
1. 6 EXACT EQUATIONS

Exact equations have the form

MCxiyldx-NCX.gl dy = O , where tzmy = .

They have implicit solutions of the form

Flx , y ) = C , where IT, - M and Tty - N .

Check : if fIx=M , Tty = N and FCX ,y) - C ,
then

¥ Flx , ycxl ) = O
⇒ 2£, ix. yacht fight , ycxildff -- O.
-
-

M N

Also
, }Iy= Fy# = # Ey -- ffg .



EXAMPLE : K2 .Coty . daff = - I
2- dnt f- coty dy = o c- Exact , because Fy z' = Za cot y
N

we look for a function FIX ,y) such that fin = 22 and Fy =ooty .

fFz= -22 ⇒ Fln , y ) - lnlaedltccy) c- any function of y has ZacCY ) --O

Ey -- coty ⇒ feylenlnaltccy) ) = coty
⇒ c' ly) = coty
⇒ Cly ) = ⇐gdY = lnlsinyltc c- we could have written ax) , but then would need

facial = In , repeating the 1st step
Fln ,y) = lnlnaltlnts.my/tC=lnlxsinyltC
Implicit solution to duet f- coty dy =o : n2sin graph this !



EXAMPLE : e't da t ( xeYt2y ) dy =D
Is the equation exact ?

Fye 't I # (ne't tay )

we look for Fln , y ) such that fin = e 't and fyI= nett 2g .

fyI= nett 2g ⇒ Fca , y ) = see
't t y't Cla) CI)

fFz= e 't ⇒ fz ( see 't t y't Cla) ) = e 't
⇒ e 't t C

'
CN) 0

(I,

⇒ c'Ca ) =D ⇒ cent = C c- this means that Ccn) can be any constant function

It follows from CI ) and CI) that

Fln , y ) = nett ya t C ,
so the equation e

't da t ( ne't tay ) dy =D

=Cgraph !

has implicit solution



EXAMPLE : (Ncosn te't ) da t ke 't dy = 0

Is it exact ?

Zylacosseted ) I faire 's)
Look for Fln,y) such that Ftz = ncosate't and fIy= see 't .
Can start with Ftz = ncosate't ⇒ Hae ,y ) = fxcosnte 't da III
but it is easier to start with 7¥ = ne 't ⇒ Fca ,y) = Sue 's dy = ne 't t C calm this integral

CI) is simpler
than CI)

IIa = Ncos ate't ⇒ f- ( ne'ttan) ) = Ncosate 'tN

⇒ e
't
t c'la ) = ncosate 't

⇒ Ccn ) = fu cos a da c- couldn't avoid this integral
= Sad C-Sina )

= - a sin n - SC-sin a) da
= -a sinx -cos u t C

⇒ Fca , y )
'
ne't - a sina - cos at C

The equation lacrosse te't ) da t ke 't dy = O has the implicit solution

ncet-sinal-c.ua#



EXAMPLE : the eq. Y't 2xy= X ( 1st order linear ) is NOT exact , but becomes exact after

being multiplied by the integrating factor .

d¥×tXC2y - 11=0
⇒ xC2y - 1)dxtdy =D ⑧

⇒ [ X(2y- 1 ) ) F Zg [ 1 ] NOT EXACT

Integrating factor : exp ( fax dx ) = ex
-

Multiply ⑧ by the integrating factor :

( Ly - 1) xexddxt endy = O

⇒ [( Ly - 1) xexd] = ¥e×2 EXACT


