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1. Introduction

We consider the following energy functional [1,2]:

1 2 2 62 2
E@) = —|—€ Au+f(u)| (S 1vu? + Fw )| dx, 1.1)
o2 2

where the parameter ¢ > 0 denotes the interfacial width, and F(u) is a configuration potential function defined as F(u) = 3—‘(112 —1)?,
with its derivative denoted by f(x) = F’(u). It is important to note that the model parameter # € R and the sign of  hold significance
in both modeling and applications: For n = 0, the energy functional E(u) corresponds to the well-known Willmore functional [3,4],
which approximates the Canham-Helfrich bending surface energy, and has been effectively utilized in the study of deformations
of elastic vesicles [5-7]; For n > 0, E(u) is the Willmore regularization of the Cahn-Hilliard energy (CHW) [8,9] which has been
used to investigate the significant anisotropy effects that arise during the growth and coarsening of thin films; For n < 0, E(u) is
the functionalized Cahn-Hilliard (FCH) free energy [10,11], which describes the characteristics of the amphiphilic polymer phase
at the interface.
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We study the following gradient flow equations associated with the free energy given by (1.1):

ou= MApy, t>0, xEe Q,
u= —e2 Aw + flwo+nw, t>0, xeQ, 1.2)
w=—Au+ fu), >0, x €,

subject to either

the periodic boundary conditions, 1.3)

or the homogeneous Neumann boundary conditions:

Oyt = Oppt = 00 =0, on 9L, (1.4

and the initial condition is given by u|,_, = uy(x), x € Q. The function y denotes the chemical potential, defined as the first
variational derivative of the energy functional in (1.1). Similarly, the first variational derivative of the Cahn-Hilliard free energy, as
referenced in [12], is represented by w. In the above system, M > 0 represents a mobility constant. By taking the inner product of
the first equation in (1.2) with u, the second and the last equations in (1.2) with 9d,u, we can derive the following energy dissipation
law:

d _ 2
EE(M) = -M||Vull*. (1.5)

The system (1.2) consists of three coupled second-order equations. It can alternatively be formulated as a sixth-order Cahn—
Hilliard-type equation for the variable u. Numerical approximation of the system is very challenging due to the high-order derivatives
and nonlinearity. Several attempts have been made in the literature to develop efficient and accurate numerical schemes for Eq. (1.2).
For instance, in [13,14], the authors proposed semi-implicit schemes with a linear stabilizer, which are conditionally energy stable.
Additionally, a fully implicit scheme based on the convex splitting approach was considered in [8,15], which includes a convergence
analysis. More recently, the authors of [2,9,16] proposed linear, unconditional energy stability schemes based on the original scalar
auxiliary variable approach [17,18]. However, their error analysis is not yet available, and it is not clear how to extend these
schemes to higher-order while keeping the energy stability.

The primary objective of this paper is to develop a class of high-order IMEX schemes for (1.2) using the generalized SAV (GSAV)
approach [19,20] and carry out the corresponding error analysis. Our contributions can be summarized as follows:

» We develop a class of high-order IMEX schemes which possess several notable advantages: (i) firstly, they are purely linear
and only require solving a single elliptic equation with constant coefficients at each time step; (ii) secondly, they satisfy a
modified energy dissipation law, and their numerical solutions are unconditionally bounded.

» We perform a rigorous error analysis for these schemes up to fifth-order in a unified framework.

Due to the highly nonlinear nature, the error analysis here is significantly more challenging than the one in [20]. To the best of our
knowledge, these are the first error analyses for higher-order numerical schemes for the sixth-order Cahn-Hilliard-type Eq. (1.2).
While this analysis is established for the semi-discrete (in time) schemes, it is expected that error estimates for fully discrete schemes
with consistent Galerkin type spatial discretization can also be derived.

The remainder of the paper is organized as follows. In Section 2, we develop a class of IMEX-GSAV schemes, and derive an
unconditional bound for their numerical solutions. In Section 3, we conduct a rigorous error analysis for the newly proposed schemes
up to fifth-order in a unified framework. We then present some numerical experiments in Section 4, followed by some concluding
remarks in Section 5.

2. New IMEX schemes based on the GSAV approach

In this section, we construct a class of new IMEX schemes based on the GSAV approach for the six-order Cahn-Hilliard-type Eq.
(1.2), and show that their numerical solutions are uniformly bounded.

Introducing an SAV r(t) = E(u) + L, where Ly > 0 so that r(r) > 1 > 0, we expand the system (1.2) with the energy dissipation
law (1.5) as follows [19,21]:

ou= MAy, >0, x€ Q,

M=—€2Aa)+f’(u)w+i1a), t>0, xeQ,

o = —€>Au+ f(u), t>0, x€Q, @21
(1) 2

dr = —-M———"—|Vull-,

= =M IV

where the boundary conditions for u, u, w are either (1.3) or (1.4). Note that the solution of (1.2) is a solution of the above system
with r(0) = E(ul,_o) + Ly
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Following [21], we construct the kth-order (1 < k < 6) IMEX schemes for arbitrary n € R in a uniform way as follows:
dkﬁn+1 _ Ak(u”)

= MA —n+1’
At K

ﬁn+1 - _€2Aa—)n+1 + (f/(Bk(ﬁn)) + W)Bk(@"), (223)
a—)n+l — —€2Aﬁn+1 + f(Bk(ﬁn)),
n+l _ .n n+1
= M———— VA" (2.2b)
At E@*) + L,
n+1
el = r , (2.2¢)
E@+) + L,
un+1 — nz+lﬁn+l with nz+l =1-(- §n+1)k+1‘ (22d)
where the boundary conditions for u"*!, u"*!, @"*! are either
the periodic boundary conditions, 2.3)
or the no-flux type as:
ou™! = o ™! = 9,0 = 0. (2.4)

In the above, «;, A, and B, are given by:
first-order:

a =1, AW)=u", B@)=i"

second-order:

1 n—1

@ = A"y =2u" = Ju'!, By = 20" - !

