
WHAT ABOUT NON-HOMOGENEOUS LINEAR EQUATIONS ?

Consider the linear equation

yin't P, Cx) yin -htt . . - tpnlxly = FIX) . ( NH )

Its associated homogeneous equation is , by definition ,

yin't P, Cx) yin -htt . - - tpncxly =D . ( H )

FACT: the general solution of CNH ) has the form

Yan -Yplxlt Cry ,Htt - -- tcnynlx ) ,
where Yplx) can be ANY solution of ( NH) ( often called a particular solution )
and Yi , Ya , - - - ,Yn are LI solutions of CHI .



GIVEN A SOLUTION , HOW TO FIND A LI SOLUTION ?

One of the methods is called reduction of order . Consider

Y
"
tpcxly

'

tqlxly -- O (2nd order linear homogeneous )

Let ya be a solution . How to find an independent solution ya ?

GUESS : ya Cx) = Vix) Yeh) for some VIX) to be determined
. Plug ya into the equation and try to solve for Vix) .

loyal" tplxllvyl ' tax) Vy , =o

(v" Ya t2v' ya't vya
" ) tpcxllvtyatvyi ) t 9- lxlvy 1=0

U ( Yi't paly 's totally e ) t Yao" Haya' tpcxlyelv ' =0
-
⇒ because Ya
is a solution

Ya v" H2ya'tpull Y 1) V' =D separable equation for V'

EXAMPLE (CONSTANT COEFFICIENTS) Find two LI solutions to y
"
- day 't a2y=o

We know that ya =ea× and ya =xea× work, and we know that ya can be found via the characteristic equation.

Plug vcxleax and try to solve for VH1.

(v"ea×t2a¥ta¥×) -2a(vYea×ta# Ita ×
= O

U" so ⇒ VIX) = Axt B



EXAMPLE. Find the general solution of xdy " txy ' - y =D , given that ya Cx) =X is a solution .

Check that YHXI -X is a solution : xd . Ot x. 1 - X = 0

Guess a solution xvlxl , plug into the equation and try to solve for v.

Xd ( Lv' txv" ) t x (ft Xvi ) -4=0×3
v
"
= - 3×2v'

U"

f. =
-I
×

lnv ' =-3 bn Xtc

V
' = eCx-3

U = eCx
-2

=p
t D

?
Choosing C=D -- O

, we get the solution -¥ . Check : XXIII " txt I' - I-21×7=0×21
- x
-3) t f- x-'tf, to

ANSWER : y = Ax t BE .



EXAMPLE: consider the linear homogeneous equation

G- xd) y
''
- 2xy

' thy =D . ⑧

Given that ya Cx) -X is a solution , find a linearly independent solution .

Guess Yacxl = xvcx) for a Vix) that has to be determined .

G-xd) Kv)" - 2x (XVI't 2×0=0

G-xd) (Lv 't XV" ) - 2x(Ht XV' ) t 2×10=0
( r - x2)Xv" = V' (2×2 - 211 - Xd ) )

2¥=f¥ - ×
bn v' = -bull -Xd ) - 2 bn x t C

u'=¥i×a=¥t⇒- e' ( FattxTt¥xT )
v -- e' f-x-' tiene)

To find a solution of ⑧ that is independent of X , choose a value of C and multiply C by X. For

example ,yt¥ .



3.3 HOMOGENEOUS EQUATIONS WITH CONSTANT COEFFICIENTS

1111

SUMMARY : consider Y 1-Cay
"'t Cay" tczy't Cay =D ⑧

It's characteristic equation is r
"
1- Car't car't Czrtcy =D

÷
The solution of ⑧ depends on the factorization of per).

per ) solution
#

(r-a)Ir-b) Ir-Cllr-d) AeaxtBebxtcecxt Deck

(r-a)%-bur -c) Aeaxtbxeaxtcebxt De"

(AtBxtcxd )ea×t Detox

i:÷÷÷i÷÷÷::::÷.in/:::::::::::i::::::e:::i"(r-Catiblllr - ca- iblllr- lctidlllr- K-ich) ea×(Acoslbxltbsinlbxl ) te" ( C-cosldxlt D -sinldx ) )

(r - latiblldlr-la- ibn (AtBxleaxcccoscbxlt Dsinlbx))

(r-Catiblllr - la- ib) ) (r - c)2 (Acoscbx) +Bsinlbx) )ea× 1- (Ct DX)e"



EXAMPLE : 4g" -14g' t dy =D

Characteristic equation : 4r2t4r -12=0

Roots : r=✓j4' = -4tzV = -i
2

X x
⇒ there are two LI solutions Ya - e

'

and ya = e ,
but they take complex values.

How do we get a real-valued solution for them ?

FACT: BECAUSE THE EQUATION IS LINEAR AND ITS COEFFICIENTS ARE REAL NUMBERS
,
the real and imaginary parts

of ya and ya are solutions .

yah, = e-
"2e"'d = e-"2 ( cosHatti Sin III )

⇒ e-
"dcosxz and e-"2 sin 'S are solutions to 4y"t4y'-12=0.

EXAMPLE : Y
"
- Ly't 5y=0

Characteristic equation : r2- art 5=0

Roots : r=2±V#=i±2i
General solution : y=Ae× cos#It Bexsin (2x) .


