + O(ALY)
q=0

with by 4(8) being the unique solution of the following Vandermonde system:
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1 1 1 bs—1(8) 1
8—1 B B+k—2 bi.k—2(B) 0
(2.7) : : o : : -
B-1F1 g1 B+k=21 || beo(B) 0

To deal with the nonlinear term in (1.1), we also need the following explicit difference
formula to approximate ¢(t"+#):

k—1
(2:8) > cra(B)p(E TR = (") + O(AT),
q=0
where ¢ 4(8) can be uniquely determined from
1 1 1 Ck,k—l(ﬁ) 1
B B+1 B+k—-1 k. k—2(8) 0
(2.9) ) . . . . . =1 .
el (B4R L (BHk—1)k! ck0(B) 0
Then, a new class of BDF schemes for (1.1) with G =0 is
1k k—1
(210) 55 D ar (8o L (Z bk,qu*”*q) = F(E), k22
q=0 q=0
and a new class of IMEX schemes for (1.1) is
L k-1
(2.11) 203 apg(B)e" T R4 L (Z bk7q(6)¢"+2—k+Q>
q=0 q=0

k—1
+g (Z Ck,q(ﬁ)¢"+1_k+"> =", k>2.
q=0

Remark 1. When f=1, (2.11) (resp., (2.10)) becomes the classical semi-implicit
IMEX (resp., BDF) schemes, and there have been extensive works regarding its sta-
bility and error analysis [2, 4, 6, 22, 23] in the literature. For all 8 > 1, (2.10) and
(2.11) still involve values at the same k + 1-levels as the classical one (with 8 =1) on
the left hand side, while they involve values at time t"*# on the right hand side.

For the reader’s convenience, we list below the coefficients in (2.11) for k= 2,3, 4.
k=2

@120)  we®)=1 wi8)= 28, wo(p)= 2
(2.12b) b1 (B)=08, bao(B)=—(B-1),
(2120) CgJ(ﬁ):ﬁ—f—l, 02)0(5):—6.
k=3:
2 _ 2 _
(2.13a) az3(B) = W7 as2(B8) = (95 +6125 3),
2 B _(ap2
PR R P L
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Q1) b= b= 8- 1), o) = T,
0130 ep® =S =34 28), 00 = L
k= 4:
(2.14a)
aaa(f) = 26° + 9ﬁ212+ 118+ 3’ 213(6) = —83% — 305122— 208 + 107
aa2(8) = 126% + 36[£+ 66 — 187
011(8) = —833 — 181622 +4ﬁ+6, as0(8) = 263+3€22—5— 17
(2.14b)
bua(8)= T = TR gy
ba,o(B) = yy
(2.14c)
ca,3(B) = s 6ﬁ2; Lo 6» c12(B) = wa ca,1(B) = w,
cs,0(B) = w

Remark 2. Instead of deriving (2.11) from Taylor expansions, one may also de-
rive it by following the standard construction of the usual multistep methods using
interpolation formulae (see, e.g., section 2 in [19]). In fact, it can be shown that the
coefficients ay. 4(B),br.q(B),cr.q(B) can be determined by the values at t"*# of the
corresponding Lagrange polynomials and their derivatives. For example,

(2.15) ar,q(B) = AtLL(t"P), ¢=0,....k,

where L, is the Lagrange polynomials associated with ¢"+1=F ¢+l

2.3. Linear stability regions. In this subsection, we investigate the regions
of linear stability of the new schemes (2.10). For the test equation ¢ = A¢, (2.10)
reduces to
L k—1
(2.16) N Zak,q(ﬂ)d{ﬁl#ﬁrq _ /\z bk7q(ﬂ)¢n+27k+q’ k>2.
q=0 q=0

[{99e}]

In order to study the stability regions for 5 # 1, we set ¢ = w™ (here, “n” is an upper
index in ¢™ and an exponent in w™) and z = AAt in (2.16) to obtain its characteristic
equation, e.g., in the case of k=2, it takes the form

(2.17) (2841 —2B2)w* + (2(83 — 1)z —4B)w + (28 — 1) =0.

Then the region of absolute stability of method (2.16) is the set of all z € C such that
the characteristic polynomial satisfies the root condition. We recall that the second-
order case was already considered in [17], and it was shown that the second-order case
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of (2.16) is A-stable for 8> 1, and more importantly, the stability regions increase as
we increase 3.

In Figures 1 and 2, we plot the stability regions of the general third- and fourth-
order BDF schemes for 5 =1,3,5. We observe that the stability regions increase as
we increase 3.

In order to have a better sense on how the stability regions vary with different
B and k, we plot in Table 2.1 a comparison of stability regions in the same scale.
We observe that (i) the stability regions increase faster when S is closer to 1 and (ii)
the area of the stability region with & =4 and g = 3 is already bigger than that of
the classical second-order BDF. Hence, we can expect that the general fourth-order
scheme with 8 = 3 allows similar or larger time steps for nonlinear problems than the
classical second-order IMEX, avoiding the usual scenario that a smaller time step has
to be used when increasing the accuracy order.

3. Multipliers for the new BDF and IMEX schemes. In order to conduct
the stability and error analysis for the BDF and IMEX schemes by using energy
techniques, a key step is to find a suitable multiplier. A key result that allows one to
prove the energy stability of the classical BDF schemes of order up to five is established
in [25], where the existence of such a multiplier is shown; see [3] for an extension of this
result to six-order BDF. In this section, we identify an explicit multiplier and show
that it is suitable for the new BDF and IMEX schemes of second to fourth order.

3.1. Notation and a key lemma. To simplify the presentation, we introduce
the following notation:

(3.1) AL (97

k k—1
Zak,q(ﬂ)éﬁi_kﬂ, B,f(cz)i) — Zbk,q(ﬂ)w—kﬂﬂ-q’
q=0

0
1

q
k
Cl) = cpq(B)oiFHita

q

0

ES
go
5
2 0 2 4 & 8
Re
(a) third order, 8 =1 (c) third order, 3 =5
05
2 ® °
E° £° g o

05 — 05 — o5
-06 -04 -02 0 0.2 0.4 0.6 -06 -04 -02 0 02 04 0.6 06 04 02 0 02 04 06

Re

Re Re

(d) B =1, zoom in around the origin (e¢) 8 = 3, zoom in around the origin (f) 8 =5, zoom in around the origin

Fic. 1. The pink parts show the region of absolute stability of the general third-order BDF
scheme with Taylor expansion atn+ B, 8=1,3,5. (Color images are available online.)
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-5 0 5 10

(a) fourth order, 8 =1

Imag
°

(d) B =1, zoom in around the origin

Imag

Imag

T s 0 5 10
Re

(c) fourth order,3 =5

-5 0 5 10
Re

(b) fourth order, 8 =3

! 1
05

0 g

E

05 ;

4 R

-1 -0.5 0 0.5 1
Re

Imag

-1

(e) B =3, zoom in around the origin (f) 8 =5, zoom in around the origin

F1G. 2. The pink parts show the region of absolute stability of the general fourth-order BDF
scheme with Taylor expansion atn+ B, 8=1,3,5.