3
>
third-order:

ay = %, Ay (") = 3u" — %u"_l + %u"‘z, By(@") = 3a" — 3a" ! + "2

fourth-order:

ay = % Ay = 4" = 3" + ‘3—‘;4“ - }‘MH, B, @") = 4" — 6" + 4a"? — "3,
fifth-order:
as = %, As(") = 5u" — 5u" ! + %u”‘z - %u"‘3 + %u"““,
Bs(@") = 5@" — 102" +10&""2 = 58" + "4,
sixth-order:
ag = %7 A()(ll”) = 6u" — Eun—l + ?un—2 _ %un—S + gun—ét _ éun—S’

By(@@") = 6" — 158"~ +20a""% — 152" + 6a"~* — a"7>.

Note that (2.2b)—(2.2d) can be carried out directly without solving any differential equations. Therefore the main computational
cost is in (2.2a) which is a system with three coupled second-order equations with constant coefficients in the following form:

aii — MAji = f,
ji+eAo =g, 2.5)
@ + €2 Aii = h,

with either periodic boundary conditions or the homogeneous Neumann boundary conditions.

« If the boundary conditions are periodic, by using the Fourier-spectral method in space, the coupled linear equations in (2.2a) in
the frequency space reduce to a diagonal system so it can be easily solved. More precisely, by using the fast Fourier transform,
the total cost of solving (2.2a) is O(N%logN) where N is the number of points in each direction and d is the dimension of the
domain.

» On the other hand, if the boundary conditions are homogeneous Neumann for u, y, w, the coupled system (2.2a) can also be
efficiently solved by using a matrix diagonalization method presented in [13] with the spectral-Galerkin approximation in
space. The total cost is essentially the same as solving three decoupled second-order equations with constant coefficients.

In summary, we can obtain #"*!, /"*1, &1 and u"*! from (2.2) as follows:

— Solve @1, g™, @) from (2.2a);
— Determine r"*! from (2.2b);
— Compute £™1, ”ZH and update «"*! from (2.2c)-(2.2d).
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2.1. A stability result

We show below that the numerical solution of (2.2) is uniformly bounded. To this end, we need to first establish a lower bound
for the nonlinear part of the free energy.

Lemma 2.1. Let E(u) = f_q[i€4|AM|2 + guz]dx + E,(u), where

- 2.2
E,(u) ::/ [%64|Au|2+(g—1)62|Vu|2+%fz(u)+3€2u2|Vu|2+;1F(u)+(14—0”1 dx,
Q n

with a > 0 and F(u) = %(u2 -1+ %)2. There exists Ly > 0 such that E,(u) > —Lg + 1 for all u € H*().

Proof. Since f(u) = u® —u, we have
2
Eu) =/ [1| — M+ Wl +n <€—|Vu|2 + F(u)>] dx
012 2
=/ [1e4|Au|2 + Ao DEVuPR + 2 2w - 2P du+ nF(u)] dx
L2 2 2 26

2 _2ay

=/ L aup + 22 + A 2D Vul? + L 12w + 3221Vl + nFuy+2 dx
Q 2 2 2 n

2
:=/[1e“|Au|2 + 212ldx + E, (u).
o4 2
Hence, if g —12>0, we have E;(u) > 0. On the other hand, if g —1 <0, we derive from integration by parts that
—/(ﬂ — 1) Vudx = (X — 1)eX(duu) < / Leaup + 2 Z1202dx.
02 2 04 2

Since f%(u) = (4> — u)?, one easily derive from the above that there exists L, > 0 such that E;(u) > —Ly+ 1. []

Theorem 2.1. Given r" > 0, we have r"*! > 0, £&"*! > 0, and the schemes (2.2) are unconditionally energy stable in the sense that
rn+] —-r"< —Ale'H—l ||Vﬁn+l ”2 <0. 2.7)
Furthermore, there exists M, > 0 such that

w13, < My (2.8)

Proof. Given r" > 0 and since E@"*1)+L, > 0, it follows from (2.2b) that

n
rn+l — r
n+1 ”2

= — >
IV -
1+ MaM E@*rL,

Then we derive from (2.2¢) that £&"t! > 0 and obtain (2.7).
Denote M, :=r’ = E[u(-,0)], then (2.7) implies " < M,,.
Since E;(u) + L, > 1 for all u. It then follows from (2.2¢) that

|§n+l | — rn+1 < MO )

E@y+ Ly ~ %€4||A,;n+1||2 + %”ﬁn+l 2 +1

(2.9)

Let nz“ =1—(1 —&thk+l we have ”ZH = g™l p (&) with P, being a polynomial of degree k. Then, we derive that there exists
M, > 0 such that

M,
€4||Aﬁn+1 ”2 + 2a||12"+' ”2 4 4’

I =1 Pl <

which, together with "+ = n;’“a*’“, implies
. ) _
a1 = G < (e4||Aa"+1 T ) 1S O (10
I = G < <e4||4an+' E ﬁ:lmnﬂ B 4)2 I < G @11)
using integration by parts and Cauchy inequality yields
19l = G d) < 3l + 14l < G+ =), 212)

which implies the desired result (2.8). [J
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3. Error analysis

We carry out a rigorous error analysis for the schemes (2.2) in this section. We first recall some preliminary lemmas, which will
be extensively utilized in the subsequent analyses.

3.1. Some useful lemmas

Lemma 3.1 (Interpolation Inequality [22,23]). Let 0 < s; < s,, 6 € (0,1) and s = 05| + (1 — 8)s,. Then,

0 1-0
el sy < Cllull sy o 1l 75 )

Lemma 3.2 (Discrete Gronwall’s Inequalities [24,25]). Let k > 0 and T > 0, suppose that y", h", g", f" are four nonnegative sequences
satisfying

m m T/k
YUk RSBk Y ("Y' + fMwithk Y g" <M, VO<m<T/k
n=0 n=0 n=0

If kg" <1, V0 <n<T/k, then it holds that for o = maxgg,<r (1 — kg")™!,

Yk Y R <exp(eM)(B+k Y M), Vm<T/k.
n=1 n=0

Next, we recall a useful lemma by Nevanlinna and Odeh (1981) which plays a key role in our analysis.

