5.2 THE EIGENVALVE METHOD FoR LINEAR SYSTEMS

GOAL develop a method for solving ANY system of the form

X' = 0.X, 4+ bX
T
xg'=CXg_+ng

WE kNow How To solve any system with a =O.

Xd =X, X" = g
—dXy—CXy =0
(0 x2 = ex, 4dx, LT
ALSO KNow how To solve any System with b=C=0:
X = Xy
(ﬂﬂ% = X () = pe™ , X;,({')=Bedt

X3 = dXy . [);;(%)1 ) A{tleaé . B[ﬂebt

IpeA find a change of variables that turns (T) info (TH).
The matrix in (W) is dingonal, So the change of voriobles we ave looKing for probably is

veloted with diagonalization of mortrices.



EIGENVALUES AND EIGENVECTORS
DEFINITION Let P be o Square nxn wofrix. We Soy Yhot the vector v (an nxi matrix) is an

eigenvector of P if

) Y#0
ii) PY =AY for some number A, thot is called the eigenvolue associoted Yo A

EXAMPLES {:32 3\ Eigenvalves 4 and 4, eigenvectors [_1&] and [ﬂ

ol

'3 g] Eigenvalves 3%Hi, eigenvec‘\'ors[ 1]

o
1

-1

[4
) |1}
o)

1
[1 44 44] Eigenvolues 3,00, eigenvectors ‘1])
A
111



How To SOLVE ¥ =PX KkNOWING THE EIGENVECTORS AND EIGENVALUES OF P

2 Q
Need 4wo LT solutions.

We Know [g ;“;]4‘;\ =7[§ ;“.;]eiz[-;\ek =([-;\e*)‘
50 Xalt) =[-r:\e* is o solution of %'=[§ 31%
iso Krow [3 ;“: |=ul ! \=[3 ;“ Je* =4[ 1]e %‘({: ]e"")\

50 %:z(ﬂ:[ile% i5 also o solution of 9~°=[2 3]‘)&
1

EXAMPLE %‘=[3 1]%

Tt's easy to see that ¥ult) and ¥ ore LI, but we can verify it the Wronskian is #0, for

practice:

c>aﬁ|‘1 4| =-4.

So the general solition of X'= [ ]\)& is %(&)=Ae*[’3\+ 33"" [ﬂ .




EXAMPLE  X'= ?‘gl

Need two LTI solutions.

koow: 13 41[1)- el { ]

(3+4i)
This qives a complex solvtion Z (4):=g' [fl =63t(w5‘\’c*ibwl\t)m

o - 3{-“?"‘* +‘e3t,aiﬂ\""t
(seporate Yerms with i from the others) e” [-Aim it 05 bt

=%y (£) +i Xa(1).
Notice thot %, and X, oare solutions of the equotion )1('=[.?1 g]x (you can check this divectly or

vse the linearity of the matrix product).
They are also LT.That's clear becayse they are not consfont multiples of each ather, but we con
also compute the Wronskian for practice :
oot mim Ut
AUt oo Ut

= oo Ut ¥ AMIUL =4 .

es{_ M"\‘\!l 3t ))AML\“:]

So the general soldtion is [X(¥)= Ae3¥| i s | ¥0e™ | ooyt




WHAT ABOUT THE CHANGE OF VARIABLES ?

We didn't veally chonge variables in these Two examples, but the substitution was there.
In the first example, i - [ 3 1],\(, the eigenvectors [ ]and [ lqwe

falla t]=faa0e ]
2R e G R (el Yal-G 0 ]

Since the matrix [; 2] is invertible, we oqet [‘3' 1-{0 :"][%ﬂ
a

In other words, the change of variables xi=-Ys+%a,%x3 =2y,+Y, transforms

{ = 9Ky 4 Xa into %‘61 = %1
XQ RXq-l JXQ .aa %a