TABLE 2.1

Comparison of stability regions for different k and 3 on the same scale.

g=1

B=5

Imag

second order

Imag

B
6
4
2
0
2
4
6
-8

5

Imag

third order

Imag

ar
6
4
2t
0
2
4l
6
8

Imag

o & b b o m e o ®

fourth order

Imag

8
6
4
2
0
2
4
-
8

0 5 10
Re

-5 o 5 10
Re

-5 0 5 10
Re

with ag g, bk,q,Ck,q defined in (2.12), (2.13), and (2.14). We also consider the charac-
teristic polynomials of the new BDF and IMEX schemes (2.10) and (2.11):

(3.2a)

(3.2b)

()= arq(B)C?, k=2,34;

k—1

()= ckq(B)?, k=234

q=0
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We first recall the following result from Dahlquist’s G-stability theory [13], which
plays a key role in establishing the energy stability of multistep methods.

LEMMA 1. Let a(¢) = aCF +---+ap and pu(¢) = upCF 4 -+ po be polynomials of
degree at most k (and at least one of them of degree k) that have no common divisors.

Let (-,-) be an inner product with associated norm |- |. If
a(¢)
(3.3) Re I¢| >1,
(<)
then there exists a symmetric positive definite matrizv G = (gi;) € R*** and real
30, ...,0, such that for v°,..., 0" in the inner product space,
k k k k 2
(3.4) ZO[Z'UZ,Z/L]'U] = Z gij (v, v7) — Z gij (Vi) ¢ Z(Sw’
i=0 §j=0 i,j=1 i,j=1 i=0

It is clear from the above lemma that the key to establishing the energy stability of
(2.11) is to find a suitable multiplier 1(¢) = uxC* 4+ - + po such that (3.3) is satisfied
with a(¢) = Ag (¢). To this end, we first split B,f((b”“‘l) into two parts:

(3.5) B (¢" ) = mi(B)CL (6" ) + DY (¢ 1), k=2,3,4,
with

_pB-1 _pB-1 _B-1
(3.6) 772(5)—77 773(@—@7 774(5)_%7 B8>1,

and Dg can be written as

(3.7) Dy (¢") deq Bypntihta k=234,

with

(3.89) 42(8) = 5. dzal) =0,

(3:8b) aa(F) =1, da.1(8) = 5 daal) =0,

359 dia®)= 2+ 5+ Ldiae) = (S5 1) e = 200,
da.0(8) = B(é:_ 5

We also define
(3.9) DY(Q) = dig(B)CT, k=2,3,4.

Remark 3. The choices of n;(3) are not unique. We choose 12(8), n3(83) defined
in (3.6) to make DJ, Dg as simple as possible and the choice of 74(5) defined in (3.6)
allows us to prove (3.13) in the next subsection.
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3.2. A uniform multiplier. Note that in [25], it was shown that there exists a
multiplier in the form of " ! — fj¢™ with 7, > 0 for the usual BDF schemes of order
2 to 5. Surprisingly, we can find a uniform multiplier for the new BDF and IMEX
schemes of order 2 to 4. More precisely, we have the following results.

THEOREM 1. Given 8> 1, then

(3.10) ged (A7(0),¢CL Q) = 8ed(DF(C), CY(Q) = 1, k=2,3.4,
i.e., they have no common divisor, and
AP
(3.11) Re Jcﬁ(o >0 forl¢|>1,k=2,3,4.
¢Ci (¢)
Moreover, we also have
o
(3.12) ReDﬁ(C) >0 for|l¢|>1,k=2,3;
Cy (©)
and finally if B> 2, then we also have
o
(3.13) Rel?g(o >0 forl¢|>1.
i (<)

Proof. The proof follows the basic process in [3]. We will provide the proof for the
case k =4 in detail as it includes some technical estimations, and then we will point
out the key steps for the cases k = 2,3, which are easier to handle. To simplify the no-
tation, we often omit the dependence on f for the coefficients ay 4(5), ck,q(5), dk,q(B),
i.e., we only write them as ag,q,Cr,q, di,q-

Case 1: k = 4. First, we show gcd( ( CC’Q ) = 1 by using the Sylvester
resultant [1] as follows. The Sylvester matrix [1] of Aﬁ (¢) and CP(¢) is

(44 Q43 Q42 a41 asg O 0

0 a4 aa3 as2 as1 aspo O

o 0 0 @44 aa3 a42 aa41 Qap

(3.14) Sly(AJ,C) = | cas cap ey cao O 0 0
0 c3 ca2 ca1 cao O 0

0 0 3 cp c1 cp O

0 0 0 ca3 ca2 ca1 cCap

It is easy to verify that its determinant is

(3.15) detSly(A,CP) = —@ (188° + 1443° + 426" + 5663

+32153% + 5584 3) #0 for B> 1,

which implies that gcd(;l’B(C),C'f(C)) = 1. Combined with A% (0) = a4 # 0, it also
implies that Af (¢) and ¢ C4 (¢) have no common divisor.

AL
ITHG) B
To this end, it suffices to show that all three zeros of C%(¢) are inside the unit disk.
Note that

Next, we show is holomorphic outside the unit disk in the complex plane.

dcy

(3.16) -

(x)= 304,3x2 +2c4 02+ ca

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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with
(3.17)
Ci13= i 662; 115+6 >0, Ay := 402’2 —12¢43¢41=—B(B+2)(B+3)? <0,
which means Cy(z) is monotonically increasing in the real axis. Note also that

B +38%+28

6 <0, éf(l) =c43+tC42+Ca1 +C4,0:1.