Lemma 3.3 ([26,27]). For 1 < k < 5, there exists 0 < 7, < 1, a positive definite symmetric matrix G = (g, ;) € R** and real numbers
80 --- » 6, such that
k
(akun+l _ Ak(un)’ L . rku") — Z gi’j(un+1+i—k,un+1+j—k)
ij=1

P 2 (3.1)

n+1+i—k
> i

i=0

k
_ Z givj(un+ifk’un+j7k)+
ij=1

where the smallest possible values of 7, are

1, =1, =0, 7, =0.0836, 7, = 0.2878, 75 = 0.8160.

Remark 3.1. Note that Akrivis et al. [27] have introduced a novel multiplier which allowed them to extend Lemma 3.3 to the
sixth-order BDF method. It is anticipated that the results in Theorems 2.1 and 3.1 can also be extended to the sixth-order by using
the result in [27].

3.2. Error estimates

For the sake of simplicity, we fix the mobility constant M = 1. In order to simplify the analysis, we first rewrite the system (1.2)
(resp. the scheme (2.2a)) into a single equation with six-order derivatives:
akan+l _ Ak(u”)

n =€4A3L_l"+l _ ezAzf(Bk(ﬁ"))

(3.2)
+ A(f' (B (@) B(@")) + nAB(@").

We denote

' =a"—u@"), e"=u"—u@"), e =r"-r@".

The main result of this section is stated in the following theorem.

Theorem 3.1. Assume that u € C(0,T; H>(Q)) n H*(0,T; H*()) n H**1(0,T; H'(Q)). Let i and u? (¢ = 1,...,k — 1) be determined
by a proper kth order initialization procedure. Let i"t! and u"*' be computed with the kth order scheme (2.2) with
l’];hLl =1- _§n+l)3’ ’1:+1 =1-(1- §n+1)k+l 2<k<5).

Then we have
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e, + lle™II%,, < Cark, 1<k <5,

where the constant C is independent of At.

Proof. As in [20], an essential step of the proof is to show that there exists an absolute constant C,, independent of At such that
[1-&9 < Codt, Vq<T/A, 3.3
by using an induction method with the help of a bootstrap argument.
When ¢ =0, (3.3) certainly holds. Assuming that |1 — &9| < Cy4t is valid for Vg < m, we shall prove by induction that
[1—¢gm*l) < cyar.
We shall first consider k = 2, 3, 4, 5 and indicate the necessary modifications for k = 1. The induction process consists of the
following two steps.

Step 1: Bounds for ||#"+!|| 4> and ||@"+!|| 45 for all 0 < n < m.
By following a similar procedure as outlined in [20], based on the induction assumption and using the given condition

1}, 3.4

At < min{ Pyl
0
we can readily obtain

At
q
|1_’7k| ST, Vg<m

By the assumptions on the exact solution u and (2.8), we can choose C large enough such that for any t+ < T and q < m, we have
lu®llpgs <€, Natllg2 < C. (3.5)
Due to H? C L™, we can assume that C also satisfies

IO 0 <C,  |fP@)),0 <C, i=0,1,2,3. (3.6)

By subtracting Eq. (2.2a) from Eq. (1.2) at #"*!, we obtain an error equation that corresponds to
3
@™ — A @) = A" — A @) + e ara’e™! + RY + 2 ar Z 40", 3.7)

i=1

where
0 = — Af (B @) + AL (™)),
08 == 1 (BU@ ) B@") = = /(™ ™),
01 =% Bi(@") - o™,

and truncation error defined by

n+ly _ n
Ry = (g - BT AL

1 o (3.8)

k
—i u
-2 [ =t St

+l=i

where §; are some fixed positive constants.
Using Lemma 3.3 and taking the inner product of (3.7) with 42¢"*! — 7, A%¢" lead to

k k
Z g[j(Ae—n+l+i*k’Ae—ﬂ+l+j*k) _ Z gU(Ae—nJri—k’AénJrj—k)
ij=1 i,j=1

k
+ ” Z (Sl_Aén+l+i—k”2 + €4At||VA2e—Vl+l ”2
i=0 3.9
=(AA, (") — AA,(@"), Ae"™! — 7, 48") — et M43, 7, A%E")
3
+ (VR},—VAe™! + 7,V Ae") + € At Z(AQ;', Are! — g A%e
i=1

=+ L+ L+ I+ 15+ I,

where 1, I5, I denote respectively the three terms in the summation. Next, we need to derive proper bounds for the terms
I;(j = 1,...,6) such that we can eventually apply the discrete Grénwall Lemma to derive the desired stability. This process is
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very tedious. For the sake of readability, we move the details to Appendix.
Combining (3.9) (A.1), (A.3), (A.5) and (A.8) derived in the Appendix in (3.9), we have

k
Z g (AHIFiok pgmtiti—ky _ Z g, (4e" —k_pgmtiky (3.10)
ij=1 i,j=1
+1 25 AgHI+— k”2 (”VA2—n+1”2 2||VA28_"||2)
ntl ntl
<CCHFH AP 4 Cark /l v i (s)llzds+c4z2k/l II—(S)II
0 mti—k - Otk+l 1+ otk

+ Cat (B @I + VB @)II* + |AB, (@)1 + [IVAB(@)]1* + |42 B, (@")]|?)

eAt

+ 32 At|| A% |2 + == (|| VA" + ||VA&"||?).

