WHAT ABOUVT NON-HOMOGE NEOUS LINEAR EQUATIONS 7
Consider the linear equation
‘al"‘-\— Pux) Y™t 42 P, ()Y = F(X). (NH)
Its associuted homogeneovs equotion is, by definition,
‘am_\, P x) Y™ 4.2 P, (14 = O. (R

FACT: the ageneral sofion of (NH) has the Horm

4oa=%ex) + (1 Y4(x)4-~ + CYn(x),
where  Yolx) can be ANY solfion of (NH) (offen called a porficular solvtion )
and Ys, Y2, -14n are LT solWtions of (M)



GIVEN A SoLuTIoN, How To FIND A LI SoLytion?
One of the methods is called reduction of order. Considey

9" +py +3(y=0 (nd ovder linear homogeneous)
Let 44 be a solutin. How to find an independent soltion Yy ?

GUESS: Ya(x) =w(x)Ys(x) for some w(x) Yo be defermined. Plug Y, info the equation omd try To solve for Wix).
(v4)"' + PO (w4 +ax)vY, =0

(V'Y +20'Y+ 04 ) + POX)(V'Y, 40 Y4 ) + 4 (X)v Yy =0
U (Y4 POM + 400, ) + Yy u" +Qy) +PXIY) Y =0

=0 becavse Y,
is a solvtion

Yoo +Qyy +POYL) V' =0 seporable eavotion for v

EXAMPLE (CoNSTANT COEFFICIENTS) Find fwo LT soltions fo  y'-2ay’'+ oty =0

We know that Y,=e® and Ys=xe™ work,and we Know that 4, com be fovnd via the characteristic eguation
Plog  wxe™ and fry to solve for v

(v'e”+ Ra\'{“-\- M) -aa(‘\}‘{“ +awre™) +a‘ye“" =0

v'=0 = VM) =Ax+B



EXAMPLE: Find the general Solution of  x%y"+x4'-4 =0, given that 4a(x)=x is a Solution.
Check that %) =X i5 a soltion: x2o+ x4 -X=0

Guess a soldTion XWX , plug into the eguation and vy o solve for w.

x‘l(zvu,x'\r“)-rx(;ﬂ xv') -¥/‘ =0

x!.u_“ = _Sxav\

vi_ -3
A X
Inv'=-34mx +C
o = e
V= Ec__x_a-t-l)
-2

Choosing C=D =0, we get the solution "f,{- Check : *%3’%\"”('%;\‘-("1; 0

¥ <)+ f}x—4+

ANSWER: Y= Ax +-)3-(- .



EXAMPLE: Consider the linear homogeneovs equotion
(1-x)y" -axy' + A4 =0. @
Given that 41 (x)=x is o solvtion, find a lineorly independent solution.

Guess  Yalx) =x(x) for o vix) that has t he defermined.

(4-%2) (xv)" - ax (x V) + AX VU =0

(4-x) (2v'4 xv") - ax(¥+xv' ) + AxAr = 0
(4-x)x " = ' (%2 - 2(1-x2))

" _ X 2

-
— oy

v 1-x2 X

Mmao'=-m-x) -2mx +C
_ e __.c1 4\ _Cfa 4t i
v'= (A-x)x 'e( x2 T 4-,.1\ =e (x=+a(4+x) +.2(1-x))

¥ = e (X + Fim o)

To find a solution of @ that is independent of X, choose o valve of C owéd muttiply C by X.For

example, [Ya=-2+3Im |




3.3 HOMOGENEOUS EQUATIONS WITH CONSTANT COEFFICIENTS

w

SUMMARY: consider ‘3““"'51% QY 4G Y+0Y =0 @

It's chorocteristic eauotion is ™ +Cacdy Cara'\'C3r+Cq =0
W
P
The solution of @ depends on the faclorization of por.

Pl solution

(v-0) r-b) (v-¢ (v -d) Ae™ 4B e 4 C e + Ded*

(r-a) (e-b)(v-¢) A+ Bxe™ + Ceb* + De*

(v-a)3 (¢-b) (A+8x+Cx) ™ + Deb*

(-0 fr-b) (r- (c4idY) (¥~ (¢~id)) A Beb™ 4 C e oon (éx) +D ¢ Aim (d)

(e-0)2 (1= Cexid)\ (1= (c-id)) (A+8x) e + ¢*(C-copBx)t D »im (dx) )
(- (a+ib)) (x-(o-1b)) (r- (c+id) ) (v~ (c-id)) ™ (Aces (1) + B aim (bx) ) + € (C-co8(dn) + Do (%) )
(v -(Mib\{(t-(a-ibﬂ& (A+Bx) ™ (C usstbx) + Daim (bx))
(=Ca#ib)) (v la-ib) ) (y-¢ )? (Aces(bx) +Baim(bx))e®* + (C+Dx)e




EXAMPLE: Yy'+ty 43y =0

Chavacteristic equafion: LHy®+ir +3 =0

Roglg: = De-Mhad _ —4dyo6 _ g4

8 3 T T a
X =iy
= there ore two LI solytions 41=€  ond Y4=e", but they Take complex values.

How do we get o veal-valyed Solution foy them ?

FACT: BECAUSE THE EQUATION 15 LINEAR AND ITS COEFFICIENTS ARE REAL NUMBERS, the real and imoginary poils
of Yu and Yy are solytions.

Wa () = o2 o™ = gX2 (con (%) +i aim (X))

= % and € 2simy ore solfions To Uylhy+a=o0.

EXAMPLE: Y'- Qy'+5y =0
Characteristic equation: - 8r+5=0

Rools: (= 2% 3'3" LT

Genera.\ solulion: Y= Ae* con(@x) + B e sim (RX).