(318) CY(0)=cao=
Therefore, C’f (¢) =0 has exactly one real root, denoted as x1, and two complex roots,
denoted as zs, z3 = Z3, in the complex plane. Next, we denote

- 2438+2
(3.19) o= — A0 ﬂz +38+2
Cq3 — 1 B2 +65+11

Then we can find with 5> 1,
2p% 4 275° + 1415* + 3515° + 4055° + 16253 — 8 _
(B2 +68+11)3

Combining (3.18) and (3.20), we have g < z; < 1. On the other hand, by Vieta’s
formulae, we have

(3.20) CP(x0) = 0.

c 1 —c 1 —c ca3—1
(321) zyz023 = 21|20 = ——2, then |zt = ——=0 « — 20 _ 43 <1.
C4,3 Ty €43  To €43 C4,3
A7) D(©) -
As a result, we have |x1], |22],|23] < 1 and hence —>~ and =3¢ are holomorphic
€Cy Q) i (0

outside the unit disk.
On the other hand, we have

ALQ)  ana 28349824118 +3

3.22 =~ =——= - > 0.
(3:22) C=oo ¢CH(C)  can 2(B3+682+115+6)
Therefore, it follows from the maximum principle for harmonic functions that Re C’gzﬁ((%
>0 for all |¢| > 1 is equivalent to !
Ab
(3.23) Re ~45(O >0 V¢est
¢Cy (<)

with S being the unit circle in the complex plane, and which is equivalent to
(3.24) Re[AL (e?)eCP ()] >0, 6<]0,2).
Letting y := cos(#) and using the trigonometric identities

(3.25)
cos(20) = 2y* — 1, cos(30) = 4y® — 3y, sin(26) = 2y sin(f), sin(36) = (4y* — 1)sin(6),

we find
(j'f(e_w) = ¢4,308(30) + c4,2 cos(20) + c4.1 cos(0) + ca0
— i[ca,35In(30) + c4,281in(20) + ¢4 1 sin(0)]
=ca3(4y® — 3y) + ca2(2y® — 1)+ ca1y + cao
—i[ca3(4y® — 1) + 2¢4 2y + c4 1] sin(0)

(3.26)
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and
Af(eie)e—ie = 00.4¥ + 01362 1 ag0¢® + agy +agoe "
= 4,4 c08(30) + a4,3 c08(20) + a4,2 cos(0) + a1 + a4,0 cos(h)
(3.27) + i[a4,48i0(30) + a4,35i0(20) + a4,2sin(0) — aq,0sin(9)]
=as4(4y® — 3y) + as3(2y° — 1) + (as2 + as0)y + as 1
+ifaga(4y® — 1) + 2a4 3y + as2 — as o] sin(9).

It follows from (3.26), (3.27), and A?(1) =0, sin?(9) =1 — 2 that
(3.28)  Re[Af(c”)e (™)) = 3)(1— W) (@s(B)y° +w2(B)y” +w1(B)y +wo(8))

=: %(1 —y)fa(y)

with
f1(y) =ws(B)y° + w2 (B)y” + wi(B)y +wo(B),
wo(B) =28% +158° +394* +398% 4+ 1032 + 15,

(3.29) wi(B) = —68°% —458° —1178* —11683° — 2182 + 175 +9,
wo(B) =685 +458° +1178% + 11583 + 1282 — 346 — 12,

ws(B) =—28% —158° —3948* — 3833 — B2 + 175 +6.

In the following, we omit the dependence on S for w;, 1 =0,1,2, 3.
It is clear that (3.24) is equivalent to

(3.30) faly) >0 Vye[-1,1].
With w; defined in (3.29) and 8 > 1, we have
(3.31)

f4(1) =wy+ w1 +ws+w3 =18 >0,
fa(=1) =wo — w; +ws — w3 =163 +1208° + 312" 4 3084 + 445% — 683 — 12> 0,
and
(3.32) fi(y) = 3wsy® + 2woy + wi.

If f4(y) does not have zero in [—1, 1], then (3.31) implies (3.30). Otherwise, supposing
there exists —1 <o < 1 such that f](yo) =0, we only need to show f4(yo) > 0. Indeed,
with f(yo) =0, we have

(3.33) 3f1(y0) = 3f1(y0) — yo.f4(yo) = wayg + 2w1yo + 3wo.
Denote

(3.34) 94(y) := way® + 2w1y + 3wo;

then with 8> 1, we have

(3.35)

94(1) =wa + 2wy + 3wy =51 >0,
ga(—1) = wy — 2wy + 3wy = 2435 + 1808° + 468" 4 464> + 845% — 683 + 15> 0,
Ay = 4w? — 12wawp = —12208° — 91083° — 234083* — 222123° — 107637 + 734413
+ 2484 < 0,
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which means g4(y) >0 for all y € [—1,1]. In particular, we have f4(yo) = %94(140) >0,
which implies (3.30), which in turn implies (3.24). Therefore, we proved (3.11) with
k=4.

Next, we prove (3.13) with 3> 2. The procedure is similar to the proof of (3.11)
above. First, the Sylvester matrix of D (¢) and C¥ (¢),

dgz dyo dgy dgo O 0
0 das dap dag dao O
M8 ABY _ 0 0 diz dao dag dap
(3.36) Sly(Dy,CY) = cis s can cro 0 0
0 cu3 ca2 ca1 cao0 O
0 0 c3 ca2 cu1 cap

and its determinant is

B2(B% +33+2)2
36

which 1mphes DB (¢) and C~'4 (¢) have no common divisor. Since we have shown in the

(3.37) det Sly(D?,CY) = — <0,

above that ~;§8 is holomorphic outside the unit disk, following the same process as

above, we have that (3.13) is equivalent to

(3.38) ha(y) = as(B)y® + a2(B)y? + a1 (B)y + ao(8) =0 for all y € [-1,1]
with
a(B) = ﬁ(wﬁ + 15835 + 3581 +156% — 3782 — 393 +9),
_ 2P 4 5
(5.3 al(ﬁ)—z?) —35% - +62428+1,

as(B) = 3(B(28" +95° + 1262 +35-2)),
a3(8) = — 5 (B3 +1)*(26% +55+2))

In the following, we omit the dependence on (8 for «;,7=0,1,2,3. Hence, we have

h4(71) =—a3+ay — a1 +Qq

2
(3.40) — m(gfﬁ +608° + 1528* +1326° — 1682 — 578 — 9) > 0,
4
ha(1) =as+az+a; +040=m >0,
and
(3.41) Ry (y) = 3azy® + 202y + a.

