4.2 THE METHOD OF ELIMINATION

EXAMPLE: find the general solytion of the system

X'=X-ay &®
y'=ax-34 @ Solve for 4 in eq. @), plvg irto @

=..i- =x!
Solve for % in eq. ,p\u% irto @ 4=2 (x-x") a4

x=2(+34) @

£4'+39)' = £ (4+3y)-ay

Y'+3y' =4'+3y -y

Wy +Y =0

CharacterisTic eq. Y*+ar+4=0 & (y+1)2=0.

L (x-x)' = ax -3 (x-x")
X'+2x!'+x =0
x=(A+Bt)et

Plug info a4 Yo find Y
y=2e"t(AtBE +A+B£-B)

. Y= (A— +By)e?
General Solution y(t)=(A+Bt)e "
Plug idto @ to find x: x=(A+Bt)et
x= 4 (y48y) =4 (-A-Bt +B +3A+36¢) ¢t y=(A-2 +By)e

x= (A +§-+B+) e‘*

-+ Can you see that beth answers are the some 7
y=(A+8Bt)e




EXAMPLE : solve the TvP
X'=X-Qy y'=ax-34, x(0=0, Y)=4

X = (A+f§-+B'l')e'* {0

At = X: -R-l:e t :(4-&{:& ’
C @B_._Q )‘a )

S
n
>

~ -t 0=A
x=(A+Bt)e { = §=-3 x=-atet, y=(1-at)e?

w=(A -g— +Bt)et




EXAMPLE: solve the TIVP

x'-au' +3x =0, y"1+ax'+3Y =0, X0) =4, Ylo) = X'(0)=4'(0) =0

We'll use polynomial operotors : denote Dx=x', D'x=x", Dy=4', 7%y = 4"

Rewrife the system as
(D"+3)x-o?Dt3 =0 ®
aDx +(d*43)y =0

Eliminate one of the voriables as if the D's were wumbers (but they are not).

Apply 3D do @ and D43 o ®.

aD(p%+3)x - 4Dy =0
©f43)aDx + (0*+3)(11+3)y =0
Subtract the Ast from the second:
[(0*+3)(D%+3) +4D%])y =0
[0'+40D* +9 Ju =0
(0*+3)(D*+1)Yy=0

X)) =3 bt +0od 3t
Yet) =3 ximt -4im 3t

4(t) = Acest +0B simt +Cros 3t +DAim 3
y'(4)=Boost-Asimt + 3D oes 3t - 3Chim3t

Y'(t)=-Awst ~Baimt-9C wes 3t -9D Aim 3t



Plug into 4" +ax'+34=0 and solve for x
ax' =-4"-3y = cost (A-3A) +Aimt (B-38) + <08 3t(9¢-3C) +4im 3+ (3D-3D)
x'=-Acst -8B Aimt +3C cod 3t + 3D sim 3t
Xx=B st -Asimt -Does 3t +Caim 3t + E

Use the initial conditions +o find AB,C,D,E:
x(o)=4=>p-D+ E =4

'lo)= -A+3C =0 =) A=C=
X(0)=0 = -A \ =D A O (1) =-3D 08 £ - Deas 34 + E

S = = o
SRS G B==3D u(t) = -3D simt +Dsim 3¢

4'(=0=>8+3D =0 E@Y4(1+D)

To find D and E, plvg into x"-3y'+3x=0,
(3D o8t +9Dewos 3t) -3 (-30 st +3D 08 3t)+ 3(-3Dces t ~-Dest 3t +E) = O
=E =0  (everything concels)
Using ESY4(44D), we gef D=-1.

x4)= 3odt + 0od 3t
Yt)= 3 simt —Hm 31




DEGENERATE SYSTEMS
Sometimes a System of differential equations can have no solution ot all, sometimes it can have inFinifely many

linearly independent solutions. I¥ any of these happen,the sysfem is said o be degenerofe.

EXAMPLES
x'+4' =1 degenerate, no solutions
ax'tay' =0
Mtdx+g dy = ® BB  x+y=e -3t
X439+ 3y = g% 3-2@®  X+4' =g y3em3t & this equation is redundant

degenevate , infinitely many LI Solutions



EXAMPLE: find The general solution of

(X=x+dy+3 &
4 Y'=6x-Y
3=x-4-3 O

Solve for x in ®,plig info A and © To
get o System in 4 ond 3.
x=3¢4Yy) ®
FUraY=Fly) rayey @

3 Esh-2y-3 @
Solve for 3 in @D, plug into
3=%4"-124 @

F4" -2y = ) -ay - (89 By)

(alll _\_\a“_ 13‘6‘ =0

Chavacteristic equation: r’v?-12 v =0
= r(Y?+r-12) =0 = r (r+1)(r-3) =0
U=A<+ Be it rcedt

Use ® and @ To compute x and 3 now that we
Know Y.

y=A+B M pced

y'= -ugettr3(e®

y'= 468" +aCe™

=A_ B, ac 3t
@xg’a— +3€

= -3A L B o _ac 3t







