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Gl ‘mk A=K
9,

20 4

Spom f)

1+3 =3
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Dot AB: O D0rmimonits
DEFWITION J(,g A =~[Cb 51 thm thy DETERMINANT

¢ d

[ Sm—— c\a*Az‘lA"bcz;%)?

| ) .
é"\)ROBLEM‘__i A:l@- lOK So\ve A?-‘-[%X and Com-

c d
| ?\ﬁe the inverse A it exists.

oC Xa +ad X3 = aar

| “Cjcw f Xy = U X tbeXa = uc
| xolcxy, & dXe = ¥

{ aC X2 + hexy, = UC

“o) Dl tham "iﬁ D=0 Y thow

% “i e Aheves u[/ 5 | ﬂj{;ﬁ'f{,
- K Y =
” \ [ il bnd A } o s A e -
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“QVQM 00, \a L)\ o = )fm_ b ( o NOT
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| EXERQISE: compuife |

IDETINITION: Hok A be o W omabuz  nxn,

+)

= (2 )‘

de‘t AJ

%DETERMWANTGKA % —efirec—on the

_det A = G Cog + Ow.» C.,z+m5 ,

_det A = 0ia Cis + Oua Ca ¥4 04, G

_det A= 0C + 045 Gy 4 MJCJ e
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EXERCISE: Jiwmd. M %«9&
U v = ‘ -

G (A whot A b o mxn mabux

PROBLEML u5 ok bwe that det (A+B) =

S

—det A Ydekt B/




| D 46 delowminandss TT
PROBLEM c;om?\ﬁe 'H\e, oreo O’C ‘H'\e Fa\muelogmm wih. wiﬂ\ ver-
tices (0,0) B (3;1‘), (1,2) and (4 3)

,

\/\J 3 o U! 4 (\‘ & b{}\,{/{i‘ X 5: 2 J‘H/! , Exf& W \(\ (ﬁ 15 4 s{‘ 5 1€ (‘E“' }’”‘ d'f
/ v »
~ /

> what  are  the coovdingtes here ?
(K)ot (4, 4) = (%4, 2)

(X)0) W heX 19 X --JO}\ C-‘*»\w H'zﬂ Yecl
JVv\cxn%\es,
y o

— o .::_,8_..
3-x ~ 1 by

‘
Tt 4
+ T

Ao = (bose 5 hegth) = 8.2, - 46

PROBLEM &% veplace (3,4) omd 43) \oy (a,b)  and (Czd)-

| Assume a>ec¢ > O d»b >0.

)

T
(Cld) (\ o b AY(’,O& =5 XC\

x0) 0d-xd =bC => xd zad-he = \ o b

N4

i ,
\
L




THEOREM : 8 let W, ,»»/T?: n \Qn. The PARALLELEPIPED
. A ) 5 I ] . .
SPOW\Y\(’,A \oy (‘\3’4,--—,@}1 % Yhe st o+ limear combinations
of " T gy 5 with co elqji cierls  in [o/4].
The wn-dimensional  VOLUME  ob the ?amlle lePiPa{

spomed by T W w s |det [5- 3]

REMARKS : A) Tn 3 dimensions, =the ecfeee—s—b>

volume = (arecx ot baSey A (Le\aﬂn)

£ 0 D
et |0 a b = l%\ Iad~bc‘
g & &

B) € The columns of o Sqmare  matrix e LD f
ond  only i dhe ?mmlle\efiped Jﬂ\ey Span boie - pliinie - meps

C) The linear map whose wmotein is vz | U - 07 |
skeetches o vomes by o factor  ldet V]