Using the interpolation inequality in Lemma 3.1, we have

k
Z g (Ae—n+l+l k L Aé sn+14j— k) Z g (Aen+l -k L Aé Sn+j— k)
i.j=1 ij=1
k
+ 1) Y siae P 4 (IIVAZ‘”“IIZ VA (3.11)
i=0
n+l1 n+l
<CCHH AR+ 4 APk /l v o (s)||2ds+CAt2k/t ||—(s)||
0 ,n+l—k 0tk+1 m+ Bt"

4,1 =72
Sny |2 Sny |2 Sny (12 et At k 2 sn+1—i))2
+ Cat (B + IV BU@IP + 4B @) + S -k ;nw e,

Taking the sum on ||[V42e"+! | — rillVAzé"ll2 over the index n, we derive
m

> (Ivarert 2 — 2| vae?)

q=k—1
k(1 — mookt? 4 k41
_ VAZeTH |2 4 k VA2 2 — 21V A2 |12
T Z I P+ X (o VAT - v aTER)
9= g=k=1
k(1 - T2) m mo1_ ,[.2 k )
k 25g+1)2 k 2 sq+1—i |2
> A\ + VA< .
2o X VAP ¥ S Y vatert
q=k—1 q=k—1 i=0
Then, we can take the sum of (3 11) over n from k — 1 to m to obtain
; 4 pr k(1 —
.14 m+1 2 € ar VAZ Sq+112
Glaem™ P + == — Zu I
et ar k(1 — 2 oili2
Z 8i; (A—m+l+l —k A—m+l+J k) € A ZHVA ~q+ ” (312)
= 2 2k+1
m+1
<Ctr 3, 111 + Car™ / VSR + IR, + C42as,

where 1 is the minimum eigenvalue of G = (g;)).
By using a similar process, we can obtain bounds on ||[Vé™*!|| and |&™*!]|.
Then, taking the inner product of (3.7) with —4é"! + 7,.4¢", we find that

k k
z gz (Vén+1+1 k V—n+1+/ k)_ z gl/(ve—nﬂ —k Ve Sn+j— k) (313)
i,j=1 i,j=1

k
+ 1 z SiVe_”+l+i_k||2 + €4At||Azé”+] ”2
i=0
=(A, ") — A @"), - 48" + 7, 48") + e Ar(Ad e 7 e
+ (R}, =A™ + 1, A2") + €2 At (AQ + Q) + Q). — 4™ + 748"

eAt

Sccgk+lA12k+l +Atllvén+l”2 +AI|IV('?"||2 (IlAZ—n+l”2 +T2||A2 ”2)

tl

+c4r2k/+] ||Vak+l ®I*ds + AtV |? + arl|ve" |
[
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2
+ %At (IVOX + VO« + VOX|I? + 2| Vae™ |2 +2[ V42" ||?) .

We can estimate the last term on the right-hand side of (3.13) as follows

2
%At (IVOF + VO + VOXII* + 2| VA" |2 + 2|V 42" |1) (3.14)

3 At(IIVQ"I|2 +IVOEIP +IVOAIP) + €2 41| VAe™||? + €2 At|| V A&" ||

scm (I1BL@)II* + IVB @I + | AB,@")I* + IVAB,(@")]I?)
t'”'l

+ cmz’c/ ||W(s)|| Lds + €2 At]|V A& |2 + €2 At|| V Ae" |2
mt

Combining (3.13) and (3.14), we have

k
Z g (Vén+1+1 k Ve—n+l+j k) z g (Ven+l —k Ve Sn+j— k) (315)
i,j=1 i,j=1
k
+ ” Z 5 Ve—n+l+l k||2 ”AZ S+l ”2

i=0

4
<CCHH AP 1 AV + AV | + ETA’T,anZa"nZ

k-1 k
+Cat Y (117 + Ve |17) + Car Y (l14e" =12 + ||V e+ =7)12)
i=0 i=0
l ak i+l
+ CAtZk/ s 2ds+CAt2k/ —(s
VSO ] atk( 2,

Then, an application of the interpolation inequality leads to
”VAe—n+l I SC||§"+1 I 1/? ||A25"+l ”2/3’
H
an application of Young’s inequality leads to
5122C° et
VA2 < SN2 4 £ p2am 2
I - < 7e8 lle™ "l 756 I Il

4
€ ||A2€_n+l ”2

<Cle™ I3 + 5s¢

Combining the above inequalities in (3.15), we obtain
k k

Z gij(Vén+1+i_k’ Ve—n+1+j—k) _ z gij(Ve_"+i_k,Vé"+/_k)

ij=1 ij=1
+ ||25 Ve 4 <||AZ-"“||2 42"
2k 1= 12
<CC2k+1At2k+1 +CAIZ ”e—n+1 ’||2+||Ve'"+1 :” >+€4At2(2k =T - Z”AZ—nH 1”2
+l =0 i+l
+ Car /tn+1 ||v P (s)|| ds+CAt2k/’n ) ||a7(s)||

Taking the sum of the above over n from k — 1 to m, we obtain

/‘l ||Ve—m+l”2 < z g (V—m+l+l —k V—m+1+/ k)

= (3.16)

m+1

gcmZna‘inz +CAz2k/ (v
q=0

2 2 2k+2
akH(s)u 1t <s>|| 2+ C2 s,

Taking the inner product of (3.7) with &"*! — 7, &", we arrive at
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k k
ntltimk sntl+j—k ntimk sntj—k
z gij(en+ Himk gntlti—ky _ Z gl_j(en+1 J@nti=ky

i.j=1 ij=1
+1 25 ek SRV 4 - 22|V e

2k 2 2k
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Then taking the sum of above over n from k — 1 to m, we have

AG||5m+l||2 2 8 (—m+1+: k ém+l+j—k)

= (3.17)

m+1

<cary ||é‘1||2+cm2"/0 (uak+1 (s )||2+||—(s>|| +C§"+2> ds.

