1.5 FIRST ORDER LINEAR EQUATIONS

dy _ 30

dx 7 fy)

Todo,), . %‘4_ + fp(x)% = Q(X) (first-order linear )
X

Diff.egs. we can (somefimes) solve: (seporable)

FirsT order: the equation hos y' bt dees mot have Y', 4", ...

‘3‘:2%3 ist ordey

Yh=-% and order
Linear: if Ys and 4, solve the equation ~then so does ony linear combinafion of Y, ond Y,
(i.e. 0Ya+byYy for constarts o and b). Verily this!

EXAMPLES: LINEAR NON LINEAR
‘a):;)x(& |a\=ax\a¢2
(a\z 2(’,06)( ‘alz st‘&

P=1+y 4= 1y

THEOREM (EXISTENCE AND UNIQUENESS TOR LINEAR EQUATIONS)

The TVP %,,p(x).é;mx), 4xe) =Y,

hoas one and only one solstion provided the functions P and @ are cortinuous near (Xs,Ys)

The solution is defined for all x where P and @ are conlinvous,



Compare

la‘ =4, ta(o) =4  linear, solition defined in (-, o)
with

‘é\ - L&a' 16(0) =4 nonlinear, SO\U'“OV\ defined in (-wl i)
METHOD OF SOWTIoN FOR 4stT ORDER LINEAR EQS

d _
B‘é— + PO Y = Q(X)

1) Compste  p(x)= exp({Pxdx ) “integroting fo.ctor”
) Muttiply the equation by the inteqroting factor

94 exp({Pwose) + Plx) exp ([P0dx) y = Q) exp(fPmic)

3)Kewrite os
£ (4-exp(fPwdx)) = atx) exp (§Pex1dx)

4) Tntegrote both sides (if You can... )



. 4% =3y 4 ¢’
EXAMPLE: 8% =y + 4

This eguation is NOT SEPARABLE!
But it is st order linear:

Rk et
IY\TC%YO-T\Y\% -?0.(‘:“)". QXP (-X%d{ ) = eXP (.3 /Q/V\JC) = ‘l',-s &~ Nno Yleed %T C

Multiply The equation by the in‘re%m’(in% factor:
£y - 347y =47
(£7y7 =+




EXAMPLE: Yt dxy = X

Notice thot the eq. is both 4st order linear ond Seporable. We con Solve it in Two

different woys.

SOLVTION ¥ in‘\‘etara‘kiv\% Lactor
‘3‘ + AxXY = X
Irt. factor - exp({axdx) = e
Mu\'hply eq. by the ink fad'or-
" ‘3 + axe* \3 = x e

(e’“a\ —><e""2 Q
é“& fxe dx = —;—-FC.
y= §rce™]

SOLUTION 2 SeParo-‘\”\ov\ o-\j \:ox’\odo\es
9% 4 axy =
T + X‘a X

dg = x(4-24)dx

c% - dx = X2 ~~Wwe have wisSe
(4 -4 fx * T T e Solton y=

d

1

o

= o

—‘;—XM ’4—3\6[ = X 2xC

1=y =texp (—X +C ) e—rew C =-—°’2('pfevicous)

—-xX* et c
1-Qu = X% e~ covers the possibilifies e
4=Ce and C=0 ,ﬂ?u‘\' 1S g-“-é{;

4= a“‘C _xa which we wmissed when

dividing by 4—4;1\3




EXAMPLE: Reqording X as o function of 4, solve the equation
~Ueu?) 94 _ y3
(4-4xy?) a-;l 4

Notice thot if we try fo sole for 4 the eg is not separable and net linear.
However if we ‘\Yy T solve for x then it becomes linear.

(1- thé")—i u = dx = Az ixy? o dx+ CIVRgs- T &

a4y a4 " % 33
In‘Ye%m'Yin% foctor exP( g-;a-dvﬂ = eXP("\QM‘&\ -

MuHiply () by the iv\‘\'e%m‘\m% Loctor:
8 s ty'x =y

Jg( 4'x) =4

=y = ()




EXAMPLE: 4'+ 4 = 2 sm X

Look ot the slope field'

Iv\‘\'e%ro.‘\'mg factoy . exp( f‘ldx) = e"

Multiply the equation by the infeqrating factor:
e*y't e’y =2e" sim X

(Y)Y =2e" sim X
e"‘3=/;ze"m xdx (I)

Con integrote by pavfs twice:
[2e*smx dx = fasmx d(e") = 2e*sim x —[2e" cos X dx
= 2" sim X 2" omx - [ 2 -im x)dx |
=4 (& Aimx dx = 25 pimx - 8% X)
Back to (I):
e*y = e (dm x-cosx )+ ¢

Y = simx -amx +Ce™”




EXAMPLE: vegarding X as o funclion of 4, solve the equotion

(4+2x‘3}% = 1+\a‘

Try plotting The slope field. Solving for x instead of 4 amounts +o porametrizing the cuwves on o differert
coordinate system. What is the advorntage of doing this 7 T 4 is the dependent voriable, the eq. is NOT

LINEAR nor separable. T x is the dependent voriable, then 'ﬂne eq- i5 linear, Therefore solvable.

i
(4+ax1ﬂd1=4+\a‘ - f"*‘&a)g%;-=4+ax% =2 -fi— 4+‘39 X = Thwd ()
Trtegroting factor: eXP“u‘aad‘ﬂ‘ exp ( g -gu ) cxp (= (14y))) = ‘3
4*‘3" =h a‘vra‘/'g %0
ddy=du So“ é\g églzs Valve

Multiply (T) by the inteqrating factor: | The ixteyral S@,“a\, is Tricky. There ove two woys of

4 _\dx _ gy 1 d g
( iy ) dy (1 _}‘aa)a (4+'33)“ S
&) Trigonomelric  substitution

d x \o 14 _ ([cryd) de —
W(Wf\ (1+42)3 | (ﬂ%ﬂ“ < | G +on®s) / e &
. R =tom 0 = Smb

= (1+4%)de




(008?08 - wim?a do = (cesq0 do = Laim 20 +C
(con0+aimigde = (1dp =0 +C

=> (8?8 de =46 +4amap +C

Back o the oriq&v\a\ in‘l’e%m.l

A A, -
(t%?ﬁ"% [cm®0de = 76+ grnpwo +( =%W‘%)‘; a—c«?f?)‘“
4=tom 0 4 =tom O
1+ Y2 = oon*0
= 2im 6 oS O =7;r‘39—a

) ?ecws\'on+'m‘\’e%r0n'\’i0n by pavts

(4:%‘)“ 4+\a" @*‘A’V / (1+9M? ~ / 1+y? f id( 1442
- —1‘3_[‘2 4—\3&\ = f 4+33\"‘3“_\

— A4, - )
= = Tom 3+W+3&)+C



Back 1o the differerhiol egfuo(\ion (T):

x = () [pids = (4+39)[3—’W\‘1g + + Cl

_ ¢
(14 \a")

X =4y+ 40492 ) Yo 'Y + CL11Y47)