s & - Hwmb
9m © co% O

Crﬂ = (ce8 ® Y i e\’? = I




D)Iwc éﬂe———@*V” 'Ej? 1S replaaﬁ by CW}F then the

volume of  the parcllelepiped s moltiplied by [¢],

&

THEOREM: det (AB) = def A-det 3
del (AT) = det A
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Lecture 43 LINEAR TRANSFORMATONS (secTigy 1@ )
ExAmMPLES 0F VECIOR SPACES
Show A)@\ ?olynow\(a\s o‘f &Q{jree oC\’ mostT W
the : :
20S | B) mxn modrices
c) wnull space of a mairix
C DERMTION | A EHEAR— AP ——functon
A LINEAR  TRANSFORMATION Jrom o veckr space V to a
| veetor space w s o  vule ’HwnL QSSigns to each x in
AN um'q(ue T in W, such +hot
TG+ ) = TWIATE)  Lor all §,F i V
| T(CJ>) o CT(\_J‘73 1[(){ Ql\ VR \/ owa num\ae\(s g
| 3 2
examPiES: A) TR — R
Xy i BE TR 3‘kﬂ X
T([;;D A
X3
~ D
? a ; l@ — \n_
) F—— =
PH) ‘:————717'({)
f X X
skipd |. C ) R — K
_ > o4

= deycee of Z
x = nmbpy
of neiahbors
e X

A} feP\acas
60%&1 num\oer
wiﬂ‘- +he avcm\je

of +s nei%hloors
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E’RI’\’ROB\EM 4. Show that o Tiv-W s o linear romelor-
| motion then  T) =0,

i

e

O ;n V 0 |.n W
T(0) = T(p40) = T(o)+Tlo) = Tw) =0

| of .

T = (’O Ov} = 0| (O"> i
Zero Ve Ko vab ‘ N\ Z€ro

* LR Hi- g Vector

i?QOBLEM o s J;md ﬂUan@(S Ob,b)c OLVld SUCI/\ +ka+ (_)a_d,] nwumber
s The avera%va of s v\e(%khofﬁ

20 RO

10480 4b+d
y
- a b 30
d \C 20 b = o+ a0 + 30 +C
10 \ Ll
g e o = d+b 430440
Yy
SJ(Q(‘\ Wﬁ\f\ g;mP\LC{ pd Ve YSiohn :
) o
a, Yb4 Answer
/\J 5 s 9 o
; Ca
17 - ~_£}‘!', o [N a9 :]’5 -5’
10 s L\ RN S ,L‘v 2
Ls
L.i \
i > Q
Trom  Yhis, infer
Q
20 20 o |
‘ 15 | 15
i = TJ' | [
& %?5 ; 127 2 ' ‘ 30
= 19 4s
o = q - 30
N B E7 2 |
A
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o
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1 0
0 1
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I

N NG

A

1
O
1
O

Ve lell=

N By
A

‘H»OC\‘ 8

abic, d
[a
by d
C Jrq
J_c\
.

X = Ax+ b. We have SFH b

add  Those To jf?L
= »Lr -+ = OZO

I < i 2/
Q27 q t15 = 3(
= (R

YBIO\‘\/I\OY\SL\\'P with hn@a)’ "}'MWS‘FOYM&L’\TanS [

oot

such

10 me‘(
A +30
30 +40
4o +40
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b
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| and SO\\/@C\ $of

Xe = A - Lf [
X2 = A X3 4 bo? ) (X4% Xg+x3+)<_l> = /A( [><1+><,3+X3+)<¢{>+[L4+L2+
Xs= AXs 4 bs ¢ botby)

_‘ w Le‘Y TW =W/ be o3 )('nea\r "}TQY\S‘JCOTW\&T\TOY\ bejweew

the spaces  V ooand W, |
The  KERNEL of T is thewbsel o V
NCT) 4ok = 1 XeV: T =3}
The  Rance of T s the set subset oF W
o= R(T) = ‘izjew: ¢ -Tr Yor some ¥ in \{2]

| REMARK : Sl subspace ot V
| RLTY b 8 Subspacre of W

T—‘\t T\(Rh "_)WZM 15 %4"\/@"‘ 19)/ T()‘(b) = A)? —;:gr o mxn
L moeix A thern NIT) =Nl A dod - BUT) = 60| A
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LECTURE 49 LiNeaR \NDEPENDENCE AND BASES  (SectioN 43,
i'DEF\N\T\ONI Let WV be a vector space ond v, . v, be elemenTs
mE \/. We 5oy thot the set ffm,_“/mﬁ s LINEAR INDEPENDENT
tug’ Yhe ec}u&)ﬁon Xa, M K50 X -0 X 3, M 41N \R