q=0
Summing up (3.12), (3.16) and (3.17), then using the discrete Gronwall’s inequality in Lemma 3.2, we have

k(1 -
Z ||VA2eq+l ”2

em+l 2 +€4Al‘
[Cas e

ak
<Cexp((1 ~ Can~"ar / (I (s)|| LIS O, + s

<G (1 + P Ak,

ork+1

Given that 0 < ¢* ;1 < 1, it follows that

e e, (Ar Z VAT )2 < /G0 + C2*ak, YOo<n<m. (3.18)
q=0

Then, combining (3.5) and (3.18), we obtain the following desired bounds:

n
1 e, 4 Y VA2 E VO<n<m (3.19)
q=0

In addition, using the Sobolev embedding theorem, we can derive

IfO@* e <€ i=0,1,23, YO<n<m. (3.20)

Step 2: Estimate for |1 — &"+!]. Thanks to (2.2b), we can get
r

E( ﬂ+1)

et el = Ar(IVuGua )| - IVu@*HIP) + R} 3.21)

where
u=e"Wu—ef whu—ne?Au— AL W) + £ @ f W) +nfw),

and
i+ 1

R" = r(t") — (") + Atr,(¢"!) = / (s = ")y (s)ds.

”
Direct calculation yields
= / (=€ Auy + ' @u)* + (> Au+ £ W) (—€>Auyy + £ @u> + £ Wy,
Q
+ ;162(Vu,)2 + neZVu - Vu, + ;1f’(u)(u,)2 +nfWu,dx.
We then have

IR!| = cm/
,n

For the first term on the right hand side of (3.21),

Mt 1

2
ralds < Cat [ Qi+ e + g o).
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For Kf' and K;’, it follows from (3.6), (3.5), (3.18), (3.19), E(u) > —Ly + 1 > 0 and Theorem 2.1 that

rn+l
K'<Cll- ——
E(ﬁn+l)
n+1 n+1 n+1 n+1
<c r(") B pht ' pt _ pht
E@@*h)  E@@+h)| | E@@*h)  E@h

< C(le™ ] + |E@™hy) — E@™)),
and
K? < ClIVu@uE™h) — Vu@ I (IVp@a )+ 1V p@ )
< CC(IVATE | + VA (L + (VA @)
< CEVARH || VA2 || + CC||V A ||| V27" || + CC(||VA2&™ || + || VAe™ ).

Using the Cauchy-Schwarz inequality, we derive

n+l n+l n+l
ar Y (IVA%E ||V AT|| < (4 Y |VA%E |2 At Y ||V Aat||H)! /2
gq=1 q=1 gq=1
< Cy/ G (1 + CFFart,
n+1 n+l1 n+1
ar Y VARV A% < (At Y (VAR P ar Y (VAR
gq=1 g=1 gq=1

< C\/ G+ CF Ak,

Next, we have
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2

+
2
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Taking the sum of (3.21) over n from 0 to m, after combining the above estimates together, we obtain
m m
+1 4q
e+t <4t ) + 21T
q=0

q=0
m m T
1 ~q+1 2
<Car Y e+ Cat Y (1@ | e +cm/ 125+ el g2+ Nl | gr2)ds
0

rq+]
E(ﬁ‘ﬁ'l)

IV u(ura My - IV u@th|?

q=0 q=0
m
<Car Y (et + CC/Cy(1 + CH Atk + Car.
q=0

Using the Gronwall’s inequality, we obtain

le"*1] < Cexp((1 - CAN~HANC/Cy(1 + CH+) Ak~ 4 1), (3.22)

Thanks to (3.22), we can define C;, and finish the proof virtually the same as Step 3 of Theorem 3 in [19] under the condition
At < ;kﬂ’ 1<k<5. (3.23)
1+ CO
Then we have |1 — &™+1| < Cy4t. This completes the induction process.
Finally, we can obtain ||&"*! ||fq2 + [lem+! ||§12 < CAr?* as follows.
From (3.19) and (2.2d), and noting the result in (3.3), we can conclude that

+1 =—m+1 +1 =m+1 ~ +1 S k1 4 k+1
ot = it = 5 -] < g @20

Combining (3.24) with the conditions (3.4) and (3.23) on the time step 4z, we derive that
2 2

+1 _m+1 +1 Y
<20 2 -
<2C, (1 4 Cg(kﬂ)) 425 4 2C‘2C§("“)At2(k+1>,

2
1
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provided that 47 < m This completes the proof. []
0

Remark 3.2. Note that for the case k = 1, we employ nf“ = 1 - (1 — &3 purely for technical reasons. It is apparent that
rlf“ =1—(1 — &2 will ensure first-order accuracy.

4. Numerical simulations

In this section, we provide several numerical examples to verify the accuracy and stability of the proposed numerical schemes.
The computational domain is defined as Q2 = [0, L) (d = 2, 3) with periodic boundary conditions. Unless otherwise specified, the
mobility constant is set to M = 1.

4.1. Fully discrete schemes

We observe that at each time step, the scheme (2.2a) reduces to solving the following coupled linear system

akﬁ"“
At
ﬁn+l +€240—)n+1 — g;’

- MaR"! =g,
4.1

®n+l + €2Aﬁn+1 — g;l’

with either periodic boundary conditions or homogeneous Neumann boundary conditions. In the above g!' (i = 1,2,3) are known
functions from the previous steps.

In the case of periodic boundary conditions, we can apply a Fourier-spectral method to the above system with unknowns being
the Fourier-coefficients of the unknown functions so that the Fourier approximation of the above system reduces to a diagonal
system. Thus the scheme (2.2) can be efficiently implemented using a Fourier-spectral method.

On the other hand, in the case of homogeneous Neumann boundary conditions, one can apply a Legendre-Spectral method to
(4.1). Then, the corresponding coupled linear system can also be efficiently solved by using the method presented in [13].

