
3. 4 MECHANICAL VIBRATIONS Consider a block of mass m attached to a spring

equilibrium (no forces) and to a dashpot. When displaced from equilibrium a

distance d
, restorative force of magnitude Kd .

/ When the block moves at speed V, the dashpot opposes
0 the motion with a force of magnitude CV.

compressed spring (xco) The displacement xltl at time t satisfies
force - K X¥¥i:÷:÷÷÷÷÷÷÷÷÷÷÷:÷÷:::::::::c:*.the block and compute some quantities of the motion

force -Kx (period and amplitude of the oscillations ) .
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FIRST CASE :UNDAMPED MOTION ( C = O)

MX"H ) t Kut) =O

Characteristic equation mratkr⇒

Roots r=IVtEi .
⇒General solution xctl-AcoswfntltBS.vnWEI t ) .

Let Wo VET and call it the frequency . Looking at the graph of some solutions and keeping in mind

that the equation models the block on a spring , we may conjecture the following
PROPOSITION : For any A. B and Wo , there are numbers C >O and a such that

A- cos (wot ) t B. sin (wot ) = C - cos (wot - a)
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In fact

,
C ' = A'tB

'
and tan a -_A/B .



PROOF :

C. cos (wot - a) = C.cos (wot )cos a + C -sinCwottsina

=Acoslwotlt B -sin (wot)

⇒ A't Ba = (C.cosa)at ( C.sin a)2 = Cd and cos a =AK .

PROBLEM : express C and a in terms of XO) and x' lo) .

Xlt ) = C. cos (wot - x ) ⇒ XCO) = C - costa) =C. cos a CI)

x'A) = -Woc -sin (wot - a)⇒ X'co) = -Wo C.sin C-a) = Wo C -Sina CI)

Dividing CI ) by ⇐ I , we get = Wo -Tana ⇒ a -_ atom (wYI¥ )

Besides , woaxco)at x'cold = WE ⇒C=/xcoPt
REMARK : the period Wo does not depend on the initial condition !



SECOND CASE : DAMPED MOTION (C > O )

MX"Htt c x'HH Kut) =D

Characteristic equation : m r 't Cr t k =D

Roots : r =
-c±Vcd-4m

2M

3 possibilities depending on the sign of ca-4mk .

1st possibility : overdamped ( ca > 4M K )

Xlt ) = Aer't tBerat
,
where rn

.

and ra are the roots of the characteristic equation .

2nd possibility : critically damped 62=4mk)

Double root Im =: -p

Xlt ) = (AtBt )e
-Pt

3rd possibility : underdamped Cck 4mk )
Roots -Im ±V¥Tkm = -Pt iVwo2-p2 Let we WEPT and call it circular frequency.

XH) = e-Pt (A cos wat t B sin wet ) Then Ta = III is called pseudo-period .

= c. e
-Pt cos (wat - x)



EXAMPLE: consider a block of mass m that is attached to a spring suspended vertically. It stretches the spring a

distance so . Let k be the spring constant and c be the friction constant Iassume friction proportional to velocity).

Find an equation for the motion of the block .

-
Let yal be the distance from static equilibrium , increasing downwards.

}

.#y=.,

At static etuilibrium , mg = k so , so k=m§ .

yco In general ,¥o{#⇒¥¥¥gm, my ,,µ, .mg . µyµ,+ s., . ay, ,+,

Y >o
⇒ mY"tcy'-Ky=#
The exact same equation as for the horizontal spring.mo


