ASSIGNMENT 1

Q2. Show that /3 is irrational[3 pts]

Method 1: if assuming V3 is a rational number, then it can be written as a reduced form V3 =
%,and p, q are relatively prime. then p? = 3 ¢? which means 3[p?. Since p could be written as
p=3m+r,r =012 then p?> = 9Im? + 6mr + r2,72 = 0,1,4. so if 3|p?,then 3|r? which means
r = 0, thus 3|p, then Im, s.t. p = 3m, then Im? = p? = 3¢> = 3m? = ¢%. as discussed before, we
can get 3|g, which means 3 divides p, g, which is contradictive with assumption p,q are relatively
prime. Thus, v/3 is not rational.

Method 2: if assuming v/3 is a rational number, then it can be written as a reduced form /3 = a,and

p,q are relatively prime and p? = 3 ¢>. Since p,q € N means p,q has to be odd or even.
If ¢ is even then 3m € N,q = 2m,= p> = 3¢°> = 3 x4 xm? = 4)p> = 2|p which mean-
s p is also even. which is contradictive with assumption p,q are relatively prime. Same idea
can prove p is not even, thus p,q are odd. Then dm,n, st. p = 2m + 1, ¢ = 2n + 1. Then
pPP=4dn’+4n+1=3%(4m>+4m+1) = 12m? + 12m + 3 = 3¢%,= 2n% + 2n = 6m? + 6m + 1.
which is impossible, since left side is even, right side is odd, they can not be identity. Thus, v/3 is
not rational.

Q6. For A, B, C C X, show the following.
(1) Ac Bifand only if AUB = B.

(2) Ac Bifand only if AN B = B.

3) (AUB)NC=(AnC)U(BNCQO).

1)[1 pts] Show that AU B = B if and only if A C B.
(=) Vz € A, since AC AU B,and AU B = B, then z € B, thus A C B.
(«<)if AC B, then AUB C BUB = B. Combined with B C AU B, can get AU B = B.

b)[1 pts] Show that AN B = A if and only if A C B.
(=) Vxe A, since A=ANDB, z € AN B. since AN B C B, thus z € B, which means A C B.
(<)if AC B, then A= ANAC AN B. Combined with AN B C A, can get AN B = B.

c¢)[1 pts] Show that (AUB)NC =(ANC)U(BNC).

1),(AUB)NC > (ANC)U(BNC): ANC C (AUB)NC and BNC C (AUB)NC, thus
(AuUB)NC D> (ANC)u(BNCO).

2),( AuB)NC Cc (AnC)u(BNC) :Vr € (AUB)NC means z € C and v € A or B.
itz € Ajthen z € AnNC,then x € (ANC)U(BNC),if x € B,then © € BN C,then = €
(AnC)u(BNC),thus (AuB)NC C (ANC)u(BNC).

Q8. Show for A, B CY that f "1 (AUB)=f1(AUf1(B)and f' (AUB)=f"1(4)N
f7H(B).

a)2 pts] f7H(AUB) = fH (AU fH(B).
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1,f Y (AuB) c f~H (AU fY(B): Vz € f 1 (AUB) means f(z) € AUB, then x € f~1 (A)U
f7H(B).

2),f 1A Uf B c fFLAuB): fYA) c fFH(AUB) and f~Y(B) C f~!(Asup B), then
@ ufHB) c 1 (AuB).

b)[2 pts] £~ (AﬁB) LA N fH(B).

1), f71(AnB) C (A) f7H(B): fTHANB) C f71(A) and f7H(ANB) C f1(B), then
fHAnB)c fi(A ) 1( )-

2), f~H (AN (B) C Y (ANB): Vo f~1 (A)Nf~1 (B) means f(x) € A and f(z) € B, then
f@) € F(ANB).

Challenge. Use induction to prove the Pigeonhole Principle.

Prove by induction. For n = 1, it is obviously. Assume the statement holds for n = k, forn = k+1,
case 1: if f(k+ 1) = k + 1, then by the assumption that f : [k] — [k] is injective if and only if it is
surjective, shows f is injective if and only if f is surjective.

case 2: if f(k+ 1) =a, f(b) =k + 1, for a # k + 1. Define a function g as g(k +1) =k +1,g9(b) =
a,g(s) = f(s) for s # k + 1,b, then g satisfies case 1, shows that ¢ is injective if and only if ¢ is
surjective. By the definition of g, we can see, g is injective if and only if f is injective, g is surjective
if and only if f is surjective, which proves the statement for n = k + 1.

Complete the proof by principle of induction.

Completeness: [0/-1 pts].



