
4. 2 THE METHOD OF ELIMINATION

EXAMPLE : find the general solution of the system

X
' = x - 2g ①

{ y ' -- 2x - 3g BO solve for y in eq. ⑦ , plug into OB .

y = f- (x- X' ) are

solve for X in eq . BO , plug into ⑦ .

f- (x- X't
'
= 2x -FIX - X ' )

x = 1- (y' -13g) ⑧2
X" t2x ' TX =D

f-(y' -13g) ' = Ily ' -13g ) - 2y
X = (AtBt ) e

-t

y
'' -13g ' = y ' -13g - 4g

Plug into as to find Y
Y''t Ly't y = 0

Characteristic eq . r2t2r -11=0 ⇒ (r+1,2=0 .
Y - f-e-t (AtBt TATBt - B )

General solution yet ) ⇒At Bt ) e-?
Y - (A - Bz t Bt le-t

Plug into ⑧ to find x :
x = (AtBt ) e

-t

x= tzlyitzy 1=211 -A - Bt tBt3At3Bt ) e-t y -4A - Bz t Bt )e-t

X - (At'ZtBt ) e-t
can you see that both answers are the same ?

Y TAT Bt ) e
-t



EXAMPLE : solve the IVP

X
' - X - 2y , y

'
-_ 2x - 3g , Xl0l=0 , YCO)=1

X=(AtBztBt)e-t o -_ATE

y=fAtBt)e
't { y=A 2) ⇒ 13=-2 ×= -

2te-t.y-cn-atye-tx-CATBtle-tfyo-AY-CA-Bztbtje-ti-A.BZ} ⇒ 13=-2 X= -ate
't

, y=( i - atte-t



EXAMPLE : solve the IVP

X" - 2y
'
t 3X = 0 , y

" t2x't 34=0 , XCO) =4 , y lo) = X' lol = y ' (O) =D

We 'll use polynomial operators : denote DX - X' , Dax -_ x" , Dy -- y
'
, Day = y ' ' .

Rewrite the system as

(D't 3)x - 2Dy =D ①{ 2DX 1- (Dat 3) y = O ⑤

Eliminate one of the variables as if the D's were numbers (but they are not ) .

Apply 213 to ① and D't 3 to BD .

Xlt ) =3 cost t cos 3T

2 DID't 3)X - 4Day =D
YAI =3sint -sin 3T

437312 DX 1- (Dat 3111373) y -- O

subtract the 1st from the second : y It ) = A cost TB sent 1- Ceos 3T t Dsin 3T

LID't3) (D't 3) t 4132] y = O

ID't to D2 t g ] y = o
Y
' ft ) = Boost -ASint t 3D cos 3T - 3C sin zt

( D't 3) ( Dat 1) Y = O y'
' ft) = -A-cost -Bsint -9C cos 3T - 9 D sin 3T



Plug into Y " t2×11-34=0 and solve for x'.

2x'= - y
''
- 3y= cost (A -3A ) tsint (B - 313 )teos3t( 9C - 3C ) tsin 3T ( SD - 3D )

x' = - A- cost - B Sint -13C cos 3tt3Dsin3t

* Boost -Asint -Dcos3ttCsin3ttE

Use the initial conditions to find AIB , C , D , E :

XlO1=4 ⇒ B - Dt E =4×401=0⇒ -At3C = O ⇒ A=C=0

yw,⇒⇒ a+c=, } pg , - zig
Xlt) = -3D cost - Dcos3ttE

ytt) = - 3DSint +Dsin 3T
Y' 101=0⇒ 13+313=0 E -- 411 TD)

To find D and E , plug into x
"
- 2y ' t3x=0 .

( 3D cost t9Dcos3t ) -21- 3D cost t3Dcos3tIt3l-3D cost -Dcos3ttE ) =D

⇒E=o (everything cancels)

Using E=4C1tD) , we get D= -1 .
Htt =3 cost + cos 3T

Htt =3 Sint -sin 3T



DEGENERATE SYSTEMS

Sometimes a system of differential equations can have no solution at all , sometimes it can have infinitely many
linearly independent solutions . If any of these happen , the system is said to be degenerate .

EXAMPLES

x 't y ' = I{2×424=0 degenerate , no solutions

x't2x +y
' +2g = e-

3T ① BO-① × + y = e
- at
- e
- 3T

{ x' t3xty't 3 y = e-at BD 3⑦- 2130 x't y ' = -2e
-at -13 e

- 3T ← this equation is redundant

degenerate , infinitely many LI solutions



EXAMPLE : find the general solution of

x' =xt2yt3 ①

⑨{ Yg Ty - z ⑨
use ① and ② to compute x and 3 now that we

Solve for x in BO , plug into ① and ② to know y .

get a system in y and z . y = A + Be
-4ttce3t

x - IH'ty) ④ y
'
= -4Be-4tt3Ce3t

f- ly'ty )' - fly'ty) t2ytz ① y
"
= 16 Be-4ttgce'

Z' = -fly'ty) - 2g - z B① ④ x =L - IIe-4tt2§e3t
Solve for z in plug into B①

② z= -iga + Pge
-4T
- 2gCe3tz=fy" -Ey ②

f-y'" - 'Zyl = -fifty) - ay - (f- y" - Ey )

y
'" t y

"
- 12y

' = 0

Characteristic equation : r 't ra - 12 r =D
⇒ rlratr -121=0 ⇒ rcr-14118-31=0

Y = A + Be
-4ttce3t




