A.G EXACT EQUATIONS

Exact egquations have +the form
Mivy)dx +NxyYdy = O, where M _ -g—;‘ :

4
They have imp\icﬁ solitions of the form
F(x.y) = where e=M omd 2E=N.

i
Check: if 3§=M, '% =N ond F(xy)=C, then
A— F(x, 4mx) =

= ?)F (x, 'am\ + L(x, \am);& 0.



. dy _ -
ExAmPLE: Fwosty. G4 = -1

1
%dx-} -—;’—M\a d'&:O &~ ExacT, becmsg, %67:= %iw‘t\a

We look for o fnction F(x4) Such ‘thot %':'-)% ond %‘%:M%
,% = F(%l%)= QN\(X‘Q)-\-C(%\ évvon\/ -Cunc'\‘ion 0¥ g has %C(\a) =0

S
25 95

oty = %% (I 2C(w)) = ot y

=y c'(4)= ,wt%

==CHY) = fb%d% = fnl8m Y| +C €~ we could have written C(x), but then would wneed
%LC(%) =;“- , YCP€0~+I'Y\% Yhe iS'\' ‘5'\'2?

Fouy) = I 0N+ I\ im u] £C = fn I x 2im Y] +C
Implicit solution to 9% 4 %m’ﬂa dy=0 : x*smy =C | groph this!

x




EXAMPLE: etdx + (xe“+ag)d\3 =0

Is the egquation exact ?

2 et d 2 (a6
a‘ae _ax('le +&3)

We look for Flx,y) such that RE=e? and t%éiauhgg.
;g_%; xeltdy = Flmy) = zet+y?+ clx) (D)
%%.—. e% = %(ze‘g_‘_%a_‘_ cc:d)=e"’
= e‘a +C'txY=0 -
= C'(x)=0 = ctx)=C e~this means that C(@) can be ony conslant function

Tt follows from (T) ond (O) that

FOuy) = xed4 42 +C,
so the equation e'dx + (xet+ay)dy =0 has implicit solution

xed+y? = C graph!




EXAMPLE: (xcosx +et)dx + xe‘éd‘a =0
Is it exoct ?
%(stwre") = 2 (xe?)
Look for Flx4) such thol %=%wsx+e‘ ond %:zc‘*.
Con sfart with 9 =xcesatet =5 F(xy)= [xcsareddy (T

but it is eosier Fo start with 9E_ ¢ = F(xy) = f%g"d% = xe%+C(z)ew'Hns irfegral
03 (T) i5 gimpler

of than (@D

TR R —>fi(a¢e5+ccz)) x AN +ed

= ot +¢'(x) = xcos x e

= cx) = (xces 2z da &~ covldn't owoid this inteqral
= (d(-Aim2)
= -x Ama - SC2m)dx
=-xmmx -5 %x +C

()
¢ —x S - 05 x +C

= chl%) = Al
The eguation (xcesx +e¥)dx +xe%d.a =0 has the implicit solufion

2(e3- gima)— s 2 =C




EXAMPLE: the eq. 4'+axY=x (4st order linear ) is NOT exact, but becomes exact ofter
being multiplied by the irtegrating factor.

%—Jx(&%—ﬂ =0
=> x(2y-1)dx+dy =0 @)
,?—,a[x(ag-ﬂ] # .%[ 11 NOT EXACT
In‘Yegroth'ng Loctkor ¢ exp ( (&x dx ) = exa
Multiply @® b)l The in+egvu'fin3 factor:

(2y-1)xe* dx + exadg =0

Q7 _ 9 . x*
%[(2%"1)Xexl = 3§e EXACT