é}S true BNLY - Ser s e N D

/H\\’;' set g'\ya, = YR l) is LINEAR DEPENDENT ;F ;-‘[— s

4 v\o" \meav \'nc\ePﬁnc\en’\E

EXAMPLES :

VECTeE  SPNeE LT )
3 i @ 3pocdddlymns e 3
iR e 01y
O 0 4 0 O o |\
1-? The columns are L ®,
| - =1
X:ﬁ[? E %w?(‘,{i i] *X—jlq i =) Ec_g(jmy_{;(j i - 2 o
U 10 1 of ) <
= =414 Ht Y i: o |
_\(\4{;\/\ 5 J Q K 0 | ) 0
K Lasah Xy =10
Xq +L[X3> =)
Xz =QO
SO %1 :Xo? = X B =0, y
T\were 1(:0\(@ ‘HA@ Co\umw:‘; f)”i’
A ove LT

\/\/\f\a‘\\’ aboﬁ ”\'\v\e Yows )




| T \/\)3 (?o\ynom(a\s ot ée%vtc o wost 3))

WL PR 5 i Tiom due only choice of abc,d

[ Tt moke hatbi Bt WD By dloh s he

| C\r\o\(,e 19 =) e

144, 442, 74, is D becouse

(4 +4) —(ch\'aﬂ *O% 4 =90 .

DEENITION: A BAS\S  for o vector sppce VIS o LT

;5{;"& v spans V.

the  dentity  motrix

EXAMPLES: A) the columns of | , L s
- i
; i AL Q’J;owrm O \Dasis LI (\%H.
@ o 4 @
V) V) O 1

B) {J,Jc,{’,?rtB,JcHZ; s a  basis oy ﬂ

PROB LEM 'L-' Fi'nc\ o bogis -Cof ‘“\e P\av\e

x+o?%+ 3% = O
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| do ‘H’\@)’ SPOV‘ "i‘he g}‘iro‘_w@ /

Tn  other wovds: %/{v,ew X%, 3 such  that

| fod @ ond b sech Aha

’ _T_i Wwe (’)\oose o = oA o \3-—3 é f‘ﬂ,cy\

beomse M‘?SJ‘BE =0
(an You compleYe Fhat Yo o basis of Pl
PROBLEM 2% In The vector space ot o\ functions £:R- R,

‘S;’m (0¥ bosis &;or ‘\‘\r\e sobsPace SFomv\eé\ \°>’

B EPYI E Sew T At pietoont )

Woawiom bay: - Aign R = QAT e L . € oin - rewioNe - el
Scom  Yhe  set  withoot QQQeC'\;h%. “heir span. Is

%%lm't, simk cont | Lt ! Yes, becavse gimbt  and  cost

ave  nol deiPi es.



.’PRO%LEM 3 uds rdthe ‘§e‘il‘ subsel O‘Sl ?L,
P54, ap'45t-6, 425442 7 LT ety

Gom% back 4o Yhe c%ef%*i’.’*«‘%%"%éwz"g Hsel S oYheve (Xa X, Xs) F Lo, 2 0)

“{;QC»\ M\ \\(IJE 2 ‘ ;% e 2 ot
i (12254 +4) +x2 (@1 '454-6) +xs (17514 2) =0 fi

0 3 o T e . ’ ‘ PP
DZXD?JL ol Xa.{ »\(~JX4.+><3 )‘t +(LDX;2""%J‘/"<§}‘"§T ‘*(Xiﬂgxa"\“dx%)ﬁu
:::> X1 = X‘Q == Xjﬁ = LD A\'\’\e Se 4\ 6 L .Xﬂ .

PROBLEM L @ Tg +the se¥ of  2x2 wetrices
K441 [401 [44l bl LD
o B0 W T 5 Y Y A

We ook tor  xa %, Xa  Soch had

FA— ] e e S 8
XL[QO &*K&LO d £+><3[4 4] B LODJ

Looking af  The entry (3,4) e see s =,
s dhe ek ogE LT



| LECTWRE &O0. DIMIENS\ON

PRBLEM A1 Show Thet

; ‘inear(y c\e\acnéen‘h

AN D iR AN K

3
H vechrss sn=T~  is

any S‘e\' 0‘["