Similarly as before, if h}(y) does not have zero in [—1,1], then (3.40) implies (3.38).
Supposing —1 <y <1 such that h}(yo) =0, we only need to show h4(yo) > 0.
With h}(yo) =0 and a3 # 0, we have

3ha(yo) = 3ha(yo) — yohi(yo) = Oé2y(2) + 2a1yo + 3ap

2x [e5XeD)
2 + (200 — —= 3o —
(3.42) 3 o a(yo) + (201 — o 3)yo+ o0~ 3
204% a1
=0+ (20, — =2 30 — .
+ (20 3a3)y0+ Qo 303
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We define

a2 1009
3.43 = (20 — —2 3ag — .
(3.43) p(y) ( % ag) y+3a0 - 5

Then p(y*) =0 if we define y* as

(3.44) . Bay —3a0  4B*4+308° +358% + 38
' U e 2 T ABTE0F + TIR 454049
asg

and we also have

205 8B2+283+6
3.45 2090 — 2= >0.
(3.45) R YN 68 +3
Therefore, to prove (3.38), it suffices to show yg > y*. However, this is more com-
plicated as (3.44) implies that y* can be arbitrarily close to 1 by increasing 3, and
meanwhile, there indeed exists y* < yo < 1 such that h}(yo) =0.
If follows from (3.41) that

- —2&2 + vV Ah

3.46
( ) Yo 6as

with
4B(B+1)2(48% + 2282 + 313 +6)

(3.47) Ay =403 — 120,03 = 5 > 0.
We can estimate Ay, as follows:
4 1)2(28% +562 -6 4
(3.48) AR <Ap+ (B+1)7(25°+55” —68) _ (B+1)%(282 +6B)? =: A},

9 "9
To show yg > y*, we only consider the smallest root of h)y(y) = 0. Since we have as >0
and ag < 0, the smallest root is

_ —209 + VA S —2042+\/A;; _ 283 +78%+38-38

3.49 = :
(3.49) vo 63 6as 283+ 72+ 7B +2

Finally, we can prove yo > y* as follows. It follows from (3.44) and (3.49) that

L 282 +T782+38-8 43* 43083 + 3582 + 38
WY B 7 17842 43 130 +TIR + 545 1 9
B 564* + 13833 — 9542 — 3398 — 72
8436 48045 + 30084 + 52333 + 43082 + 1533 + 18’

(3.50)

and given 5> 2,
(3.51)
5684 + 13883 — 9552 — 3398 — 72 > 56 x 238 + 138 x 2% — 9552 — 3398 — 72
=1096 + 1815% — 72> 0.
Therefore, we have yo > y*. Hence (3.13) is proved for 5 > 2.
For the case k=2 and 3, we can prove (3.11) and (3.12) by the same process as

above, so we only point out some related facts below, which are sufficient to complete
the proof.
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CaseIl: k=2.
o det Sly(A5,Cy)=—1#0, det Sly(Djy,CY) = —~1#0, A5 (0) £0.
B A7 Q) D3 (9)
e The only zero of C’2 (C) Is 75 <1, which means CC‘ZS(C) and C‘é({) are holo-

morphic outside the unit disk.
e For k=2, (3.11) is equivalent to

(3.52) foly) = (=262 = B+ 1)y +26°+ 5 +1>0 Vye[-1,1],

which is true since f2(y) is monotonically decreasing and fo(1) =2.
e For k=2, (3.12) is equivalent to

(3.53) ha(y)=—y+1+ 1l

>0 Vyel-1,1],
57 yel[-1,1]

which is obviously true.
Case I1I: k=3. )
o det Sly(A5,CJ) =5+ 38 4 L 40, det Sly(D5,CL) = 2B £ 0, A5(0) #
0 forall g>1.
. C’g(() has two complex zeros z; and 2z such that |z1]? = |2,]? =
AZ©O ong DR

B
B+2<1

are holomorphic outside the unit disk.

which means

<C5 () G5 (0)
e For k=3, (3. 11) is equivalent to
(3.54) fs(y)=c2(B)y* +o1(By+ 0020 Vye[-1,1]
with

(3.55a) o9(B) =3B +96° +56% — 36 — 2,
(3.55b) o1(B) =—66*—183% — 1382 + B+ 4,
(3.55¢) o0(B) =36 +98% 4+ 832 + 26 + 4.
(3.54) is true since o2(8) >0 for > 1 and

(3.56a)  f3(—1)= 1254 +368% +265%—-28—-2>0,

(
(

3.56b) fs(1) =
3.56¢) As:=0? — 4090y = —6358* — 1864° — 9582 + 723 + 48 < 0.
e For k=3, (3.12) is equivalent to
(3.57) hs(y) = u2(B)y* + 11 (B)y + mo(B) 20 Wy € [~1,1]
with
(3.58a) p2(8) =B(B+1),
(3.58b) p(B)=—28%—28+1,
P28+l
(3.58¢) po(B) = Gr1
(3.57) is true since u2(8) >0 for 8> 1 and
280282 +48+1)
(3.59a) ha(—1) = T >0,
2
3.59b h >0,
(3.59b) =5y
(3.59c¢) AY =t —4pope =1 — 86 <0.
The proof for all the cases is completed. ]
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Remark 4. The restriction 8 > 2 is a sufficient condition for (3.13), which comes
from (3.51). One can easily show that (3.37) and (3.51) are true whenever 8 > 1.6.
On the other hand, (3.38) is not true when 5 =1 as hy(0.2) = —0.312 < 0 with hy
defined in (3.38).

3.3. Explicit telescoping formulae for the second- and third-order
schemes. Note that Lemma 1 only provides the existence of a symmetric positive
definite matrix G without giving the exact value of g;;. In the following, we provide
explicit formulae for g;; in the second- and third-order cases.

PROPOSITION 3.1. For the second-order version of (2.11), we have
1 1, . 1 1
(3:00) (D", CH (@) = 5lom I+ 2P - GlonE 4 21on - o

and
(3.61)
(A5 (6" 1), CH(¢")) = azl" 1|2 — a6 2 + [b2g™ ! + c20"|? — b2 + co0” |2
+ |dod™ ™ + ead™ + fad™ 2,

where the coefficients are given by

ea=—v2B(28+1), A2 =28(28+1),co=fo = —\f—&—\/i
@=ﬁ+mEF»mw—mm=&:fﬁmz3””@QD%+1

Moreover, we have as >0 for all 8> 1.
PROPOSITION 3.2. For the third-order version of (2.11), we have
(3.62)
(D5 (&"H).C5(6"1)) = aal¢™ P — sl |* + [bs™ ! + 630" * — [bag™ + 250"
+[ds¢" T+ E30" + fro"

where the coefficients are given by

(3.63)

M:263+462+6+17N=(262+2ﬁ_1)2,A3:M2_4N:4f6(252+45+1)7
B+1 1 L

é3 = M~ VA, s BPH28P+1 5 o 2834482+ 841

. » P= —e3 = — e3,

VPt - o g

f3= \/503—f37d3 \F—Ffs,bg—ﬁ(ﬁ 1)6:463]"3’

as %2+—5+1 b3 — dZ,

and

(3.64)

(A5(@"+Y),C5 (6" 1)) = ag|d™ 1|2 — ag|d™ 2 + [b3d" ! + 36" — |b3d” + c3d™ 1
+[d3" T + es” + f3¢" P — |ds¢" + ez + f30" 2
+ 1g30" Tt 4 hgd™ + izt + 3" 2,
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(a) (b)
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0 20 40 60 80 100 0 20 40 60 80 100

