Overview of Limits

There are two types of limits that we’ve encountered so far. They are one-sided limits and “overall” limits.

e  One-sided limits will always exist.

e An “overall” limit will only exist when the one-sided limits are equal.
In general, you do not have to find limits numerically (i.e. plug in x values and see what f(x) approaches; lessons 2 and
3) unless a table is given which tells you what x values to plug in to f(x). If a table is given, our normal methods of
finding limits probably will not work, and you’ll need to use the table.

For this overview, I'm going to assume that no table is given.

“Overall” Limit (just called “the limit”):

How to find lim f(x)
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If f(x) is NOT piecewise:
Factor and simplify f(x). Now, find f(c).

(Lesson 4: Finding Limits Analytically)

e Casel: f(c) = #, then }Ciiréf(x) = f(c)

- Remember that . =0
nonzero #

nonzero #

e (Case2:f(c) = .

then Jim £ (x) = o, —o0, or DNE
xX—=C
- To decide between oo, —oo, and DNE, look at the one-sided limits.

e Case3:f(c) = %, then factor, rationalize, or otherwise manipulate f(x) so that f(c) is case 1 or case 2.

If f (x) is piecewise:
Look at the one-sided limits.

One-Sided Limits:
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lim f(x) is the left limit. To find this limit, look at x < c. From the number line, you can see why we call this the left limit.
xX—>Cc~

lim+ f (x) is the right limit. To find this limit, look at x > ¢. From the number line, you can see why we call this the right limit.
X—C

The + or — in the exponent does NOT make c positive or negative. It only tells you if the values are less than or greater than c.



For piecewise functions, you’ll probably be looking at different pieces of the function.

For non-piecewise functions, you’ll probably be looking at whether x — c is positive or negative.
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Here, we have f(1) = 1= 5050 we’re looking at Case 2 from above. This means the limit will be oo, —0, or DNE, so we

have to look at the one-sided limits. The one-sided limits will be —oo or oo, so we are mainly concerned with whether the

numbers will be positive or negative.
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Left Limit:  lim ( 1) We are concerned about whether the denominator here will be positive or negative. Since we're
x-17 \X —

choosing values x < 1, we have x — 1 < 0, so the denominator is negative. Since the numerator is also negative, the numbers

will all be positive, so the limit will be positive. As x gets closer to 1, the denominator will be going to 0, so the whole fraction

will be getting really big and going towards infinity.
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im (=) = )=
#oT- x—1 negative number — 0 ®

We can also see the sign to the left of 1 by plugging in x = 0.9999, we get ﬁ = 30 000. We already know the one-sided

limits will go to positive or negative infinity. Since the sign is positive, the left limit will go to positive infinity as above.
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Right Limit: xlljg (x — 1) Again, we are concerned about whether the denominator will be positive or negative. Since we're

choosing values x > 1, we have x — 1 > 0, so the denominator is positive. Since the numerator is negative, the numbers will all
be negative, so the limit will be negative. As x gets closer to 1, the denominator will be going to 0, so the whole fraction will be

getting really big and going towards infinity.
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We can also see the sign to the right of 1 by plugging in x = 1.0001, we get —— = _-30000.We already know the one-

1.0001-1

sided limits will go to positive or negative infinity. Since the sign is negative, the right limit will go to negative infinity as above.

Now when we look at the overall limit, we have to see if the left and right limits are equal. Since they are not equal, the overall

limit is DNE.



Continuity
* f(x) is continuous at x = c if
@ f(c)is defined
@ lim f(x) exists
x—c¢

@ limf(0) = f(c)

If f(x) is NOT piecewise:
First, find the places where f(x) is undefined. (Do NOT simplify yet!) These are almost always found by setting

the denominator equal to 0 and solving for x. If f (x) is undefined somewhere, condition @ is not satisfied, so
f(x) is discontinuous there. The discontinuity will be a hole or a vertical asymptote.

e f(x) has a hole if the limit exists and is finite.

e f(x) has a vertical asymptote if both one-sided limits are infinite. (The limit may or may not exist.)
The easiest way to determine if you have a hole or a VA is to simplify the function. If you still have x — c in the

denominator, f(x) has a VA at x = c. If you no longer have x — ¢ in the denominator, f(x) has a hole at x = c.

If f (x) is piecewise:
The only places that f(x) will be undefined are usually at the endpoints for the different pieces of the function,

so these are the places that you should check for discontinuities. Almost always, discontinuities of a piecewise
function will be a hole or a jump.

e f(x) has a hole if the limit exists and is finite, but the function is undefined there.

e f(x) has a jump if the limit does not exist, and both one-sided limits are finite. (The function may or may

not be defined there.)
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Ex. Find and classify the discontinuities of f(x) = "

First, we need to figure out where f(x) is undefined, so we need to solve x? — 1 = 0. This gives (x — 1)(x + 1) =
0, so f(x) is undefined at x = 1 and x = —1. f(x) is discontinuous at both x = 1 and x = —1. Even if we can

simplify f(x), it is still undefined at both of those points.

. S . . _ o x=1 1
Now, we classify. We can look at the simplified function to classify, so f(x) = DD — it
Using the shortcut, since the x — 1 factors cancel out, f(x) has a hole at x = 1, and since the x + 1 factor is still in
the denominator, f(x) has a vertical asymptote at x = —1.

We can also classify by using the definitions. In that case, we need to look at the limits.

x=1:

I x—1 — i 1 (1)
PIx—Dx+1D) e+ \2
Then the limit exists and is finite, so there is a hole at x = 1.

x=-1:

I x—1 _ i 1 (1)
- D+ 1D i+ 1) \0

Then we have to look at the one-sided limits to pick between o, —o0, and DNE:

1 1
i, =)=
- (x+1) \negative# — 0 “

because forx - —1 " meansx < —1,sox+1<0

1 1
lim =< — ) = 00
x>-1*(x +1) \positive # = 0
because forx - —1t* meansx > —1,so0x+1> 0
Since both one-sided limits are oo or —oo (i.e. are infinite), there is a vertical asymptote at x = —1. (Note that the

limit does not exist.)



—x, x<0
x, 0<x<1

Ex. Find and classify the discontinuities of f(x) =
x>+1, x>1

We need to check for discontinuities at x = 0 and x = 1 because those are the endpoints of the pieces of f(x) .
x = 0: First, we need to check the one-sided limits to see if the limit exists.
lim () = Jim =~ =0
since x » 0~ means x < 0, we use the top part of f(x).
lim £ = Jim,x =0
since x > 0% means x > 0, we use the middle part of f(x).
xllrgl_ f(x)= xllr51+ f (x), so the limit exists and is finite. Now, we need to check if f(0)is defined.
When we look at the pieces of f(x), we know when x < 0, f(x) = —x, and when x > 0, f(x) = x. Since neither
part has an = (or is < or =), f(0) is defined. This means there is a hole at x = 0. (If f(0) were defined, then f(x)
would be continuous here, i.e., it would NOT have a discontinuity at x = 0.)
x = 1: First, we need to check the one-sided limits to see if the limit exists.
EVORITERERE
since x = 1~ means x < 1, we use the middle part of f(x).
xli_)r%f(x) = jcli_)r{l+(x2 +1)=12+1=2
since x » 11 means x > 1, we use the bottom part of f(x).
xll)r?_ flx)# xll,r% f(x), so the limit does not exist, but both one-sided limits are finite. This means there is a jump at

x=1.



