4.3 SLOPE FIELDS AND SOLUTION CURVES
?REV\OUSle = a dikf eq. s o pos'sil:\e relafionship between fonctions

4 =0}y
= -1
g" = /1+(g'R

— Newlon's 2nd law is o diff. eq.

1t X)) is the ?osi'\’ion of Q& ?oin‘\‘ mass ot time &
the moass sufkers o force FOO of position x

Then mx*"®) = F(x@)).

— o ditf. eq. Can hove wmany Soltions [several different “rojectories are possible
under the action of the same Sorces
3’ =0 hos GeneeAL SoluTion yl) = Ce“" , C ourloﬁmty parameler

ToDAY: — how fo visvalize the solutions of diff. egs.
— criferion fo¢  existence and unigueness of solutions



SLOPE FIELDS:
Look ot 4'=4 . What do we Know abovT the GRAPH of
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any  SoluTion )  has To have the slopes Qiven in
‘the picture



MOoRE EXAMPLES (on dfield of Woltram)

4 = VIrg
Y! =Ryy
$= 4%
4y =at

REMARKS: = there is no sbpe feld when the eg. has gy,
(we'll leatn how to visvalise those later,in chapter 3)
—~we have 3 woys of lookn’n% ot the some PYoHem'.
1) solve o diff. eg. YU) = $(4,4c))
2) find %mph thof motches +he ming ‘f’omfamfs in the $|oPe field
3) find the TRAJE CTORY *Fo\\owed by a f:oin‘\',know'm% its velocity

= in all of the pictures different solwtions do wotl cev0$S each ofther, inTead
—t\\ey nicely Loliote +the p\ome



EXAMPLE: Y4 =4(1-%)

if uy4 then 4'<o
Vs -
equilibria:4=0 and -

]

‘A-‘-i
L) —

i\ 0<Yy<A then Y'>0

—

if y<o then 4'<o



43B EXISTENCE AND UNIQUENESS OF SoLUTIONS
ASSERTION: i¥ you know where all the poxts of o physical system
(think & moachine,or the planets, or the otmosphere, oc the balls in
o billiard game) ave, how fost they ore moving ond whot tor-
ces they suffer, then you con +\r\eore't|‘cal|\, predict where hey
will be of ony moment in ‘he Kvre.

As for as this can be formuloXed in terms o} diff. eqs.,
NOT ALWAYS TRUE, but MostLY TRUE.

HEXaMPLE . oo diff. eq. whose solstions are nol defined Sor
all fimes

i %‘(‘t) - ‘a'(‘t)a _X--'C ‘d(ﬂ i5 The nwmber of individvals in o.'?oPulaTion (measured in 10005, ga)

ond reYYoduc’ﬁov\ 0ceurs whenever Two individuals meet, +then td‘(-k)=\ﬁt-h1 can

%(0) = i deserbe The oérow‘ﬁ\ of the Populod‘ion over Time

(draw slope field )



{!&'(ﬂ:ta({)a whot is 4(5) 7

4o =14
This is the 1st eq. we'll solve:
4'(t)
jar =t = -Ga)=e = J (W)At --ji a
‘a(‘r) 3(0) ==1
1
= 4(T) = -

g(’r)
g :

, T
Solution YyM is nol defined for T 74.




) A difk. eq. with INFIMITELY MANY solfions, even  when

m\‘\'\OL\ condition is %VCY\
The  valve of the unknown

Ponction ond s derivative {% ['t) = o?\/x[‘t) (dvaw 5\0?3 '@\e‘d)

at a 'Fo.r'h alay Peor int - ore
2(0) =

leO wn

Con solve as in the previovs examﬂe
2'@) _ 4
- T 5V = 1—7/%_(7'-»/77(0_-‘1'

=) %(T) =
However, theve ave more Solutions!
Z(T)=0 %Hr al T also works!

2(T) = 5(_‘_ a.)T <_?7 also works!
- ) /

The parficle con tehoose™ when 1o leave O and storT
%oiv\% with the £low.




So when are solutions uniq,ue?
PICARD'S THEOREM: (Consider the TVP

f)%-=-F(X,3), @) =b

IF there is a vectongle R in the X4 plane that corttaing
(a)b), § i5 continvous on R and %—% i5 continvous on K.

THEN the problem # has one ond only one solution, defined
for x in some open inferval that contains a.

Tn the examp\e
ta':: ,?\/g, 3Lo)=-0
we have F(x,g): c?\/g ond %%(x,g) = 5—}6‘ ) nov deﬁ'ned

of Y%=0.



Example: Consider the VP
x Yix) = Y(x), y(o) =b.
When does it have o unique solytion ?
Picoxd's Thm grots with o diff. eq. in the form Yy'x)=F(xy).
xYx) =Yylx)
y = _%_ =;.{‘.(x,(a,) 1F x+#0.
Apply Picard's Thm: £ is confinvous when x #0, %%CZ.'a)=-,¢a cort when % 0.
=7 UNIQUE SoLVTiON FOR a#0.

Whot abowt a=0 "7
0-‘3’(0):‘3(0) = 4(0)=0
Check thal 4(x)=0 is a so)ution. Are there more 7 YES! Any line through (0,0) is
o. Solvtion: Ylx) =C x.
x-y'x) = - C=Y(x)