{
| . \ \ { Lo P | o
\/\/r\J(e the vectsy § DM | (0N DX LY
i = v \
| l (/14 \;’) 1 | rfi A
i % | { -
: [ 4 l 2 & ~a a3 = /[ \
| | | :
| 03 ¢z d;
§ S \ | P { \
Y \J) \/' i \'\ ¢ C P\ 1WA \ LA ii ¢ (\( { XENC "ﬂ ! we nee C\ e i\\(’)d O-
’} [ x L]
| il Ji L, TSI R A \ .
| Non = N | %5 | Sic \* VN o\ /[\ X = 0 \
Bk R o
‘ 0 SUCHhH X ’ yowv equce i \\(3 \/V\G\* it ¥
?
’ \ \
‘ 1 b 4 Cha a g % W
{ i |
A hoCs o P C 3 ( J |
o ks \; = C.» a3 W
! | 3 = il
—
| \ nNefe (¢ Y o\ ¢ Y S
S0 There s o0 fcee  VOTable
K P8 ‘- ) _—_ 5 q{_m‘; \ | B -
)T\‘:.(j,/ etove '\L» oxe 'S oL yion ZEe X N 1 Such Lol AX* O)

b \,.“r - § 2

| REMARK ony
| LD giml\o»f\y Oy
vectors is  LD.

A

cet  with  MoRE  than
gbeet of [

Vineor SyShm with  wore VOL(‘(C»L]C'S ,me
/k\\ L nWONZTe Yo
\'\Or”f)%?/news moctriX ’Hﬂo\‘\'

oA A are \ neay ‘ 5 de pen dex \

s
in \Q S
Hov wn

& VQC\”OFS
W;’Hﬂ movye
eq(wa.”jﬂons 1’105
0‘F EX,

sare LD

co\umns

Sp\u‘\'ioﬂ,s:; “H\@
Wos wWore  yows Fhan columns
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| THeoREM1 let V be a

vecwr  space. Iqﬁ V o has a basis
P

éwi“”‘ L. vectors  Yhen oall  bages o{: V. have n vecTors.

| DEFWITION © the womber——=f—% DIMENSION of & vector

iﬁsf‘aace i dhe vomber of glemedt® n o base.

@3

| PROBLEM &% prove thot it is not possible te  span

W\’H'\ on)y ’\'WO vectors. T other words, Oy basis o\[

“23 has of  least 3 'e\eﬁcw‘\'s.

~
™~
Sy

T ' y R > ; ! _ i i Ao
"""‘6‘}5@’“ 1w ). AH\SYL lhere s « MoV i

B , =y s -
A= L "y SYCNh  Thotl Xa U + Xq W € 1
; LZ 4 JJ . =3 :
2 2 - - L \ = a
Ld% g4 (O“ \? p 30( W GJ
T ) -
(> 1 \f JV Jye / —
‘ { { AL
W€ Kvow | ‘ el T hes O ; )) WL N \)/\ o\l 20 coch The i
X D)
a /J wa | & ol itk
o g =03 }
whence o + b3 dc ¢tz =0 , ConWodicTion

;T,ZI/:M/)(ZK —9m7' @X&» wm <N o seX OWC wm  vectors
_SFQV\ TR“.
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EXAMPLES OF  DIMENS|ON :

P\\ @h has c\\‘mensimn 14!
| B) T\Dh \’\0»5 c&»imensfon bl

C,) The spoce o-p mXn e ces }\aS A\‘mcnS\on m.n.

peRNmon : the RANK of o wawix is  the  dimension of

H’S CQ\UMV\ SPMC,
ﬁDE’srwmow The ROw  SPACE o o wmarix B Ahe colum
;S?obce of s Yrans pose.

