
3.1 SECOND -ORDER LINEAR EQUATIONS

DEFINITION : The order of a diff. eq. is the order of the highest derivative in the equation .

DEFINITION: A linear diff . eq. has the form
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for some n . It has constant coefficients if Pdx) , Pdx ) , - . . .Pnlx ) are constant functions . It is homogeneous if

FH) =D for all x.

EXAMPLES : Y
''t XY't 34=0 2nd order linear homogeneous
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,
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yy
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sin ly " ) - y
' -152=0 2nd order nonlinear

y
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' =7x 3rd order linear, not homogeneous



PRINCIPLE OF SUPERPOSITION : consider a linear homogeneous equation
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If YaCx) and YaCX) solve ⑧ then Ayacx) t Byacx) also does , for any constants A and B .

EXAMPLE : y
"
= - y

y!x) -- Sin x is a solution

Yacxkeosx is also a solution} ⇒ Y") = Asin X t Boos X is a solution

Are there more solutions ? Does Asin x tBcosx include all possible solutions ? The answer comes from the

Existence and Uniqueness Theorem .

THEOREM (EXISTENCE AND UNIQUENESS) : the IVP

Prix) yin't Pdx) y 'n
-' '
t . . . tpncx) y = FCX) , ycxo) =Yo , y

' (Xo) =Ya , . . . , y
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has one and only one solution defined for x in the open interval I , provided Bcxl , --- , Pncx) , FIX) are continuous in

I and Xo belongs to I.

COROLLARY : for a linear equation of order n .
the general solution has n parameters.



2ND ORDER HOMOGENEOUS LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS

ay" t by' toy = 0

By the existence and uniqueness theorem , if we can find two solutions Yahn , Yak) that are NOT multiples of each
other then the general solution is Caynlx) t Ca Yak) .

GUESS ycx) = em for some r to be determined . Plug into the equation , solve for r

alert ) " tble")' + ccerx ) = o

(ar't brtc ) em =o

aratbrtc =D characteristic equation

If the characteristic equation has two distinct real roots then we have our two solutions .



EXAMPLE : Find the general solution of 2g
"
- y
'
- y =o.

The equation is second -order linear homogeneous with constant coefficients .

It's characteristic equation is 2h- r - 1=0
,
whose zeros are 1±V1j4×2 =p or -E .

Since the roots are distinct , the solutions yah ) = et and ya A) = e-
"2
are LI .

Therefore the general solution is yHI=AettBeT
EXAMPLE : Find the general solution of Gg"- 7-y' - 204=0 .

The equation is second -order linear homogeneous with constant coefficients .

It's characteristic equation is Gra-tr-20=0 , whose zeros are 7449/24×67-2012 = 772232=22 or - I
542 -443

Since the roots are distinct , the solutions yah ) = e and Ya H) = e are LI .

Therefore the general solution is yHI=Ae5tHtBeT



WHAT IF THE CHARACTERISTIC EQUATION HAS REPEATED ROOTS ?

y
"
- 2g't y =D

Characteristic equation r2 -art 1=0
(r-112=0

⇒ Ya Cx) =e× is a solution . Need another solution NOT of the form Cex .

GUESS Yak ) =xe× .

(x ex)" - 2lxe×) 't xex Io

(xe×te× ) ' - 2lxe×te×)txe× = 0

Xe×t2e× - 2x ex - 2e×txe×=0 works !

So the general solution is ycx) = C, extcaxex .

Does it always work ? Yes ! Try it with y
"
- 2aylta2y=o .

Characteristic equation : r2- 2arta2=0 ⇐ (r-a)2=0 .

⇒ eat is a solution of y
"
- day't a' y =D.

Try xeax : ( xeaxl " - 2aCxea× ) ' + aaxeax 0

(o.eaxt2.1.aeaxtx.ae" ) - 2aeax-2aaxeaxtaaxeax.IO ✓



WHAT IF THE CHARACTERISTIC EQUATION HAS COMPLEX ROOTS ?

Y
''t y =D

Char . eq . r2=-1 .

Complex solutions e
" and e-'

'

X
.

How to get real -valued solutions ?

KEY OBSERVATION : if a complex -valued function solves a homogeneous linear equation then its real and

imaginary parts also do .


