
1.5 FIRST ORDER LINEAR EQUATIONS

Diff. eqs . we can (sometimes ) solve : Iff = 9¥ (separable)
hey)

Today : I¥ + Pally = QCX) (first - order linear )

First order : the equation has y
' but does not have y

''
, y
'"

,
. . .

y' =2xy 1st order

y" = - y 2nd order

Linear : if ya and ya solve the equation then so does any linear combination of y, and Ya

( i.e . ayatbya for constants a and b)
. Verify this !

EXAMPLES : L1NEARNONLlNEA#
y' = 2x y y

'
= 2xya

y
'
= y . cos x / y' =xcosyy"
- it y

'

y"=V1tCyy2

THEOREM (EXISTENCE AND UNIQUENESS FOR LINEAR EQUATIONS)

The IVP days + puny = QCXI , ycxo) =Yo

has one and only one solution provided the functions P and Q are continuous near (Xo , yo).

The solution is defined for all x where P and Q are continuous .



Compare

y' = Y , yco) = 1 linear
,
solution defined in too, oo)

with
2

Y' = Y , yco) =L nonlinear , solution defined in too , 1)

METHOD OF SOLUTION FOR 1ST ORDER LINEAR EQS

cd¥tPCx7y=QCx )
1) Compute pix exp ( fpcxldx ) "

integrating factor "

2) Multiply the equation by the integrating factor

ddxutexplfpcxldxltplx) exp ( fplxldx ) y = Qlxlexplfplxldx )

3)Rewrite as

⇐ ( y - explfplxldx )) = Qlxlexplspcxldx)

4) Integrate both sides ( if you can. . . )



EXAMPLE : daff = Ey t t'

This equation is NOT SEPARABLE !

But it is 1st order linear :

y
'
- Ey = t '

Integrating factor : exp (- SICH ) = exp f-3 lnt ) = t
- 3
← no need for C

Multiply the equation by the integrating factor :

t
- '

yl - 3 t
- "
y = t2

( t- ' y )
'

= t2

f-
'

y = tItC

y=tIi



EXAMPLE : Y' t 2xy = X

Notice that the eq . is both 1st order linear and separable . We can solve it in two

different ways .
SOLUTION 1 : integrating factor SOLUTION 2 : separation of variables
-

-

y' t 2xy = x dat t 2x y = X
Int . factor : expcfdxdx ) = e"

dy = X11 - 2 y ) DXMultiply eq . by the int. factor :

e

:÷÷¥÷÷÷÷÷:÷. ÷÷:i"÷÷. -einen:#omni:*

y=ftce
t -2Y=t exp (-x2tC ) c- new C = -2.(previous ,
1- 2y= C e

- X' c- covers the possibilities Iec
and C=o , that is y =L ,
which we missed whentE* dividing by Fay



EXAMPLE : Regarding X as a function of y , solve the equation
( t -4xy2 ) Ift = y 3

Notice that if we try to solve for y the eq . is not separable and not linear
.

However if we try to solve for X then it becomes linear .

( t - 4xy2) f¥=y3 ⇒ Idg = 1-113×9-2 ⇒ c¥tyIx=q CI '

Integrating factor : exp ( FYI dy ) = exp ( 4 lny ) = y4

Multiply CI) by the integrating factor :

y
"

+ 4y3x = y
y

Iytly" x ) = y
x = y

- " fydy = y-" ( Ld t C )

X=÷2y



EXAMPLE : y
' t Y = 2 sin ×

Look at the slope field !

Integrating factor : exp ( fl d x ) = e
×

Multiply the equation by the integrating factor :

e
×

y
'
t ex y = 2 ex sin X

( ex y )
'
= 2 ex sin x

ex y =/2 ex Sin X DX II )

can integrate by parts twice :

12 ex sin xd x = 12 sin Xd (ex ) = 2 exsin x - 12 ex cos xdx
= 2 exsin x -12 excosx - S2 exc-sin x ) dx ]

⇒ 4 Sexsinxdx = 2eM sin x - cos x)

Back to CI) :

ex y = eHsin x - cos x Itc

y=sinx-cosxt



EXAMPLE: regarding X as a function of y , solve the equation

( at 2xy ) Effy = It ya

Try plotting the slope field . Solving for X instead of y amounts to parametrize,-ng the curves on a different

coordinate system .
What is the advantage of doing this ? If y is the dependent variable , the eq . is NOT

LINEAR nor separable . If x is the dependent variable , then the eq . is linear , therefore solvable .

11-12 Xy ) ¥1 = It ya ⇒ ( rt Ya ) = ntaxy ⇒ cfytx -⇒ x =¥ CI)

1

Integrating factor : exp ( f ;f¥dy ) ; exp ( f
-dud ) q exp (

- ln City21 ) = Tty
.

u is
itya = U always 70,
2ydy -- du so no abs.Value

needed

Multiply CI) by the integrating factor : The integral fcfftyyaa is tricky . There are two ways of
1 doing it ."*"¥ " "°¥"""⇒ / " " """metrics""""* (¥21 = Fta Sudftyaa I utyaxittanaot { has

" do

⇒ X = City2) FDI ( I ) f-tan O tano = Sino
city212 dy = t Tando) do GO

= City2) do



S cos28 - sin20 do = f cos 20 do = f- Sin 20 TC
foodatsin20 do = f n do = Otc

⇒ f cos20 do = at o thysin 20 t C
Back to the original integral
f cdf⇒ q f

cos20 do = Iot Isino . cosOtc = Itani 'ygt 2¥, t C
y -- tan o

y = tan 0

It ya = cos8
⇒ sin O cos O = Yttya

B) Recursion t integration by parts

¥,a = ta - ¥5,a ⇒ 1¥32a =/¥2
- f Idf- Iya)

tan-'y - L
-

z f-Eyal - ft-Eyal DI ]
= Itan

-'

y t ¥2, t C



Back to the differential equation ( II) :

x = city's luffa, = City2) [ Etan
-'

y t ¥2, t C ]

×=Iytfhty2)tan→ytCUty


