3-6 FUNDAMENTAL MATRICES AND MATRIX EXPONENTIALS
The generol SoluTion of X'=PX (P an nxn matix) has the form

® K@) = CoXa(d) +CaXa(4) + - +Ca¥n(t) , where  XG() =PXj(¢) and $¥%-Xa) LT
Today: find compact formulas o express the solvtions of «'=Px.

Fundamenta! matrices

Rewrite ® as o moatrix product
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DEFINITION We Say that o wmolrix-valved function &) is a fundamental matrix for
«:=Px if O®) is square and

) det ®t) 0 for some % (WyonsKian deferminant, Section 4-2)

) @'(h) = PO
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X(#) = [ch) Xalt) --. Xn(%)] Ca
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DEFINITION We Say that o watrix-valved funclion &) is a fundamental matrix  fov
W:=Px if O®) is square and
) det &) 0 for some % (WyonsKian deferminant, Section 4-2)
+) 3'(t) = PO@

Formulas for X'=Px.
The 9eneral solytion of x'=Px has +the form X(4) = d4)C, where C=|%

The solvtion of Yhe TVP for X =Px (i.e. X0 iS Known) is

X(t) = &) B0y tx(0)| —— x(o) = $(0)F(0) X(g) =X(o0)

Remork: there ore mony fundamental matrices for the same system w'=Px.
1f C is a square motrix with detC +0 then @(E)C s also a fundamerital madrix.



EAMPLE X023 2 X, x@=[}]

Notice that So two LT solutions are | So o fundamenial moctrix is
HONHE I Bib =[5 ]
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Other findamental matrix is
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To Solve the IVP, need Yo find a veclor ¢

d(0) = [: -411

To compvie @0©)™?, vow veduce [4 1 |4 o:( until the motrix on the left is [1 O'1 ]

[ | such that E(0)€ = X(0) (i €= Blor'xo)
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22l xo=[g]

X = &(4) Doy x0)
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MATRIX EXPONENTIALS

Recall if B) is o fundamental motrix for x =Px +hen

X (1) = Ot) B(0) 1 X(o)
we'll define a special wmatrix e" in Such a way that [X() = e s)s(o)
Such matrix satisfies e =di)1G0)™ for any fundamental motrix (ﬁ(‘t\

How fo define [compute et ?

We Know that '(t)-px(t) has solution xit)=eP* x0).

3
Mso Know € = 44x+ Xy X, K

DEFIMTION If P is o Squore walrik, define
P 102, 103 14

FACT The serieS alwoysS convevges.



DEFINTION If P is o squore walrik, define

3 1 4
eP =T1T+P+ %!Pa+-%!? + ',',‘TP 4.
EXAMPLE
o © a
°5] € O | becavse
e = o eb )

e[%t]=[103]+ [g- ‘L]_l. %[gaﬁa
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DEFIMTION If P is o Squore walrik, define

3 14
epz T+P+ ai!Pa+-%!? *‘T? + ...

Pt

THEOREM (next lecture) di e 'PCP)‘

This will lead Yo the formula %) =e

Pt

X(0) foy the sollion of W =Px



