
3. 6 MATRIX EXPONENTIALS

Formulas for x' =P*
.
( P is a square matrix )

1) Fundamental matrix : *HI = OIHIOI (051*101
, where OIHI is

a square matrix whose columns are LI solutions of

*
' =PX

.

2) Matrix Exponentials : * HI = @
Pt
* co) , where EPT is the

matrix defined by

e.
Pt

: = It Ptt P
'

t P't tP4I÷t . . .
Compare with

eio = cos Oti Sino .



COMPUTATION OF e
Pt

IN SOME EASY CASES

A) P is a diagonal matrix

et:b:c
: It

= e:
B) P is nilpotent matrix ( i.e . pn=O for some n )

,
for

example if one of the columns is 18:o) .
c) D= X t N

f C nilpotent

I
D) In the remaing cases , use EPT = OIA) # cot?



B) P is nilpotent matrix ( i.e . pn=O for some n )
,
for

example if one of the columns is 18:o) .
Ht

=
? e'til! ftp.otoostoH.ite

pit :O ! ! =L;

t.o.tt?a:fp2=foo::lfoi:ItI8ooEIp3=-L8o8o8o1ePt=
It Ptt path

.



too :X
fits )e =

Pig ;] p2= f) foot ) -1881
⇒ ett - foist -1841

c) P = X TN (multiple of identity plus nilpotent)

(EI! It For numbers , eat b=eaeb .

C = ? For matrices , not always .

I } ! =L } E) tfff.gg
If eAtB=eAeB then

P XI N
e
't

eB=eBeA



For matrices
,
it can happen that eAeB * e. BEA .

Take A = 1337 and B -- [8 's ] . Then

eat @Bt = fete't ] If t3=[et tea: )

e
't eat = To # Let # =L teat ]

Therefore e
#B) t # eat e Bt .

THEOREM : If AB -BA line .
A- and B commute ) then

eatBlt = eat @ Bt .
Back to Iit

= ?
E XI commutes with

[ FEET -- [3%5]+1%1, ;]
ALL matrices



e

I :7t=e Ite
'

silt

i÷÷÷.IE: :#
''

tis :#
''

le 't

T-EOREMLi.ge?t=pePt(soePtxCo) solves * ' Itt -- PXCH ) .


