
1. GB substitution methods and homogeneous equations
In calculus , the integrals can be divided in three classes

1) Easy integrals and their combinations : fxadx , Isin Y dy , Se
"
du

, Jaffa ,
etc

2) Integrals that can be converted into an easy integral by a substitution , integration by parts , partial
fractions

.. .
such as Stan y dy , Sxcosxdx , Slnxdx , I dx

, etc .

3) All other integrals . These have to be computed numerically .

Analogously , we can classify the differential equations in
1) Equations for which there exists a method of solution : separable , exact , linear . . .

2) Equations that can be transformed into an equation of the first type by rearranging , change of

variables , integrating factor . . .

3) All other equations .

Section 1.6 deals with equations of the second type .



EXAMPLE Xy
"
- y

'
= 3×2 y =X3 t Cxdt D

Notice that there is no y in the eq . Can solve for y
' first , then integrate to find y .

If y
' is the unknown function ,

the eq . is 1st order linear :

y
' '
- Ey ' =3x

Int . factor exp ( f
-xtdx ) = exp flux ) = I

Multiply : TTY" - Ia y ' =3

⇐ y ' ) ' =3
f-y ' =3xtc

y
'Cx ) =3 x't Cx

x3t¥D ← different integration!



EXAMPLE : solve a# - 4nay t 2g buy =D by means of the substitution U= lny .

✓ = bn y du = dye
a# - Lindy t 2g buy =D
x educate -422 et t 2 ET = 0

Cancel et
,
divide by se :

glad + z2v = 4N 1st order linear
, can solve with integrating factor

V = Nd t E
22

Back to V=ln y

buy = n't I22

Y=exp(x2t



HOMOGENEOUS EQUATIONS

A differential equation of the form y
'
= f- ( x , y ) is HOMOGENEOUS if flax ,ay )=fCx , y) for

every a > 0 .

EXAMPLES

HOMOGENEOUS NOT HOMOGENEOUS

cxtx-ydyoxtydx-x-ytdyoi.is::÷.f÷:÷÷÷t:y'=¥tg xy'=¥tyI



HOW TO SOLVE HOMOGENEOUS EQUATIONS

Let V=Y/x , change variables from (x.y ) to (Xiv) . In the Hiv ) variables ,
the eq .

becomes separable .

EXAMPLE : y
'
= ¥ t Ey ⑧

Let v=¥ . Then ddYf=¥×lxv1=xd¥ to-

Rewrite ⑧ in terms of (x, v) :

×d¥ to = wtf ⇒ d¥= ! separable

Solve for v :

Vdv = ⇒ oI=lni×itc⇒v=±Vlnlx4tT
Revert to the Cx,y ) variables :

¥=±Vlnlx4tT ⇒ y=±xVlnCx2I



EXAMPLE : (Xtyldx - (x -y) dy =D

Is it exact ? Fy City ) I #I-Cx-y )] NOT EXACT

But it is homogeneous : ff×I= Itsy = ¥k for any a >o,
ax-ay

since it's homogeneous, the substitution V='¥ turns it into a separable eq .
y=xv ⇒ If×=xd¥ to
Rewrite the eq . in terms of Cx , v) : xg¥tv=XtX- XV

Solve for v:

x.d¥=¥I - v - ¥2 ⇒ fdv=¥
⇒ fn¥a - f¥adv = lnlxltc
⇒ arctanv - f- entitled ) = lnlxltc (implicit solution )

Revert to Cx, y ) variables :

arctan ¥ - Ibn (itYET ) = lnlxltc ( implicit)

can simplify further :

arctan¥-lnVx2tyT .


