3.2 GENERAL SOLUTIONS OF LINEAR EQUATIONS

DEFINITION: We say thot o sef §4.,..Y4n) of Sfunclions is lineorly independent (LT) if
CeYy+ Calat ~+Ca%n =0 implies Cy=Ca=---=Cy =0.
We say +hat J4s,..4nY is lineorly dependent (LD) if one of the functions con be written as a

lineay combinotion of the Yewaining Lunctions.

THINK: the functions ore LI when there is no vedundancy in the general solvtion CyiYs+ - +CoYs

FACT: Yo solve a linear homogeneous equation of order n,

()

4+ P Y+ Ry = 0

one needs to find n LI solutions Ys,-.,Yn and take linear combinotions. In order words, the geneval
solvtion is CiYy+-+CaY,.

< with less than n LI solvtions,it is impossible Yo generate all solutions

G if the linear eq. has order n, it is impossible o find t4 LI soltions.



EXAMPLE: solve the TVP

given LT

Genera! solytion

From %, we gel

whence C=-% ) B

solvtionsg

(3)
4

+99'=0, w0)=3,4(0)=-4, Yy (o) =2 =

Y =14, Ya = €o5(35), 93 =An(3x).

4 =A+BeosBx)+ C rmBx)

y'=  -3Baim(3x)+3C cos(3X)
W= -38cos3x)-9C Aim(3x)
3 =A+8
-4 = +3C

2= -98

='—§—, A= %-Goin% back To ##,we find

t4

4

29
e

51008 (30 =4 4im (3%).



How DO WE KNow iF A GIVEN SeT oF FUNCTIONS

THEOREM: let Y4,,Ya,...Y, be solutions of the linear homogeneous eauation

Y 4P, (1Y 4o P00y =O.

s LT ?

Then 395+ Ynbis LT if ond only if +the Pollowing deteyrminant is 0 for Some x.

wi(x):=

EXAMPLE:. check

£a(X) ‘Fa()()

n-1) (n-4

£.(x) alx)

'ﬂ\O-T ,‘1' (M(3X),/>W(BX) 'I)iS LT.

cee gnlx)
£.0x) Hfalx) -

- -Q“(X)

Y

(n-1)

Need to cheek W(x)#0 for some X, where

W(x) =

1 «e8(3x)

0 =9coni3x)

X (3%)

0 -34m(3x) 3. (3x)

=3 3m(3x)

w(o) =

=23 #0 done



EXAMPLE: check that {e®* eb* e i
{e @77, e l)lS LT ¥ oaband ¢ ore distinct

Need o check W(X)+0 for some x,where

w(x) =

wlo) =

ax

e

et
ate

ax

ax

ebx e CX
b ebx ce cX
b“ ebx Ca e CX
/ This i
C is a Vandermonde determinant (look it vp)
Is it +07 We |
: ca
. n compute the 3x3 deteminant by brvte Lorce:

(0) = QA_ .
W) = bc?-cb*-qac?+ca?+ab?-ha?

=o2(c -
c-b)+b2(a-c) +c?(b-a) &~nof clear i #0

=02(€=h) + b?(a-LEB=C) +C*(b-0a)

= (a-b) (b-¢) (b+c) + (6Ee) (b-a)b+a)
= (a-b)(b-c)(c-a)
Clearly 20 if a,b and ¢ are distinct ©



WHAT ABOUVT NON-HOMOGE NEOUS LINEAR EQUATIONS 7
Consider the linear equation
‘al"‘-\— Pux) Y™t 42 P, ()Y = F(X). (NH)
Its associuted homogeneovs equotion is, by definition,
‘am_\, P x) Y™ 4.2 P, (14 = O. (R

FACT: the ageneral sofion of (NH) has the Horm

4oa=%ex) + (1 Y4(x)4-~ + CYn(x),
where  Yolx) can be ANY solfion of (NH) (offen called a porficular solvtion )
and Ys, Y2, -14n are LT solWtions of (M)