ZEXERC\SE‘. —Qno\ bases j20\’ A\)Y\c Cow s?qce ond —H\e coluvmn
W the wocTix

M nony oty the Yow space ond Yhe e lomn
Space have the same dimension.
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LECTURE " 94) RANK  (SecTion 4.6)

| PRoBLEM 4 - Given fwo vectors ¥ and W in i\r\e vector
ngace vV ghow That S’F&n f)_'\—)?,ﬁ} 3: SPom %V,U’W ﬁ

)
| TREOREM | Two vow eqw\va\erﬁ modriceS hove Yhe Same vow
e

éMEXAMPLE ~ Tind o looasis For The vow space of

[y -4 9 -7 and  @write the rows of
-4 o? sy A :A A oS \inear Combfna‘\'fq)nS 0
5 -0 10 s the  elements O'l: the basis.
/\27\,\/ e (}x Wee.

g r

I L T B e - B

'A v it ba el Qe o 3 - % e e

O M =33 42| | airteD 4D D |

By the Thm, A and B have the same ERget. DR
o bass s UL 4,9, -F) (025,76

B(ﬁ(\u (=1) 4, - Hl 1 ) = (0,- 40,6 ) - (4) -1 9; =4

and  (5,6,1013)= 5(1-4,9,-3 ) =%(0,-2,5,-6)



| EXAmPLE! —C\‘nd o basis ‘Szof the  column SPM? O1C

1 -4 9 -3
A F 8dadgd \V-Hio 1 ‘
5 -6 10 %

| THEORgM @ in oy—motrie all  yaarices, the  vow Space ord the
iColUMﬂ SFO“CC hove -\-\Ae dame dimcn%"\on (= number ch P{vo‘tf )

EXAMPLG drow '\’\V\e Tow SPCL(,Q OW\A ’\V'\'\t Columv\ SPoLce ()7E
A
2

_@M frd the  Qimension of  Fhe £ nol space o7

T e e e
bl G50 RO i St 1|

“THeoReM - dim Mol A 4+ Aim Col A = number o]t (_o|umn5



LECTURE X E\GENVALUVES AND  EIRGENVET ToRS

(8ec~ioN 5.1 )

| DEWNE EIGENVAMUES AND  ElGE nvectoRS

Compyte G0 -l A=A ¥ed

| o eigenalues of [@ ] i

k "{ @ d & | o vedoce T prove  Ahat

ExampPLES

E ol g aedS s Ge ,_.j,nfgaﬂ!ﬁ,},yﬁ,S, Rt
C
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ElGeNvettsoRS AND  EIGENVA LUES

@ The ei%anwxlv@s of (é;-%) oe 4,3 and - owd
he ei%e,nvec‘\‘ors are (é), ( 3) wal ( 2 )

(2] The ei%@nva\ves 010 (31403 ore 4 ond -1, and the

7 ) (! )
eingenve chovs  aver {2 ) and. La)

@ Tl e\'t\?\renvw\ues O‘F

—
O g
o9
i)

OO0 4 wo

e e Ci ok

the  eiqenveclors  are
T

ger L—Ui/.
@ (wse — Am

g
S 9 00%@) does noT %owe rea) eigenvw\ues‘

How TO CoMPUTE EIGENVALUES 7

A 35 an  Ggeavalue of A (nxn maf\'vixv
&=y there s v el D ey that  Av=dv

= 'H\ere, s el . 9EO , Such that CA—QS)U' =9

<5 A- AT  is NOT  iwverTible

& et (A= 9T) #O

DeEwimoN ¢ let A be an nwn  matrix. The CHARACTE -

RSTIC  PoLYNOMIAL @B of A is the Junction

A—s derlns ar)




al R e e R
® The choracteristic polynomiol of [032’] 8

| det] o 573 o = P s i-n e )
A R Sl B TS, SRR

@ The by of (5

| Fact: o degree n polynomial has can  be factored

licto  n linear Pactors and  the vools have  MuLTIPL-
C\TES

24 hes voots -2 and 2

.
P\\'CQ‘{’V‘ i

?\ ” l\as Only O as o3 roo’h w('Hn vnuHiP/,‘c{'/}oa
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AB—A has vyooYs -1 0 ond 4

2% = (ae)A(A-1)

%3+>\0? =(')\+i>’x? has yools -4 (wott. 1) and

0 (it (Q)

>\3 )'\O.S (‘OO'\‘ 0 with wult fPlf c;"‘f/y 5,

PEFNITION + A) Let  ©(A)  be oo molynomial. We say

‘Hr\of\' v o-le By ARBOT] 0—? P (%) oﬁ my |+| P l |‘c\"|:y k

£ ) duides pG) kot (A1) does not:

B) Let A be an mnxn modrigx. We soy ot v

s Gn e\o\ev\vov\ue 0\2 A wiﬂ\_v mdl’h?[fc\ L' e {]P

(A‘r)K Ai\x‘kes der (A-21) bt (Q\*Y/)Kﬂ does  nol.

