5.4 LINEAR INDEPENDENCE OF VECTOR-VALVED FUNCTIONS

Recall  for y4+plt)y' +9)y= O the generol solution has the form  Yi)=AyH) +BYalt) ,where
4y ond Ya are LT Solvfions (not wultiples of each other)

For exomole, Y"t2y'+Y4=0 hos general solytion Yit) =Aet+Bte ™.

ReMARK the funclion 2t is o mulfiple of The function &, but the function t* is nof. In other words,
ft.at) is LD ond J.2) is LT.

ToDAY  general soluTions of SYSTEMS of linear equations

EXAMPLE  4"+2y'+4 =0 con berewst oS o System. Let Xa:=§ ,Xa=Y

Xy = Xa general solytion : Xa(t) =(A+8t)et
Xq = - Ky=Xa Xalt)= (-A+B -Bt )et
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In motrix form: let %(t) ==[§:ﬁ)],+hen x'({) =[__1 _ 2] XH).
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Gereval solvtion: X(t) = A| ~ 4|+ ] Nt
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Compare  Y(t) =Aet+Bte” and order equation,two LL Solytions

ot | tet
X(t) = A 4+ B @ t} 4| 4st ofder SYSTEM of two equations,two LT
-€ ) ) € i solvtions

FACT Let P be an nxn matrix. Consider the System X’=Px. Iis generol solution has the form

K(E) = Cy Ko ()4 -+ CnXnld), Where ¥ @), -, ¥alt) ave LTI solgtions.

RecaLL o set of functions Ysy-—1Yn iS lineorly independent if nome of them is o linear combinotion of the

others. The same definition applies to vector-valved functions.
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How D0 wé TELL \F A GIVEN SET OF SoLvTionS IS LT ?
THEOREM: Consider o linear system of differedtial equotions X'=P@)x, with n eguotions.
Let *¥alt),—%u(t) be Solvtions of x'=P)K. Then Xi),.., ¥alt) are LI if and on\y

| Xalt) Xalt) - )‘&,,(Jc)\ *0 . (Wronskian deferminant W(t)
.
nxn motrix with

colvmns Xi,:..,Xn

EXAMPLES

1) %’H)=[0 i]x&)- Two solgtions: [ _i omd{ _tJ
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2) Xa -2 %-‘ Check that these are LTI solutions:
3 Q -2
X, = e)‘[ 2 } x,-,uke”{ 0 ) g )= es"[ -i&

Let P be the malrix in the egquation.
Check that %i(4) is o Soltion:
3-2 0]

]
\_;f) 9
Sl ’Pm).-.‘-« 3 -2 [g}e"
0-13 |l

<] 03] )

¢ < '
=e"] 2| =%ld)

\

Jd
X)) = et| 2
]

Check7 thot %3(4) is a solvlion: 32 o071 .
%3 = Pxq Pxa(t)=|-1 3 -2 [o}e
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Check that %:@) is a sollion:
? 3-2 0112] s
X4 1t) = Pxylt) Pxalt)=|-1 3 -2 |]-a]e
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Check thot %, %3,%3 are LL:
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=ea 1 -a(-4) ‘('9)“ = 46 est. The Wronskion is never zevo,s0 The solutions ¥y ,%2,%; are LI
General goltion of % =Px: K4) = AXa(4) + Byt )+ C X5 (4).
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