5 B

Fic. 3. Values of as and as with different (3.

where the coefficients are given by

(3.65)

1382 B 1 g2 1,82 38 VM +1

M=28*+68"+ S~ -5 — o N=—(5 - ) (5 + 5 +1), P=

3 3 3 2 62 2 2
1 B 1 e, T8 1982 B
Q2<6<2)(ﬂ+1)> R=pt+—+——-5-1,
7Bt 2588 1782 B 1
=TT T3 ***5
B2 38 32 1 7957 2183 5% 238
W= (2+2+1)< HB3) U= 1
P24+2N+P .
fgzg,h:fs,gs;:fg—l)’ZBZ—W—Q&hBZW—fi’n
e:2i3j3—Q
3 2f3 )

R— 2g3i3 / U - 2d363 — 2ggh3
d = = —_ 2 —_ 2 —_ h2 b =
3 2f3 , C3 S €3 93 3, U3 203 )

az=W — g2 —ds —b3.

Moreover, it is numerically verified that all variables appearing in (3.63) and (3.65)
are real and bounded, and asz, az >0 for 1< <100 (¢f. Figure 3).

The proof of the above two propositions is based on the method of undetermined
coefficients; more precisely, we assume a desired form and use the method of undeter-
mined coefficients to find the suitable coefficients. The detail of the proof is tedious
but straightforward so we leave it to interested readers.

4. Stability of (2.10) for linear parabolic type equations. We consider in
this section the new BDF schemes for the linear case (2.10), which can be written as
Ao

(4.1) =

F LB (¢") = fPL k=2,3,4,

and establish a stability result based on Theorem 1.
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THEOREM 2. Assuming || f(t)||2<Cs forall t<T,B3>1 fork=2,3, and 3> 2
for k=4, then the scheme (4.1) is stable in the sense that

n+1

k—1
(42) o™ P+ L Am(8) Y ICE @I <O Y (100 + Ao )
q=k q=0

TC, T
VE<n+1<—
2n5(8) At

with gx a positive constant depending only on k, C' a constant independent of At, and
ne(B) as defined in (3.6).

Proof. We denote f* = f(t') forall i < £;. Taking the inner product of (4.1)

with AtC,f(QS”H) and splitting B,f(d)”“) as in (3.5), we obtain

+

(43) (47O, C(6") + Atng(B)ICY (@™ NI* + A (LD (6" 1), Cl(6"))
= At(f"H7, 0P ("),
where we used (LCp (¢"11),Cp(¢"H1)) = [|CF(¢™1)]|2. We estimate the terms in

(4.3) as follows.
It follows from (2.1) and the assumption on f that

(f28,C2 (6" ) < 1P O (6" )|

L nk(B3)
< nt+6)12 CP(pn 1|2
(4.4 S R CLA R ARl
Cy nk(B) B 1y(12
< + Cy ("%
st + B2 )
Denote <I>Z+1 = (pn—kHL e tHT. Tt follows from Lemma 1 and Theorem 1 that

there exist symmetric positive definite matrices G = (g;;) € R¥** and H = (h;;) €
R*E=1Dx(E-1) guch that

(4.5)
k _ | ) | |
(A£(¢n+1)7c’£(¢n+l)) > Z gij(¢n+1+szz’¢n+14m,k) B Z gij((b"J”*k’d)nJr]fk)
L=l ij=1
=[O E — 127G
and
k—1 ' |
(EDL(O™1),CLO™) 2 Y hig (L™ H2H17H gm0 7H)
i,j=1
(4.6) k—1 . |
— Y hij(Lgn TR gtttk
ij=1

= | 9x E — 12117
Now, combining (4.3)—(4.6), we obtain
(4.7)

. " 1 n
e = 193 + A9 T — (1931 + 5 A @I (6" < 5 E

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/16/24 to 202.51.247.23 by Jie Shen (shen7@purdue.edu). Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

1626 FUKENG HUANG AND JIE SHEN

Summing up (4.7) from n =%k — 1 to n =m, we obtain

(4.8) @ + At + Atnk ) > e (e
q:k: 1

TC;
2nk(8)

Let g be the smallest eigenvalue of the matrix G € R¥* and then we have

<& + At ep T +

(4.9) D E = grlo™ 2,

and we can choose a constant C' large enough such that

k—1
(4.10a) PG <CY 16
k—1
(4.10b) At ®p 17 < CAEY (1672
=0

Finally, combining (4.8) and (4.10) leads to

(4.11)
1 “ — TC
o™+ L) 3 ICHE IR <O S (6 + AR + ook
g=k—1 =0 2k(8)
which implies (4.2). |

Remark 5. Note that in order to obtain (4.6), the linear operator £ is required to
be self-adjoint, while using the Nevanlinna—Odeh approach in [25] can also deal with
L, which is not self-adjoint.

5. Stability and error analysis of (2.11) for nonlinear parabolic type
equations. In this section, we use the stability result established in the last section
to carry out a stability and error analysis of (2.11) for nonlinear parabolic equations.

5.1. Stability. Under the local Lipschitz condition (2.2) on the nonlinear oper-
ator G, we can derive a local stability result for (2.11) similarly as in the proof of the
linear case (cf. Theorem 2) if we further assume

(5.1) CP(d™) € Bygininy

with 8 > 1 for k=2,3, and g > 2 for k =4. Note that formally (5.1) must be true
when At is small enough since C,f (¢™) is a kth-order approximation to ¢(t"*+#). We
shall defer the rigorous proof of (5.1) to subsection 5.3 by induction together with the
error analysis.

5.2. Truncation errors. Using the notation introduced in previous sections,
we define the truncation errors for k=2,3,4 as

(5.2a) Epthi= Atgy (t"0) — Al (o(t"1)),
(5.2b) Ry =gt P) — By (p(t" 1),
(5.2¢) PP = o(t"P) — CF (o(t™)).
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It follows from (2.4), (2.6), and (2.8) that

(5.3) EFtt=0(At" Y, RITL=0(A%), PP =0(AtY).
More precisely, one can verify
1 k B
) BT =S a() [ (ke (s,
k! =0 ’ tntlta—k
1 k—1 t”"’ﬁ
4b n+l _ b / tn+2+q7k k=1 (k) d
(5:4b) B = o qizjo wal®) [ 8)* 161 (s)ds,
1 k—1 t"+3
4 P" = tn+1+q7k _ \EkE—1 (k) ds.
(5.4c) £ = Gy 2 hal®) Lo 5160 (s)ds

Therefore, under suitable regularity requirements, we have
(5.5)
. T
(BT <CA 2RI <CAn™, PP <CAN*™ Vn+1< .

