
MA 266 (Fall 2020) Midterm 1
Instructor: Otávio Menezes Tuesday, September 29, 2020

Instructions:

You may use a calculator, but you must show all your work in order to receive credit.

Be sure to erase or cross out any work that you do not want graded. Circle your final
answer.

When necessary, round answers to two decimal places.

Question: 1 2 3 4 5 6 Total

Points: 15 20 15 20 15 15 100

Score:



1. Consider the di↵erential equation y0 = y(1� y).

(a) (5)Show that, for any choice of constant C, the function

y(t) =
et

et + C

solves the di↵erential equation.

(b) (5)Is there any solution that is not of the form y(t) = et

et+C ?

(c) (5)Solve the initial value problem

y0 = y(1� y), y(0) = 3.
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say:# I
' e¥ch - Etta )

(ett c)et - et et g
-

this identity is always true
(ett CP cette )'

(b) Yes , y⇒ .

cc ) yct ) =€ettc
O

3 =¥ = ¥ ⇒ C = -I

⇒yHI=f



2. (20)Consider the following family of initial value problems, indexed by h > 0:

dy

dt
= y(3 + y) + h, y(0) = 1.

For which values of h does limt!1 y(t) = +1?
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Let falyl :=yC3tY ) th . Here are sketches of fa for some

values of h :

critical h fhly)[
large h

f- 0

¥.
-3

If we want him yet) =too , then then the rightmost zero

of fh must be < 1 :

yjargeh wzhegto.is the rightmost
^ o=yC3tyHh=y2t3y th

- 31-19-47
⇒ y=-2

÷÷÷:÷÷
⇒ .



3. Consider the di↵erential equation

(4x2y3 + 9x3y2)y0 + 3xy4 + 12xy3 = 0.

(a) (5)Show that this equation is not exact.

(b) (5)Show that it becomes exact after being multiplied by x.

(c) (5)Find the general solution.

Page 3 of 6

If it were exact then

⇐ ( 4x2y3tg×3y2)=Zy(3xy4t12xy3)

8×23+27×242=12×43+36×42 FALSE !

After multiplying by x , the equation becomes

(4×343+9×4 y2)dy t ( 3×244+12×2y3) dx = 0
Check for exactness:

⇒ (4×3y3tgx4y2) Fy ( 3×244+12×3 y' )
12×243+36×3ya 12×243+36×342 TRUE !

We look for an implicit solution lllx, Y ) - C , where

f¥=3x2y4t12x3y3 and fly =4x3y3t9x4y2 .

⑧

Integrating the first eg . with respect to x,

ycx , y ) = x3y4t3x4y3tCCy) for some function Cly) .
Using the second eg . in ⑧,
4×3y3t 9×4 ya+C'ly ) = 4×323+9×4 y 'd ⇒ c'Cy) = O .

Which gives the implicit solution x3y4t3x4y3 .



4. (20)A 25-liter tank is filled with water and 3 kg of salt. A salty solution with concentration
5 kg of salt per liter is added to the tank at a rate of 2 liters per minute. Through a
separate spout, water is allowed to exit the tank at a rate of 2 liters per minute so that
it does not overflow. We may assume the water in the tank is always well-mixed. How
much salt is in the tank after 5 minutes? (Round your answer to two decimal places.)
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Let yet ) be the amount of salt , in kg, present in the tank after

t minutes. We are looking for ye5 ) .

y
'Ct ) = 5×2 - 2×82452=10 - 22gyet) , y co ) =3

1st order linear equation , can multiply by the integrating factor

exp ( Saksdt ) = exp ( Est ) .

If ( yet ) exp (Est ) ) = to -exp (Est )

yet ) = 125 t C . exp#t)
Use yeol =3 to solve for C :

3=125 tC ⇒ C =- 122

Compute yCS ) :

YC51=125 - 122 - exp (- 0.4 ) = 43.22

ANSWER : after 5 minutes , there will be approximately 43.22kg

of salt in the tank .



5. Consider the di↵erential equation

x2y00 + 2xy0 � 12y = 0

.

(a) (8)Show that the substitution v = lnx transforms the equation into a linear equation
with constant coe�cients.

(b) (7)Find the general solution.
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x --

Let ZCV) :=y(x ) . Then Z'CV)- Y' (x) x' (v)=y4x7eV= y ' (x) x CI'

Z'' (V) = duty'm]xty'lxlx.lv)d

=XlY"lxlxyv)] txyyx, x×YH=X

=x2y" (x) txyyx) CI)

From CI)
, Xdy" CX) =3" LV) - xyllx)

'
z'' Cv) -Z' (v)

From CII, XYYX) =3
'(V)

Plug into the equation :

( z
" (V) - Z'LV) It 23kV) - 123Lv) =D

3" -13' - 123=0 constant coefficients

The characteristic equation for 3
"

-13
'
- 123=0 is ratr- 12=0,

which factors as Crt4)Ir- 31=0. Thus the general solution is

ZIV) = Ae
-"V
tBen

⇒xly)=Ax-4tBx€



6. (15)Solve the initial value problem

9y00 + 6y0 + 4y = 0, y(0) = 3, y0(0) = 4.
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The characteristic equation is 9r2t6r +4=0

Roots r= -61=438-4×36-2 = -6±nfV3 = -It's
General solution ycx) - Hoos It Bsinlfz ) ) e-

"3

y'Cx ) =/ sinus ) t cost 1) e-"3 - f- ycx )

Use yeol =3 , Y'(01=4 to solve for A and B .

Hot =3 ⇒ A- =3

y'101=4 ⇒ ¥ - 31×3=4 ⇒ 13=55

Ylx ) =3cos It 5V5sinu¥) .


