
3. 5 NONHOMOGENEOUS EQUATIONS, UNDETERMINED COEFFICIENTS AND VARIATION OF PARAMETERS

1) SOLUTION = PARTICULAR t HOMOGENEOUS

consider the linear equation Y"'t play" tqttty
'
= Fft)

.
(NH)

If Fto then the superposition principle does NOT hold .

Y' = 1 has solutions x and Xtt , but 2x -11 is not a solution

y"=ytt has solutions -t and et-t , but et -at is not a solution . Neither is 2kt- t) .

However if y and Yp are solutions of CNHI then Y -Yp is a solution of

Y"'t play" tqttty
'
= O CHI

,

named the homogeneous equation associated to (NH) .

And we know all solutions of CHI . Therefore

THEOREM : The general solution of (NH) is

y = Yp t Ayat BYat CY3 ,

where Yp is ANY solution of CNH (called a particular solution ) and AyatByatcyz is the general solution of Ht .

REMARK : if you replace Yp by a different solution , say Jp , the formula still yields the same functions , because

Yp -YI =ayntbyatcyz for some choice of a, b, c .



EXAMPLES : A) Y'=L

General solution y=ttC =Htt Itc = ft -2) tC= - - -

B) y"=ytt

General solution y=ttAett Bet.



2) THE METHOD OF UNDETERMINED COEFFICIENTS.

It's a method that works ( sometimes) to find particular solutions of linear eats with constant coefficients .

EXAMPLE : Y " t y = sin X

First , we look for a particular solution . GUESS y = axcosxtbx sin x.

Why this guess ? Because cos x and sin x will give y
"

ty -- O . Multiplying by x (as in the case of a

homogeneous equation whose characteristic equation has a double root ) there is a chance that the derivatives

will cancel the factors of x and only sin x survives in the end .

Y -- axcosxtbxsinx

y
'
- alxtsinx ) tacosx) tblxcosxtn.sinxl-bxcosx-axsinxtacosxtbs.mx

y" -- btxsinxtcos x) - alxcosxtsinx) -asinxtbcosx

Solve for a and b in y''ty= sin x

sin x = y' 't y = x Sin x C -btb)

txcosxtata)

+ sinx C -a - a)

+cosxlbtb) = - 2a sin Xt2 boos x ⇒ a= -I , b -- O

1
We found the solution y = - - X cos X .

2

Check ! Y
'
=
-tzfxsinxtcosx ) , y '' = tzfxcosxtsinxlttzsinx , y ''t y = Isin xttzsinx = sin x



EXAMPLE : Y
"
- y

'
-2y= 4×2 , yeol =D, y' co) =L. -2×2-12×-3 t agent Fe-X

GUESS Y = axdtbxtc

Y'=2axtb

Y
' ' =2a

4×2 -- y '
'
-y
'
- 2g = xdf- La ) txt-2A-2b ) 1- (La - b - 2C)

⇒ a = - 2

4 - 2b = o⇒ b=2

- 4- 2- 2C = O ⇒ C =-3

A particular solution is y = - 2×2+2×-3 .

Check! C- 2×2-2×-3)" - C-2×72×-37' - 2C-2×2+2×-3) = - 4 - C- 41×+27+14×2 -44-161=4×2



EXAMPLE : y
'" - y

"
- y ' ty = 2e

-t -13 (Given : r'- ra - ra = Cr-mache) )

GUESS : y = ate
-t t b ca guess with e

- t will not work because e-t solves the homogeneous eat

y
'
= atte-t) tae-t = -ate

- t
+ ae

-t

y
' '
= - att- e

-t ) -ae-t- ae-t = ate-t - aae
-t

y'" = at C-e
-t ) tae-tt2ae-t = -ate-t +3 a e-t

2e
-tt 3 = y

'"
- y

' '
- y

'
- y = - ate

-t t 3ae-t

- late-t - Lae-t )

- fate-t tae-t )

+ late-ttb )

=4ae-ttb
1

⇒ 4a=2 , b =3 ⇒ a=- , b =32

We found a particular solution yp-tte-tt3.LT .

2



3)THE METHOD OF VARIATION OF PARAMETERS

GOAL : find a particular solution to

y
''t pay't 9-Ix) Y = FIX) . (NH)

MEINDL : 1) Find two LI solutions yet and Ya to

Y''tplxly ' totally =D ,
1H )

2) Find two functions v, and Va that satisfy

Diy, t Va
'

Ya = 0{ viyitva' ya' = F
3) Then Yp Vaya tVaya is a particular solution of CNH) .



EXAMPLE : y
" t y = -1sinx

1) Find two LI solutions of y
''t y -- O .

We can take sin x and cos x.

2) Find u and v that satisfy

vi Sinixt Va' cos X = O CI)

vicosx - vj sinx = I III
sinx

From CI)
, v,

'
= - vzicosxx .Plugging into ⇐I,

Va't -7%1 - sin x ) = ⇒ of= - I , vi. =Esf .

Can take v2 = - x and v, = lnlsinxl .

3) A particular solution is

yp-lnlsinxlsinx-x.ws#
Test that it is a solution : Yp

'
= cost

xtlnlsinxlcosx-cofxtxsinxyp-w.sn?Y-lnIsinxlsinxtxcosxtsinx

Yp
"

typ = cod +¥ =
-1

sinx sinx sin x



EXAMPLE : Y" - y
'
-2y= 4×2

1) Find LI solutions for the homogeneous equation

y" - y
'
- 2y=0

-X

characteristic equation r2 - r- 2=0 Can take ya -
-

e , ya =e2×
-

(rtnllr-21
@2x)" - (e2×) ' - 2e2X=e2× (4-2-2)=0

2) Find V
,
and Va such that v = fttzxae- axdx2

vie
-Xt vje2× = 0 ( II =

-Fine-2X - f-Izxe-dxdx
-vie

-Xt 2Vje2× = 4×2 III
= -32×2e- 2x - Exe-2x - f-Ze- dxdx

⇐It (II) : 3vLe2×= 4×2 ⇒ v2
'
= 45×2e

-2x
= age- 2×1- ×2-x - I)

at'⇒'"⇒*÷*µ. mxi.ae, neat:*:*: me

3) A particular solution is Yp Yet 2
'

a +Q'(x) =x2
Yp = -131×2-2×-12) t Ff-Xa-X-I)

Let Qlxtaxdtbxtc a -_ I, b= -2 , C -- 2
= -2×2-12×-3 QYXK 2axtb

4) Check whether it works ! Ve = -Izexlxd - 2×+2 )-
(-2×42×-3)" - (-2×2+2×-3) ' - 2 (-2×2+2×-3)=0

- 4 - (-4×-12)+4×2 - 4×+6 I 0 TRUE !

REMARK : we have solved the same example by undetermined coefficients .