4.2. Accuracy test

We set d =2, L =2z, and assume the exact solution is given by

u(x, y,1) = 0.25 cos(x) cos(y)e". 4.2)

We use the Fourier-Galerkin method in space with 256 x 256 Fourier modes. Fig. 1 presents the errors at 7 = 1, measured in
the H2-norm for u and the L®-norm for |1 — &| for the FCH equation, i.e., n < 0 with M = 0.005, ¢ = 1 and 5 = —1. It is evident that
all schemes achieve the expected convergence rate in time. Similar results were observed for n > 0. For the sake of brevity, we do
not report them here.

4.3. Phase separation

To simulate the coarsening dynamics, we consider sixth-order Cahn-Hilliard-type Eq. (1.1) in the domain [0, 4r)? (d = 2,3), with
e=0.1.

4.3.1. FCH equation
We first consider the 2D FCH equation to model the bilayer network structure. We set = —¢?, and use 256 x 256 Fourier modes
with the following initial condition:

u(x, y,t =0) = 0.5 + 0.001Rand(x, y), (4.3)

where Rand(x, y) denotes the random values in [—1, 1]2.

In Figs. 2(a)-2(b), we present the energy evolution profiles utilizing varying time step sizes for both implicit-explicit (IMEX)
schemes and GSAV schemes. We observe that the GSAV schemes exhibit superior performance over the IMEX scheme, particularly
at larger time steps. Furthermore, the original energy obtained by the GSAV schemes are consistently dissipative, whereas the energy
of IMEX schemes blows up at larger time steps and exhibits an increase at certain times even at smaller time steps.

For subsequent simulations, we shall use the second-order GSAV scheme, unless specified otherwise.

Fig. 3 depicts the dynamics of phase separation with = —¢? and At = 1 x 1073. The red areas represent the presence of
amphiphilic polymers (u = —1), while the black regions indicate the solvent phase (« = +1). The narrow worm-like bilayers merge
to form enclosed regions at around ¢ = 10. Some interesting structures like Y-junctions and antennae are captured at r = 50 and
t = 100, respectively. Eventually, the interface elongates and merges to form a network-like structure.

For the 3D case, we still set 7 = —¢2, Ar = 1 x 1073 with the initial condition

u(x,y,z,t =0) =0.5+ 0.001Rand(x, y, z), 4.4

11
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Fig. 1. Numerical convergence rate of schemes (2.2): convergence rate depicted by the triangle.

where Rand(x, y, z) denotes random values in [-1, 1]3. In Fig. 4, we plot three iso-surface diagrams (above) and three slice diagrams
(below) with yellow and black regions correspond to the level sets u = 0 and u = 0.2, respectively. We observed similar phase
separation behaviors to those observed in the 2D case. These results are consistent with those reported in [28-31].
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Fig. 2. Comparison of energy evolution curves for both the IMEX scheme and GSAV-BDFk scheme with different time steps.

Fig. 3. The phase variable u is simulated using the specified initial condition described in (4.3) with n = —e2. Snapshots for the simulation of 2D phase separation
for FCH equation are captured at various times =1, 10, 50, 100, 500, 1000, 3000 and 5000.

4.3.2. CHW equation

In this example, we use the initial condition in (4.3) to simulate the Cahn-Hilliard equation with Willmore-regularization,
i.e., > 0. More precisely, we set n = ¢ and investigate the coarsening process using 256 x 256 Fourier modes with a time step of
At = 1 x 1073, In Fig. 5, we present snapshots of the phase variable u are captured at r = 2, 10, 30, 50, 200, 500, 1000 and 5000
which clearly exhibit the coarsening process.

4.4. A benchmark problem

We consider a benchmark problem [32] with the initial condition
u(x,y,t =0) =2exp(sinx +siny — 2) + 2.2 exp(—sinx — siny — 2) — 1, (4.5)
and the following parameters
e=0.18, n=-00324, d=2, L=2x.
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Fig. 5. The phase variable u is simulated using the specified initial condition described in (4.3) with » = e. Snapshots for the simulation of coarsening process
for CHW equation are captured at various times r =2, 10, 30, 50, 100, 500, 2000 and 5000.

14
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Fig. 6. The phase variable u is simulated using the specified initial condition described in (4.5) with # = —0.0324. Snapshots for the simulation of a benchmark
problem are captured at various times 1 =0, 1, 5, 20, 400, 500, 600 and 1000.

-3.5090608351939 T T T T -140.868384149605
-3.509060835194 1 -140.86838414961
-3.5090608351941 1 -140.868384149615 |
-3.5090608351942
-140.86838414962
2 -3.5090608351943 2
3 | S——— 5 -140.868384149625 ———
= -3.5090608351944 =
-140.86838414963
-3.5090608351945
-3.5090608351946 | -140.868384149635 -
-3.5090608351947 1 -140.86838414964
-3.5090608351948 -140.868384149645
0 200 400 600 800 1000 0 100 200 300 400 500 600
Time Time
(a) Initial conditions from (4.5) (b) Initial conditions from (4.6)

Fig. 7. Evolutions of mass of u in the sixth-order Cahn-Hilliard-type equation with different initial conditions.

We use 128 x 128 Fourier modes in space and 4r = 5 x 10~*. In Fig. 6, we present snapshots of the phase variable to show the
formation of the anticipated network structure in the amphiphilic materials, which is consistent with the results reported in [15,32].
We observe that the mass of u is almost conserved, as shown in Fig. 7(a).

4.5. Meandering instability

To simulate the meandering instability, we take the initial condition as follows:
-1, x>sin(y) + 27 +0.34,
u(x,y,t=0)=3-1, x <sin(y)+ 2z —0.34, (4.6)
1, otherwise.

The parameters are given by:

e=01, n=-02, d=2, L=4n. 4.7)

Note that the initial condition above is discontinuous, so we use a smoothed approximation as described in [2,16] to serve as
the actual discrete initial condition.