5.3. Error estimate. We denote €™ := ¢™ — ¢(t™), where ¢(t™) is the exact
solution of (1.1) at time t™, i.e.,

(5.6) Go(t™) + LO(E™) + Glo(t™)] = F (™).
We will use the following discrete version of the Gronwall lemma [26].

LEMMA 2. Let y*, h*, g%, f* be four nonnegative sequences satisfying

n n T/At
Y+ ALY WP <BH ALY (gFyF + fF) with At Y gF <M VO<n<T/At
k=0 k=0 k=0

We assume At g* <1 for all k and let o = maxo<p<r/at(l — AtgF)~L. Then

y" + ALY hF <exp(oM) (B +ALY f’f) Vn <T/At.
k=1 k=0

THEOREM 3. Assume (2.2) and the solution of (1.1) is sufficiently smooth such
that (5.5) is true, and the stability condition

(5.7) M(B) =y =p>0

is satisfied. Given ¢ = ¢(0) €V, we assume 3> 1 for k=2,3, and 8 >2 for k=4,
and that ¢*,i=1,...,k — 1, are computed with a proper initialization procedure such
that

(5.8)

[6° — 3%, 18" — (1)) <A ,i=1,....k — 1, and C (8" ") € By(r-14n);

then for At sufficiently small, we have

T
(5.9) CL (&™) € Byuiesy ¥nt+1<
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and
(5.10)
n+1 T
grle™ 12 + gAt > GNP < Cexp (1 - CANTITYAD™ Vn+1<
qg=k—1

where gi s a positive constant depending only on k, and C is a constant independent

of At.
Proof. We shall prove (5.9) and (5.10) by induction. Supposing we already have
(5.11) CP(d") € Byniny Vn<m
and (5.10) is satisfied with all n <m — 1, we need to prove
(5.12) C’,f (™) € Bym+1+ey,

and (5.10) is satisfied with all n <m.
Subtracting (5.6) with m =n+ 8 from (2.11) and multiplying by At, we obtain

(5.13)

AP (e £ AtLBY (e ) = —At(GCF (¢™M)] — Glp(t" 7)) + Ept + AtLRITY,
where EPFY R are given in (5.2). We split G[CF (¢™)] — Glo(t"1F)] as
(5.14)

G[CF (") = Glo(t" 7)) = (GICF (&™) = GICL (S(t™))]) + (GICK (6(t™))] = Glo(t" 7))
=17 +15.

Taking the inner product of (5.13) with CF(e"*+1), and splitting B} (e"*1) as in (3.5),
we obtain

(AL, 02 () + At (BICL ("I + At (LD} ("), P ()
(5.15) = _At(T{L7le(e7z+1)) _ At(Té’L705(en+1)> + (EZ+17C£(67L+1))
+AHLRET, O (er)).

Next, we bound the right hand side of (5.15) with the help of the consistency esti-
mate. First, it follows from (2.8) that with At sufficiently small, we have C’,f (p(t")) €
By(in+sy, and then for the terms with 77" and T3, it follows from (2.2) and (5.11) that
for any given € > 0,

mn n n n € n n
(516) (T3, C ()] S ITPILICE (e I < S (ICE )P + Gy (e™) )
i B n+1y(2
+ 5 ICK (eI
With P} defined in (5.2), we have

(5.17)
(T3, G )] < IT NG < S (IR + B ) + fI g e

<o+ LjcfEe
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Similarly,
(5.18)
(Eg+1705(en+1)) < QLALJE’?HF + %|C’£(e"+1)|2 < C(At)Qk-H + %wg(enﬂ)ﬁ
and
(5.19)

(LR GU™ ) < IR + ZICHE I < Ca8™ + G I

Now, under the stability condition (5.7), combining the assumption on the initial
steps (5.8) and estimations in (5.16)—(5.19), taking e = % in (5.16), and following
the same process as in the proof of Theorem 2 to handle the terms on the left hand
side of (5.15), we can obtain the following from (5.15):

n+1 n+1
(5.20)  gule"™ 2+ 2At YT ICEEDP <At el + C(an* Yn<m.
2
qg=k—1 q=0
Therefore, by applying the discrete Gronwall lemma 2 to (5.20), we can obtain
(5.21)

m—+1

T

grle™ 1 + gAt > ICH NP < Cexp (1 - CANTT) (AN ¥m+1<
q=k—1

with C' a constant independent of A¢, which implies (5.10). Finally, it follows from
(5.21) and (2.8) that

ICY (g™ +Y) — p(tm B2 < 20 (™) — C (o™ )12
+ 2| CL(G(E™H)) — G |2
<2 (em™ |2 + O(AL*)
< CvAt%fl

(5.22)

with C' a constant independent of At, which implies (5.12) for At sufficiently small.
Thus, the proof is complete with the induction. 0

Remark 6. Note that 1, (8) in (3.6) monotonically increases as  increases. On the
other hand, for many applications, given ¢ > 0, one can choose v < § with a suitable
p such that (2.2) is satisfied [6]. Hence, the stability condition (5.7) can always be
satisfied with these applications.

Remark 7. The analysis in Theorems 2 and 3 cannot be directly extended to the
standard BDF methods (with §=1) since n;(1) =0.

5.4. Comparison to the classical BDF and IMEX schemes. In this sub-
section, we compare the stability condition (5.7) to that of the classical BDF and
IMEX methods (with Taylor expansion at time ¢"*!) for which the stability condi-
tion (5.7) does not apply. So we shall derive below a corresponding stability condition
for the classical BDF and IMEX methods. To simplify the presentation, we assume
=0 in (2.2) since the general case can be handled by applying the discrete Gronwall
lemma as in Theorem 3.

The stability condition (5.7) in Theorem 3 is derived from

(5.23) (LB (™), CL(e™) = (m(B)CL (™) + D (e™), O (™))
=m(B)|CY (") + (D} (e"), C (™))
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and
(GlCy (6™)] - GlCy (o(t ))]ac;f(en))<mm(*llg[0ﬁ(¢")] gley (a2
+2*€||Ck(€n)|| %)

(524) . 1507 B/ ny(2 1 B, m\|(2
<min (FIC7 ()] + o 1C7 (e)]?)

= AN Ee)]*

As a result, the stability condition (5.7) is derived by requiring 7, (8) > /7 since the
term (Df(e"), C,f (e")) can be handled by Lemma 1 and Theorem 1.
On the other hand, for the classical IMEXk (k =2,3,4) schemes, i.e., (2.11) with

=1, the suitable multipliers are given as e" — fjze" ! [25] and the smallest possible
values of 7 are

(5.25) fls =0, 7j3=0.0836, fis=0.2878.

