
5. 1 LINEAR INDEPENDENCE OF VECTOR -VALUED FUNCTIONS

RECALL for y
' 't PHY't qHy= 0 the general solution has the form yltl-AY.tt/tBy2Hl , where

y, and ya are LI solutions (not multiples of each other )

For example , y
' ' -12g 't y -- O has general solution yet ) = Ae

- tt Bt e
-t

.

REMARK the function 2T is a multiple of the function t , but the function ta is not . In other words .

It ,2tt is LD and It , th is LI .

TODAY general solutions of SYSTEMS of linear equations

EXAMPLE y
' ' -12g't y =D can be recast as a system . Let Xa :=y , Xa y

'

Xi = Xa general solution : Xaltl HA t Bt ) e
-t

{Xa' = - 2×2-X1 Xaltl =/ -ATB -Bt ) e
-t

In matrix form : let *Ctl :-1¥; ) , then *'HI = Ig ) *HI .
General solution : *HI - AI.ee#ftB&tfeIt/ .



compare yet ) -- Ae
- tt Bt e

-t
2nd order equation ,

two LI solutions

*It ) = A f. fett ) t B tee ) . 1st order SYSTEM of two equations , two LI

solutions

FACT Let P be an nxn matrix . Consider the system *
' =PX . Its general solution has the form

*It ) = C. *act It - - it CnXnftl , where *Htt , - . . , *nlt ) are LI solutions .

RECALL a set of functions ya , - - - i Yn is linearly independent if none of them is a linear combination of the

others . The same definition applies to vector -valued functions .

L I LD

let
,
eat

,
est f f et , 2et , est f

{cos x. sinx. sin 2×3 look , sin x. cosx - sin x }

let ,tet , thetf stet
,
tet

,
tell

III. Its I III. It: I



OW DO WE TELL IF A GIVEN SET OF SOLUTIONS IS LI ?

THEOREM : Consider a linear system of differential equations *
' =PHIX ,

with n equations .

Let Xaltl , . . . , *nlt ) be solutions of *' =PHIX.
Then *HI, .... Xnltt are LI if and only

*Htt Xaltl - - - Xnft) ¥0 .
(Wronskian determinant WH)

-

nxn matrix with
columns Xa , - . . ,Xn

EXAMPLES

H *
'Hh f) *Ht . Two solutions : and

- ee't it e-
t = e-at f att e

-at
-4 -t - c-ti) -- e-at *o

11

e-th I = e-ath - t - th)
-
at

11

e- te- th: .tt/=e



2) 3 - 2 0

* = f-g z, -g)* Check that these are LI solutions :

2 -2 2

*# =# 2) xaitt.it/o/xzH=e5t/-2 )1 I 1

Let P be the matrix in the equation .

Check that *alt ) is a solution :

*
'

a *a

*iii. etf ! )
""""' ' I }) let
e- fat! +2171 til I

= et ( § ) = *i.HI
check that *alt ) is a solution :

*j E PKa

*sunset:o) . enjoy
"""' ÷ est

=e3t{- 2µg) +af}) }=e3t§)



Check that Xslt ) is a solution :

*in? Patti

*in⇒ estf.sn/=e.y
"""' II ? }) test

= 12¥! -213ft af})fest
=

est

check that *a. Xa ,Xz are LI :

O # det Helt ) Katt ) *3ft ) I = etest est /! ! ! )
= e'tf -af? ? I - tall ? -71 }
=est f -21-4 ) - C-2) 41=16 est . The Wronskian is never zero , so the solutions X1 , Xa ,Xz are LI.

General solution of X =Px : Xlt ) = AxeHtt Bxaltltcxs.lt ) .