We use 256 x 256 Fourier modes in space and 4t = 1 x 10~*. Fig. 7(b) demonstrates that the mass of u is almost conserved.
The simulation results depicted in Fig. 8 illustrate the stretching of the initial shape and the emergence of meandering instability.

15
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Fig. 8. The phase variable « is simulated using the specified initial condition described in (4.6) with n = —0.2. Snapshots for the simulation of meandering
instability are captured at various times =0, 10, 15, 20, 50, 100, 150, 200, 300, 400, 600 and 1000.

Furthermore, it is noticeable that the configuration of the curve gradually evolves in the later times, with a progressive elongation
primarily in the horizontal direction.

4.6. Pearling instability in annuli

In the last example, we consider a more complex FCH model [2] with the free energy

1| » 2 €’ 2
E(u):/ 5(—6 Au+f(u)| +(m S IVul +mFw )| dx. (4.8)
Q

Here, #; < 0 and 5, € R are two small parameters associated with the properties of amphiphilic materials. It reduces to the original
free energy (1.1) 5, = n,.

The H~! gradient flow associated with (4.8) is as follows:

ou= MApy, >0, xe€ Q,
" =—€2Aa)+f’(u)w+i11w—(i11 —-m)fw), t>0, xe, (4.9)
w=—Au+ fu), >0, x €,

where

F = ot D2 12+ 5 D2 -2)

It is clear that the scheme (2.2) can also be applied to the above system.
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Fig. 9. The phase variable u is simulated using the GSAV-BDF2 scheme, starting from the initial condition specified in (4.10). Snapshots of the simulated phase
variable u are captured at various times t =0, 2, 10, 15, 20, 30, 60 and 122.

4.6.1. A ring-shaped ellipse
We consider the discontinuous initial condition
-1, f(x,y)>L/4+0.2,
ulx,y,t=0)=3-1, f(x,y)<L/4-0.2, (4.10)

1, otherwise,

where f(x,y) = \/(x — L/2)2 +0.5(y — L/2)2, and use a smoothed approximation as the discrete initial condition.
The parameters are as follows

e=01, n =-0145 n,=-02, d=2, L=4nx. (4.11)

Fig. 9 illustrates the snapshots of the phase variable obtained with 256 x 256 Fourier modes in space and At = 5.0 x 10~*. We
observe that, at time T = 2, the pearling bifurcation becomes noticeable, with the initial perturbation appearing at the midpoint of
the minor axis of the elliptical ring, likely due to the relatively thinner bilayer in these areas. These budding pearls merge into a
linear sequence at T = 20, leading to a meandering instability.

4.6.2. A ring-shaped circular
We simulate phases undergoing pearling instabilities, with the initial condition being
Vx =22+ -27)?2-n

u(x,y,t:0)=2cosh_l( )—1, 4.12)
q

which is a smoothed circular ring with interfacial width g. We use the parameters in (4.11), ¢ = 0.1, 5, = n, = =02, d = 2,
L = 4z, and use 256 x 256 Fourier modes in space and 4t = 1.0 x 1073. To investigate the effect of varying thickness on the final
numerical results, we select different values for the parameter ¢, specifically ¢ = 0.14,0.15, and 0.20. The numerical results can be
found in Figs. 10, 11 and 12. A sharper initial interface leads to rapid interfacial relaxation, which in turn accelerates the onset
of pearling bifurcation caused by instabilities due to high curvature. By comparing these figures, we observe that different shapes
emerge depending on the initial interface width ¢, with the pearling bifurcation occurring earlier when the thickness of the initial
interface is smaller. The simulation results are in agreement with the transmission electron microscopy images of diblock copolymers
presented in [33] and align with the numerical simulations shown in [2,34,35].

5. Concluding remarks
We constructed in this paper a class of high-order implicit-explicit (IMEX) schemes based on the GSAV approach for sixth-
order Cahn-Hilliard-type equations which include, as specific examples, Cahn-Hilliard equation with Willmore regularization and

functionalized Cahn-Hilliard equation. The proposed schemes are linear and only require solving one elliptic equation with constant

17



N. Zheng and J. Shen Communications in Nonlinear Science and Numerical Simulation 145 (2025) 108724

Fig. 10. The phase variable u is simulated using the GSAV-BDF2 scheme, starting from the initial condition specified in (4.12) with ¢ = 0.14. Snapshots of the
simulated phase variable u are captured at various times =0, 9, 10, 22, 25, 30, 83 and 100.

Fig. 11. The phase variable u is simulated using the GSAV-BDF2 scheme, starting from the initial condition specified in (4.12) with ¢ = 0.15. Snapshots of the
simulated phase variable u are captured at various times + =0, 13, 15, 24, 30, 34, 70 and 100.

coefficients at each time step, dissipate a modified energy unconditionally, and their numerical solutions are uniformly bounded in
(0, T; H?(£2)). We also carried out a rigorous error analysis using a delicate induction process, and derived optimal error estimates
up to fifth-order. To the best of our knowledge, these are the first error estimates for higher-order numerical schemes for sixth-order
Cahn-Hilliard-type equations.

We presented numerical evidence to validate the stability and accuracy of the proposed schemes which are shown to be superior
to the standard IMEX schemes. We also presented ample numerical experiments to simulate various interesting dynamics processes
generated by the Cahn-Hilliard equation with Willmore regularization and functionalized Cahn-Hilliard equation.
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>
RN

Fig. 12. The phase variable u is simulated using the GSAV-BDF2 scheme, starting from the initial condition specified in (4.12) with ¢ = 0.20. Snapshots of the
simulated phase variable u are captured at various times t =0, 49, 50, 51, 55, 60, 70 and 100.
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Appendix. Bounds for the terms I;(j = 1,...,6) in (3.9)

We now bound the terms I ;G =1,...,6)in (3.9) as follows. Firstly, using Holder inequality, we obtain
< |AA (") — AA @)
- 24t

SCC3k+2412k+I + Al(||Ae'"+1 ”2 + ”Ae_n”2)7

I

At
A—n+1 — 1, A8" 2
+ > llde T de’ | (A1)

and
I, =e*An(V A%&"!, 7, V A%&")
4 4 (A.2)
€ At . e* At _
- VA% ||% + - Z|vate|>.