\ hos e'\qem/a\u@s o (wolt. i),

S pi> o
S g O 6
R -

b 0 ond R lea LT

\

3 =4
EXAMPLE ; /0 A
0. U
0—0

PROBEEM—— . ol

FACT ; if dhe on eigenvo»\\)e has muH(Plic'\'er k  then

s eigenspoce  has difteees mt - leesdk T le
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LECTURE ¢ 23 DirGoNALIzATION (Sgcton 5.3)

A vecYor eqMoC‘(\‘on \& o G\wrjfw‘t 'Cowf Sev-cmv\ WMENi L egqua-

|
'hon& IV\ "\‘1‘\{’, Some W&‘)ﬁ Q. mad‘n’x eq.p)v:\‘io'n i

187 o shorh;\ﬁr

-

Ser vector e ations.

-ﬁw sevevol

1
lQecw\l [301 »\“5 e\%&nva\ucs 4 ondortik.

o L_e equactions

[543 -]1] d (4

and [01 (4) ][-lal = f’[-’-&

con \oe wrtYew TS (ot Si"nﬂ\e M&#\(‘)‘K BQMGL'hOY]

odl[‘lll__'!“\ﬁo
[‘10 1 -1 "‘4-4“:_0—1

T8 AL s tod  Wane -Wosteig ond
A'UZ - ,)\41}1
AU} -?./}\;zv:?
Av, = D
Mo o/
|
...... D 11 Y Y
[ Sl i 2
DEFINITION: A wxn wmatrix s 'D\AGO)JAL\ZP{BLEWMI(:

ﬂn )'\ oS ov bO‘.S\S 0“'\ e\%nve C‘kOYS O‘F A ‘

W;—\_\nen A/) /PID wkeYC

e whms ok P e cgenecors of A
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30 COMPU‘\'C Folynonmals ) O‘F

‘H\\s mofrﬁ)c( SUClﬁ - as Ag+a?/4+ S-L )

" '_\'.¥ o wolirin s Amgono\,ltmb\c then s poss\)o\e o |

EXAMPLES : Ato,qfom\»ze, ‘Hne mac\'mces a.nd wrrke them  in |

‘H\e 'Form A P DP,
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LLECTURE &26: CoMPLEX EIGENVALUES (SECTION 5.5)
SUMMARY:

k) Complex eigenvalves come in conjuante pajrs.
OmP(iF ‘Hr:g moitrix i\o{g onlly redl Sen'tri'gs)l

B) If a matrix has o complex eigenvalve then it has an
invariont svbspace of dimension 2.

‘REAL EIGENVALUES ~» dilation

COMPLEX EIGENVALVES ~ dilation + rototion



LECTURE 26: COMPLEX EIGENVALUES (SECTION 5.5)
GOAL: given o nxn mafrix A, find a basis of R"
R" formed by eigenvectors of A.

In other words, diagonalize A,i.e. factor

A=PDP™

diagonal



EXAMYLES

('§ ?3 (-41-5) - (-

1

14

264

(2

)




Some malrices are NOT diagona[izable
The madrix (%-g) has eigenvalves a+bi ond a-bi

eigenvectors () and (%)

E3)(1)=8330) = (50



Some malrices are NOT diagona[izable

The wmotrix

110

FLJ:A

Oo 4
has eigenvalves 4,4,1 ond is NOT diagonalizable.
There are no 3 LL eigenvectors

Av=v haos only one {ree variable



GOAL:%iven o nxn matrix A, factor

~1
A=PNP
for a block dingonal motrix N.

EXAMPLE OF NICE MATRIX

3 g cO) g 0 cg' Eigenvalyes: 3,5, 1+3i, 1-Qi ,~3+&i,~3-d

() (@)

00 41-20 0| Eigenvechors: M fO\ 'o\ (g !g \ fo\

00a 400 o) 4 O y 6 8

00 00=3=Q ol |O 1 : ol lo

00003-3 g g .(.)l ol ||
o) o) \o) o/ T}

0. eigenv ~» AV = v
atbi ~~> A(SPon §viwy) = span fv,w}



THEOREM A nxn square matrix with real entries.