Hence, the corresponding versions of (5.24) and (5.23) become

k—1 k—1
q=0 q=0
ng{} (Z ’ [Z Ch.q(1)Qn—FT1Ta

k—
(5.26) -G lz Cr,g(1) (" FH1H)

2

1 n ~ n—1|2
+2*€||e ke ||)

k—1
: Y n—k+1+q 2 1 n ~ n—1)2
< =7 — _
< min < 5 OIqu il 17+ oo lle™ = me™ |

1

[ €Y n—k4itqn2 , L n2 n—12

< — —

_m6>13<2 kgl 192 4 (e 2+ FRllen %) )
q:

)
P‘T‘Q

(=)

where ¢y 4(1) are defined in (2.12)—(2.14) with §=1, and
(5.27) (Le™, e —mpe" ") =|le"||* — i (Le™, ") > [le"|* — %(IIS"II2 + e ).

Combining (5.26) and (5.27), we obtain the following stability condition for the clas-

sical IMEX type scheme with multiplier e — 7j,e™ 1
(5.28) 1ﬁk>gl>ig< ZI Crq(1 1+77k)> &y (1+77)

with &, = Zq 0 |ck ¢(1)]. Comparing (5.7) with (5.28), we have two remarks:

e From (5.25) and (5.28), we observe that for the classical IMEX schemes,
higher-order (i.e., larger k) requires a stronger stability condition on the pa-
rameter v appearing in (2.2). It is this requirement on the time step that
limits the use of a high-order scheme in practice.
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e On the other hand, for the new class of IMEX schemes, we observe from (3.6)
and (5.7) that the stability condition on 7 becomes weaker as we increase
B. In particular, the new higher-order schemes with a suitable 5 can be
stable with a larger time step than that which is allowed with a classical
IMEX scheme of the same order. For example, we have from (3.6) that
12(2) =n3(3) =na(5) = 1/2, which indicates that the stability condition (5.7)
of the new fourth-order scheme with 5 =5 and third-order scheme with g =3
is the same as that of the second-order classical scheme. Our numerical results
in Example 3 below indicate that we can use the maximum allowable time
step of the second-order classical scheme in our new third- and fourth-order
schemes to obtain more accurate results.

Remark 8. Note that a new multiplier " — 125e"~! — {dse"~2 for the classical
BDF3 scheme is reported in [4] and since 73 := 135 + 45 < 73 = 0.0836, one can

obtain milder conditions on v compared to adopting the Nevanlinna—Odeh multipliers.
Nevertheless, we can derive even milder conditions on « by choosing larger £ in our
new methods.

6. Extension to fifth order. In Theorem 1, we found suitable multipliers for
the second- and third-order schemes with § > 1 and for the fourth-order scheme with
£ > 2. In this section, we would like to show numerically that the multiplier we found
in section 3 also works for the fifth-order scheme.

Following the same notation as before, we can obtain the coefficients as 4(53),
bs.4(8),c5,4(8) by solving the linear systems (2.5), (2.7), and (2.9) with k = 5, re-
spectively. Then we can define A2 (¢%), BZ(¢%),CE(¢") as in (3.1). Next, we split
BE(¢"*1) as

B-1
B+15

and define Ag(g),ég(g),bg(g) as in (3.2). Following the key steps in the proof of
Theorem 1, we present a sequence of numerical results to show that C’? (¢pnt1) is a
suitable multiplier for the fifth-order scheme with 6.5 < 5 <100.
o We have ged(AL(¢),(CE(¢)) = ged (D5 (¢), C5 (¢)) =1 since AL (0) = a5 #0
and

(6.2)

(6.1)  BI(¢"T) =ns(B)CE (6" ) + DE(¢" ) with n5(8) =

o 12 1181 635810  780378° 55280938
det Siy(A8, c8y =
et Sly(A5, C5) = 0171 T T1os0z T 663552 T 14920920 T 20859840

63838337 98017698° 49126198° 7656835

14929920 ' 149299200 ' 74649600 ' 18662400
2251575% 614382 20718 1

15552000 2488320 10368000 = 160000

>0

and
343 2 3
=5 =gy B°(B°+68°+115+6)
(6.3) det Sly(Dz,CY) = 13804 > 0.
e Letry,ro,...,75 be the five roots of C’g (¢) =0 and denote ryax = maxj<i<s |-

In Figure 4, we plot the numerical values of T'max for 0 < 8 <100. We observe
that rnax < 1 for 0 < 8 < 100, which implies Cg (¢) is holomorphic outside
the unit disk in the complex plane.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/16/24 to 202.51.247.23 by Jie Shen (shen7@purdue.edu). Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

1632 FUKENG HUANG AND JIE SHEN
1
0.95
0.9
0.85
0 20 40 60 80 100

I¢]

FiG. 4. rmax with different (.

e Following the same process as in the proof of Theorem 1, we can derive that

Re229) < o for |¢] > 1 is equivalent to
¢CI Q)

S0 )20 el

where

(6.4) f5(y) =0a(B)y* + 03(B)y* + 02(B)y* + 01(B)y + 00 >0 Vye[-1,1]

with

(6.5a)

o4(B) =58% + 7087 4 3905° + 10908° + 15398 + 8203% — 350>
— 5408 — 144,

(6.5b)

03(B) = —208% — 28087 — 155035 — 42603° — 58364* — 30243° + 950>
+ 139673 + 336,

(6.5¢)

o2(B) = 3088 + 42087 4 2310835 + 62403° + 82445* 4 393233 — 12605
— 13408 — 204,

(6.5d)

o1(B) = —208% — 28087 — 15303° — 40603° — 51364* — 207233 + 10705>
+ 6520 + 36,

(6.5¢)

o0(B) =585 +7087+3805° +9903° + 11894* 4 34483 — 41032 — 1683 + 336.

o
e On the other hand, we can also show that Re gz 8 > 0for|¢| > 1 is equivalent
to ’
(6.6)

hs(y) = pa(B)y* + ps(B)y® + p2(B)y® + p(B)y + o (B) =0 Vy e [-1,1]

with
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(6.7a)
B(B%+ 33 +2)%(65% + 378% + 483 — 27)
Ha(B) = 18(8 +15) ’
(6.7b)
 B(2487+2925°+13663° +-30135* +28814° +1935° — 13915 —618)
Ha(B) = 18(8+15) ’
(6.7¢)
B(1287 414685 +6703° +13853% 41021 3% — 55332 — 11273 —402)
na(B) = ST :
(6.7d)
(248° 429257 +1314°4-25273° +12033* —24053° —31175% — 10085 — 270)
m(B) = 18(3+15) !
(6.7¢)
() = 635 +73587 +32265+57135+913%—9263% — 99532 — 312,8+18

13(5+15)

In Figure 5, we plot the minimum values of f5(y) and hs(y) in [—1,1] with
1 < 8 <100, which show (6.4) is true for 1 < 8 < 100 and (6.6) is true for
6.5 < 8 <100. Therefore, we have numerically verified that Theorem 1 is also
true for (2.11) with k=5 and 6.5 < < 100.