It follows from (3.8) that

<

1

k+1
||VRk||2scm2k+'/ v d_4

2
-k otk+1 ®lds.

then we can derive
2
I 5% IVRE? + ETA’M ~ VA 4 7, VaS|?
il et ) (A.3)
oty e’ At _ .
<CA* /+l ) v o ()|Ids + T(||VAe"+1 12 + VA& |?).
htl=

Next we estimate the terms I,, I5 and I4. To this end, we need to bound o, i=1,2,3.
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By the definition of Q'l‘, we have
140711 <I14* £ (By (") — & f (B @)I| + 14> f (@™ ")) — & f (By (u(e" ).
Using the identities
Af ) =/ @Au+ [ @)|Vul, (A.4)

and
A2 F(u) =6|Vul?Au+ f" ) Aw)? + @) Au + 2f" (u)Vu - VAu
+ 64u|Vul® + " w)A|Vu|* + 12Vu - VAu,

we can estimate AQ'I’ term by term.
For simplicity, we only estimate the first two terms. Thanks to (3.5) and (3.6), we obtain by Holder’s inequality and Sobolev
embedding that
6111V By (u(t")|* ABy (u(t")) — |V By (@")|* AB (@)
=6|| (IV B ()| + |VB(@")|) VB (&N AB (u(")|| + 61|V B (@")|* AB, (")l
SCIIV B (u(t™) + V B @)l 1 IV B (@)1l 6 | 4By (u@™ )l s
+ CIIVB@) [l 4B @)l 6
<CIIByu(t™) + B @)l g2 1V B @)l g1 | By @ Nl g3
+ ClIB @)l g2 11 AB (@) g1
SCUIVB(@)I + 14B @)1 + [IVAB (@)D

Similarly, we can obtain
IL/" (Bi(u("))AB (u(t")) — " (B @) AB (@)’
=|| By (&")(ABy (")) || + (4B, (u(t™)) + ABy(@")ABy(&")|
<C|1B, @) 16 (4B, (™)) || 13 + CII(VB, (u(t")) + V B, @)V AB, (2")||
<CIB@)l s | ABL (DI ¢ + CIIV B (™) + V By @)l 16 [IVAB, (€M)l .3
<ClIBr @)l g ||ABk(M(t"))||iIl + ClIVB ™) + VB (@)l g1 IVAB (&)l 1
<C(IB @)l + IV B@]l + | ABy(@")]| + [IVAB, (") + [|4° B @]

Other terms in AQ’I’ can be bounded similarly, and we can obtain

114071l <C (1B @)l + IV By ("] + 1 AB@")]| + [ VAB, ("] + [|4° B@")])

1 o 1/2
u 2
+ [ 4¢ — d s
( ~/t"+17k I otk (S)”H4 S)

which implies that

2
1, S%AI(IIAQ'}IIZ + 142%™ — 7 4% (A.5)

2
€ - —
ST A(IAQTI? + 2]l 4% 7 + 2| 4% 1)

<CAt (1B @I + IIVB@)I1 + [ AB(@)]1* + [VAB(@")]1* + 147 B, (@")]I)

tn+] &
2% Mu 2 2 2 n+1 2 252
+ CAr /,n+1—k I P (s)||H4ds+e Ar(|| A" |17 + ||4%e”||7).
For AQ;, we have
1 -n —n n ~n
14031l Se—zllé\(f’(Bk(M DB (@) — A(f'(By (")) B (@) (A.6)

+€i2 A (By(u(@™)) B (@) = A(S" (B (u(t")) Bi((t))|
+€L2 IACS" (B (") By (@(t"))) — A(f" (B (™)) By (@)l

+€1—2 IACS" (B (™ ")) By (™)) = AS! @@ D@ ).
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We derive from the third equation of (2.2a) that
= |(ar @@ - ar By Buan
<[\ VB@|| o [|VAS (B@™) = Af' (B ()| 15
+ =5 1B o (147 B = A7 (B )| (A7)
<|[VAS (Bi@") = VAL (B @) 1 + |AS (Be@) = Af' (B we)))|
SCUIBL@I + 1V B@)| + 14B @)l + IVAB(@")]] + (14> B @)D
Using (A.4) and the identity
A(fg)=fAg+gAf +2Vf - Vg,
other terms on the right-hand side of (A.6) can be estimated similarly to obtain

140511 <C (1B (@)l + IV By ("]l + [ AB @Ml + [IVAB @] + [14° B (@)

1

k-1 u, o 172
+ CAt™ (At /+l—k Il P (s)||H4ds) .

"

For AQ", we have
140411 <nll - 4% B,(@") + eiz (Af(B(@) = Af (By(u(")) |
+ (=42 B (u(t")) + A* By (u(" )|
+ S (A7 B)) = AF B ) |

<nll = 2B + eiznAf(Bk(a")) — AF (B (@)
+ 1l — 42 B (") + A2 B, (@™ )|
+ L IAS By ) = A (Bt )]

<C (I1B@)Il + VB @)l + 1 4B, @)l + C|4* B @]}

+ CarF! At/tm ||‘)k—”(s)||2 ds ”
ml-k - Otk HY ’

Similarly, we can bound the last two items on the right-hand side of (3.9) to get
2
Is+ I < %At(llAQ;HZ +[1401117) + 26 At]| A% || + 267 At|| A%E" ||

< C4t (1B @) + IIVBL@)I” + 14B @I + IVAB @I + (14> B, @)II) (A.8)
rn+1

k
+ cmz’f/ |I%(s)||i[4ds+2€2At||42e'"+1||2+2€2At||Azé"||2.
-k

Data availability

Data will be made available on request.
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