If atbi is an eigenvalve of A than a-bi is also an

eigenvalve.
Pecause if a+bi is an eigenvalve of A

then there is = rgz— such thar A =@+bi)-
Za

Toke the conjvgate atbi:=o-bi. Notice Zw =ZW
Av = (0+bi )y => Av- = [0+bi)v =(0-bi) T

/l_l_ \6-,"'5_: : Z1

beaaise AT 2

+he entries 5

of A are real =
||

=% is an eigenvector with eigenvalve a-bi.



TF 2 is asolytion of
OnX"+ Aaa X* 44+ 04 X+A0 =0 €=0nQn-g,-- 100 in K
then Z also a Solution.

Becomse
1§ o.na"+an.iz"-‘ y--42,2+Q0 = 0

then
OL,,E"-I-OAA.‘ZV‘“ y--t,Z2+Q0 = 0

le~24w =2+ W

0n2 4+ Ot 480 =QnZ o +Ai T



THEOREM: if a+bi and a-bi are eigenvalves of A and b#0
then A has an invariont subspace of dimension .

Thot is, there are W, w in R" LT such that

A (spaniviw)) = spanfv,wy

L

otbi is an eigenvalve of A
=> there are w in K" Such thot
Ar+iwl = (a+bi)(vr+iw)
Av+iAw = (av-bw) +i(bV+aw)
= AUV =Qv-bw
Aw =bvtaw

SA(XV+YwW) =T+ Tw  for some X, §



otbi is an eigenvalve of A

=> there are w in K" Such thot
Av =ov-bw
Aw =bU+aw

Why ave &+ and w LI?

ITF =2w for some A in R then
Alvr+iw) =(a+ib )(A+i)w (T)

o.nd Aw= (bata)w ()

Fom (L),

Alrtiw)= (a+i )(bA +a)w (m)

) =(m): (bA+a)w= (o+ib)w
= eithey w=0 or b=0, contradiction.



A) Comp\ex eigenvalues come in conjugode Pairs.

B) If a motrix has o complex eigenvalve then it has an
invariont svbspace of dimension 2.

‘REAL EIGENVALUES ~ dilation

COMPLEX EIGENVALVES ~ dilation + rototion



What is a differertial equotion? [ Tn other words: if you

I d
D Find all funclions MRV oy g gpee

x:[o,+o0) =» R
such thalT |xX't)=0]|for all 1.

zero, how far from your
starting point are yov al
time 17

The conslant functions are soldtions
and only the constadt functions.



Whol is o differenliol e

ANFind all functions
u: K- K

quotion?

such thal|4'(t)=2y()

Lor all t.

y(t)= 'g(o)ez € y(o)

IS o
e
pavometer

A poinf moves on o
line. When its position
i5s x, ifs speed is Ax.

here
A5 > 4

G
O



Whol is o differenliol equotion?

3\ Find all

functions

2: R— R

such that

Pt)=-3 ()] for all 1.

A solution is
FuB) =2cst 3 =-3,)
Ancther solution is
3.@=simt  PE=-3,)
Also 3(t)=0.
More solutions: Aximt +Beott for any A, B.

‘ massi

force
Joree a x

=

«—3(t)—>

%({)<o




Whol is a LINEAR differertial equotion 7
A linear ODE is an eguotion thot satisfies the

PRINCIPLE OF SUPERPOSITION:
linear combinotions of seolvtions axe also Solutions

the set of Solvtions is a vector space



EXAMPLES
o) The eguotion ay"+by'+cy =0 is linear.

o) The egualtion ay"+by'+cy =4 is NOT linear.
Say Y1 and Y, are solulions. Then
O.(Ys+%2)" + b(YeH " + C Yy +Y2) = 2

') The eguotion %'(x)=x~\yx)+'g,(x)a is NOT linear.

