3.5 NONHOMOGENEOUS EQUATIONS, UNDETERMINED COEFFICIENTS AND VARIATON OF PARAMETERS
1) SoLuTION = PARTICULAR + HOMOGENEOVS
Consider the linear equotion 4B+ o)y"+au)y' = F(4). (NW)
If F+#0 then the superposition principle does NOT hold.
=14  has Soltions X ond X+L,but 2x+1 is net o Solution
W4+t  has soltions -t and ef-t, but et-at is not o solution.Neithey is QEt-+).

However i 4 ond 4o oare soltions of (nH) then 4-We iS o Soltion of
Wy o)y ta)y' =0 (W),

named the homogeneors egquotion associoled to (NH).

And we know all Solvtions of (H). Therefore

THEODREM:® The geneml Solution of (NH) is

Y4 =Yp + A%t Byy+Cus,
where Yp is ANY solution of (WH) (colled o porficulor solvtion) and Ay, +BY, +Cys is +he general SolvTion of (.

REMARK: if you veplace Yp by o. different Soltion,soy o, the formula still yields +the some Sunclions, becouse
4p-Tp =atha+ b2+ CYy For sume choice of aibic.



EXAMPLES:  A) 3‘=1

Genernl Solvtion 4Y=t+C =(4+1)+c = (4-a)+C=--
B) y'=y+t

General Solvtion Y=+ +Act+ Bet



Q) THE METHOD OF UNDETERMINED COEFFICIENTS.

It's a method that works(sometimes) Yo find morficular solutions of linear eas with constant coefficients.
EXAMPLE: 4" +4 = Aim X

Fivet,we laok for a partficvlar solytion. GUESS Y=nxteX +bx AimX.

Why +this guess 7 Becomse csx and simX will oive Y'+4 =0. Multiplying by x (as in the cose of o
homogeneous eauation whose characteristic equotion has o deuble yooT) there is a chonce that the derivotives
will cancel the factors of x and only Aimx syyvives in the end.

4= 00X CbX + bx Bim X

Y= 0. (XCAimX) + 4 05%) +b(X S X +4-4im X) = bX L6d X =AX SimX 400 005 X+b Aim X

Y= b (xAmx + 005 X) = a(XeOEX +HimX) —0 HimX + b 0ob X

Solve for o and h in  Y'+t4= Am X
Him X = YWY = X Aimx (=b +b)

FXABS X (-0, +Q0)

+5mX (-0-0)

+0X (b+h) = - 22 SmXx+a bees X = a=-x ,b=0
We found the Solution Y= - — XUOBX.

d
Check ! 4'= -4 (-xhim x4 co8%), Y' = £(X008X + him X)+E AimX | Y'Yy = FAmx+FbimX =AimX @



EXAMPLE: 9'-4'-ay =i® | 4(0)=0, Yoy=4  -&'+ax-3 + d¢™+ Fe
GUESS Y =axtbx+c
Y'= ax+b
y' = da
U =4"-4' -2y = x?(-2a)+x(-2a-2b) +(Qa -b-2c¢)
=2 a=-
4-ab=0=b=2
-4-9-2¢ =0 =y =-3
A pocticvlar solution is u=-gx?4dx-3.
Check! (- ax%=2x-3 — C2x2+a%-3)' - A(-Ax24ax- 3) = =4 —(-Ux+ 2)+(4x?-4x+6) =Ux2 ()



EXAMPLE: 4" -4'-4'+u =2t +3  (Given: (*-r?-ret= (=% (r+1) )

GUESS : Y= atet +b (0 quess with ¢t will ngt work becomse et sohes the howogeneovs eq)

y=at(-et)+aet =-atet+aet
y'= —at(-et)-aet-aet=otet -20et

W= at(-e*)+oet+3aet =-atet +30 et

aet+3 =q"-y'-g'-y = -atet s Jnet
~ (atet-2aet)
- (-atet +aet)
+(aket +b)
=Yg et +b

= 4a=3,b=3 = as=,b=3

%P=§%e”t +3 |

We found a particular s0lution




3)THE METHOD OF VARIATION OF PARAMETERS
GOAL: find o particular solition to
4'+ POy + 9004 = FIX).  (nH)
MeTHoD: 1) Find fwo LT Solfions Y45 and 4a ‘o
y'+pix)y' +ammy =0, (H)

2) Find two funclions v, and % that salisfy

%\n‘a. +V3aYy = 0
'\)’,"a,'-l-'\fa"a; = F

3) Then Yp:=MYatRYa is a posTicular solufion of (NH).



EXAMPLE: 4'+Y = Lo

OFind fwo LTI solitions of 4'44=0. We con take Aimx and £o8x.
2) Find w and v that satisfy

Uy AmXt Uy LESX = O (1)
Vi KX = Uy BmX = o ()

Feom (1), v,'=

‘m)’(‘ Plugging into @,

v -

: 1 -
povrall X\‘W == L, g TSk

Con TaKe vw=-%x ond wv,= Imlsimxl.
3) A 'paﬂicv\m solution is
Yp = I \AmX| pimX = X L08 X

Test that it 15 o solfion:  Yp = 85 X & fulnimx] 008 X —GBEX + X AmX

Up = ‘g’f{ — A 1nim X1 AWM X + XOBBX +SmX



EXAMPLE: 4'-4'-2y = 4@
1) Find LT solutions Lor the homogeneous equotion

(all - %l _ 35 = O
Choracteristic equation y?-r-2 =0  Con take 4 =e”, Y2 = e
(r+a)(r-Q)
@™ - (™)' -2 =e¥* (4-2-2)=0 O)
) Find v, ond v, Such that v = [4xte Dy

vie ¥+ Wy eax =0 (M -4 xae“"‘-j-llx ~aX i

~v'e X4 Mi e&x = Ly (1) - % __gxe-ax % & o
@)+ (M) 3v,fe‘“='-lx“ = = H-x"e""‘ = L (- xd-x-+Y
aA(T)- (m): 3ule* =-ix?= 'v,, = -4 x2eX
' 3 v, = [-3x%e¥dx = -2e*a) for some
3 A <ot " polynomial Q(x),'\'\\a'\' shovld satisty
xTicvlar solution is =V. Ua+ :

Yp = -3¢ x4 2)+ & (-x-x-3)
> 3 Let Q)=axtbxtc  a=4,b=-2, =2

QK= 2ax+db
vy =-3e* (x?-2x+2)

=-Ax?+ax -3
4) Check wheter it works!
Caxdaax-3)" - (-ax +ax-3)'-a(- Rx"‘r&x—?ﬁgO
“4-(-4x+2) 4% _ Yy 46 :-?.O TRue! @

REMARK: we have Solved the same example by undetermined coefbicients.