Remark 9. The choice of 15(8) in (6.1) is not unique, and the range 6.5 < 8 <100
is not necessarily the largest possible. But our numerical results indicate (6.4) and
(6.6) do not hold for some > 100.

For the sixth-order scheme, our numerical results show there exists |rg| > 1, which
is one root of 6'66 (¢) =0, and this implies that it is not holomporphic outside the unit
disk. Hence, the proof in Theorem 1 cannot be extended to the sixth order.

7. Numerical examples. In this section, we provide some numerical approxi-
mations of the Allen—Cahn [7] and Cahn—Hilliard [11] equations to validate our theo-
retical results and to show the advantages of the new IMEX schemes (2.11).

Given a free energy

(7.1) £l¢) = /fwmﬂ~iu—wfm

450 0.5

400

350

minfs(y)

w
o
o

minhs(y)

o
] X6.5
Y 0.0304633

N

(o1

o
o

-0.1

N
o
o

-0.2
20 40 60 80 100 20 40 60 80 100

8 3

o

F1G. 5. Minimum value of f5 and hs in [—1,1] with different S.
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we consider the H ™ gradient flow,

9% _

(7.2) =

1
—mn-a) (-a0- Lo - ) 410, a=0 or 1,
where f is the given source term. When o = 0, (7.2) is the standard Allen-Cahn
equation; when o =1, it becomes the standard Cahn—Hilliard equation.

Ezxample 1. In the first example, we validate the convergence order of the new
schemes. Considering a two-dimensional domain (0,2)? with periodic boundary con-
ditions, let « =0 and m =& =0.2 in (7.2), and f is chosen such that the exact solution
of (7.2) is

(7.3) Bz, y,t) = ST s gin (1),

We use the Fourier Galerkin method with Nx = Ny =40 in space so that the spatial
discretization error is negligible compared to the time discretization error. In Figure 6,
we plot the convergence rate of the L? error at T =1 by using the second- to fourth-
order schemes (2.11). We observe the expected convergence order for all the cases
with different 5. We also observe that for the same order, the error increases slightly
with larger S.

Ezample 2. In the second example, we solve a benchmark problem for the Allen—
Cahn equation [12]. Consider a two-dimensional domain (—128,128)% with a circle of
radius Ry = 100. In other words, the initial condition is given as

1, 22 +y*<100?%
7.4 ,y,0) =
(7.4) ¢(z,y,0) { 1, 22 +y2 > 1002
By mapping the domain to (—1,1)2, the parameters in (7.2) are given by m = 6.10351 x
107%, £ =0.0078, a =0, and f =0. In the sharp interface limit, the radius at time ¢
is given by

(7.5) R=\/R2—2t.

We use the Fourier Galerkin method with Nz = Ny = 512 in space. Then we fix
At =0.75, which is the maximum time step we can use for the classical second-order
scheme to get acceptable numerical results, and use (2.11) with different orders and
different 8. We plot the computed radius R(¢) in Figure 7, which shows that we can
use higher-order schemes with the same large time step as the second-order schemes
by choosing 8 > 1. More importantly, we can get much more accurate results with
higher-order schemes. Here, k=1, =1 represent the usual first-order scheme.

F1G. 6. Convergence test for the general IMEX type methods. From left to right: second-order,
third-order, and fourth-order schemes with different [3.
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F1c. 7. The evolution of radius R with At =0.75 under different schemes.

600

600 |

——k=4,8=1,At =5x 10", reference
———k=1,=1At=75x10"°
k=238=1At=75x10" !
500 ——k=3,8=2At=T75x10" 500
—k=4,8=23 At=T75x10"°

, At =5 x 107, reference
, At =17.5x 107%, unstable
, AL =T7.5%x107%

1, At = 7.5 x 1075, unstable
23, At=75x10"%
3,

8 10
x10%

2 25 25
t %1073 t %102

Fic. 8. Comparisons of different order schemes with different B for the Cahn—Hilliard equation.

Ezxample 3. In the third example, we consider the Cahn—Hilliard equation in a
two-dimensional domain (0, 1)? with periodic boundary condition and let « =1, m =1,
€=10.02 in (7.2). The initial condition is given as ¢(0) = 0.2 4+ r, and r is a random
perturbation variable with uniform distribution in [—0.02,0.02]. We use the Fourier
Galerkin method with Nz = Ny =128 in space. In Figure 8, we compare the first- to
the fourth-order schemes with different 3; the reference solution is generated by using
the classical fourth-order scheme with sufficiently small time step At =5 x 1077,

Several observations are in order:

1. We take At =7.5 x 1078, which is the maximum allowable time step for the
classical second-order scheme, and observe in Figure 8(a) that we can use the
same time step for the higher-order schemes by choosing a suitable 5 > 1 and
obtain more accurate results.

2. We observe in Figure 8(b) that the usual third- and fourth-order schemes
with 8 =1 are unstable, but we can get correct solutions with the third- and
fourth-order schemes by choosing a suitable g > 1.

3. We also observe in Figure 8(b) that £ too large may lead to inaccurate results
due to larger truncation errors.

8. Concluding remarks. We presented in this paper a new class of BDF and
IMEX schemes for parabolic type equations based on the Taylor expansion at time
t"*+# with 8 > 1 being a tunable parameter. The new schemes are a simple generaliza-
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tion of the classical BDF or IMEX schemes with essentially the same computational
efforts. However, they enjoy a remarkable property that their stability regions increase
as the parameter [ increases, making it possible, by choosing a suitably large 3, to use
high-order schemes with larger time steps that are only allowed with lower-order clas-
sical schemes. We also identified an explicit uniform multiplier for the new schemes of
second- to fourth-order and carried out a rigorous stability and error analysis by using
the energy argument. We also presented numerical examples to show the benefit of
using higher-order schemes with a suitable 5 > 1.

This class of new BDF and IMEX schemes makes it possible to use higher-order
schemes for highly stiff systems with reasonably large time steps and can be easily
implemented with a minimal effort by modifying the code based on the classical BDF
or IMEX schemes. Thus, it provides a much needed improvement on the stability of
higher-order schemes. The idea behind the new class of BDF and IMEX schemes is
very simple but original and can be extended to other type of numerical schemes.
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