
3. 6 FUNDAMENTAL MATRICES AND MATRIX EXPONENTIALS

The general solution of *
' =P* ( P an nxn matrix ) has the form

⑧ Xlt ) = Ce*Htt tC2X2H ) t - - - tcnlxnltl
,
where Hitt ) = Plxjttl and Ha

.
. . . .Xn ) LI

Today : find compact formulas to express the solutions of X' = PX .

Fundamental matrices

Rewrite ⑧ as a matrix product

*HI = [ *set' *alt) - - - *nlt) ) ! )
-

OIHI

DEFINITION we say that a matrix - valued function OIHI is a fundamental matrix for

*
'
' Px if OIHI is square and

•I detect ) to for some t (Wronskian determinant . Section 4.2 )

o . ) et ' ft ) = PETH)



*HI = ( *set' *alt) - - - knit) ) ?n )
-

OIHI

DEFINITION we say that a matrix - valued function OIHI is a fundamental matrix for

*
'
' Px if OIHI is square and

•I detect ) to for some t (Wronskian determinant . Section 4.2 )

o . ) et ' ft ) =POIHI

Formulas for x' =PX .

The general solution of x' = PX has the form Htt = Elt ) Cl , where ¢ =

The solution of the IVP for X' =PX ( i.e . NCO) is known ) is

*ft ) = ECHOIC051*101 c- *lol = EMICH -' * let -_*co )

Remark : there are many fundamental matrices for the same system *' =PX .

If C is a square matrix with det C to then IHIC is also a fundamental matrix .



XAMPLE *
' =L? I ]X ,

* Co)=[I]
Notice that so two LI solutions are so a fundamental matrix is

173514=131 *htt est

1335k¥ * a# =L;yet
EHKFII.ee:/

other fundamental matrix is

xHi=¥. Etf t.ee:X : 51
-

Ect) T
To solve the IVP

,
need to find a vector e- ( cc;] such that OI Cold = * (O) ( i.e . E- Eloi'#al)

Eco) = (if ]
To compute Eloi-1

, row reduce [? I, / to q ) until the matrix on the left is [ no 0, ] .

it:* : :3 - to . sits ii.it: :L.⇐ , - List: .



Check Ello) #lol-1=1XAMPLE *
' =L? I ]* ,
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[: Ii : ) [ 320]

ETCH - Lee't't
-

eet ) *HI -_ E'Hiatal
- '
*b) EbH=I[f .! )

⇒ *at:# III :L: :X:3

** fee's't
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MATRIX EXPONENTIALS

Recall if Itt ) is a fundamental matrix for X' --Px then

* It ) = Ift ) # lol -1*10)

we 'll define a special matrix e
"
in such a way that *It ) = e'

'

two) .

Such matrix satisfies ePt=oIHIoICo5' for any fundamental matrix OIH )

How to define I compute EPT ?

We know that x'Hl -- putt has solution xHl=ePtxH) .

Also know ex = I txttjt "
t . . .

DEFINITION If P is a square matrix , define

p
e = It Pt IT

.

Pat P 't ⇐ p " t . . .

[
"

on , . .
.? ]

FACT The series always converges .



DEFINITION If P is a square matrix , define

EP = It Pt IT
.

Pat P 't p
"

t . . .

EXAMPLE

e.
(951

= [gags) , because

etat! -131ft Lao 5) t # Ia: Htt.la:B) t - - -

g
I} 'd ) -1951=-183 Yw)

=

(
stat aft az?t . . . o

° stbtbI.tk?t . . . ]



DEFINITION If P is a square matrix , define

EP = It Pt IT
.

Pat -3,P 't ⇐ p
"

t . . .

THEOREM (next lecture ) def EPT =p @
Pt

This will lead to the formula *HI = eptxlo ) for the solution of X' =PX.