If u solves the eguation and $#0O then
Qy does NOT solve The eguation.



aAD systems ot ODEs
Given F:R¥*—=RK? vector field
Fx)=[1]

AN
AN
AN
AN
AN

NN
N

)
:

N\
N\
A\
N\

N
N

N\
N\
N\
N\
N\




AD systems ot ODEs
Given F R¥*—-=R? vector field

F@ =%

P=Bil= O*C fx;,]

[ i(Xy+i%y) = =Xg + i Xy
f

%




AD systems of ODEs
Given F R¥*—-=R? vector field

Find all functions x(f).-.-[)’::ff)] such thot

X'(4) = F (X)) | for all t.

(X)=[1]

>

A point is moving on the plane. Vs 1 RVis
AT position X its speed vector ?‘ 7 él é‘ é‘
, A A
is F(X). %
Solutions to x'@)=[1]: é“ ; é é‘ é‘
" AP
2]+t[4]




AD systems of ODEs
Given F:R*—=R? vector field

Find all functions X{{:):I;::))] such that

X'4) = F (X)) | for all £ iy = -
X'(+) Lo C;]x(%)

A point is moving on the plane. ( ‘]) T —;f]
AT position X its speed vector
is F(X). (

some

1 = [=Xaf¥

Solitions of «'It) [x:m
cer t

’cH?LsaMJc]



aD first-order LINEAR systems of ODEs
Given A axd matriy

Find all fonctions x&n[,f:fﬁ] such +hat

X'(+) = A(XH) | for all t.

EXAMPLE  X'@) =[40 -C;] Xt



Solving %' = AX when A is diagonal

Xg(1) = 3xy(t) e [3 o] [xim
X.{('E)=5Xa(-k) Xq(4) “10 5 X;z(‘!:)
This system is DECoUPLED.

Xy (£) = Xy (0) 83{:
Xa(£) = X5(0)€>F




Solving X' =AX when A is diagonal

X{(+) = 3%,(H) L) {3 o] [ch)]
Xq(t)==5X (1) x| 107 %t
This sysfem is DECoUPLED.

Xy () = Xy (0) €3£
Xa (k) = X5(0)°F g

A\

pd
~

<< + >

SN (7




LECTURE 29:S0ME EXAMPLES OF LINEAR ODEs (SECTION 5.3)

GOAL: given o dx& motrix A
Solve the equotion  X(H)=AX(t)

X[ =[Xa (P
X:g('l')

We know how To solve Y(#)=Dyt) D=[40

. 0 A
yit) =y |y “[0]
&Rt 40 400



Solving ¥ = AX when A is diagonalizable

XL@d) = Qx, (+)+3%;4)

x!(4) =2 3) ¢
@) = - x, () -2Xa) é“ -2 ) Xk

o~

A

Suppose A=PDP™ with D diagono! matrix.

We Know how To selve Y!/(i)=Dyd)

Want to solve X@)=PDPx)
=~>\’E'i>1<\'(-£)= DPx&
(P’
Let @) =P™*x@)

To solve X'&)=AxH) @ Solve Y!t)=Dy).

@®Diogonalize A=PDP™ | ®Solve yit)=Pixi)




@ Solve y!{)=Dyt).

x!(+) =( o 3),@&) To solve X!G)=Ax)
-1 14 ®@Solve &) =P*xt)

®Diogonalize A=PDP™*
ot

A
@ Eigenvalues? 1 amd -1

0=det (A~AT) =‘sz-;\ 3
4 -2-2

=...= (A+1)(2-4)

Eigenvectors?
By definition, the eigenvectors [g] associoted o 4
(A-1I)[§1=[6] < AL§l-1[§]

(-41 _33)(%(),-_._ (8) ‘Pick an eigenvecTor, e.q. (_31)

Similarly (&) is an eigenvector associoted to —1

= A=QARS)EA”



@ Solve y!t)=Dy).

x!(+) -‘-( ol _% ) () To solve xt)=Axa)
-4 ®Solve () = Px@)

®Diogenalize A=PDP™

L -4 + Lree
A= @G O(k)-EreY
D

@ Lel Cu,C7 be numbers. Y(-E)=(C,a.ei)
G€

Solve i) = Pix@
>Pym) =x®) =| k)= coet(3)+Ge1)




k)= et [3 )+ G

o X' =AX




Solve the initial valve problem

XL = 2%, (+)+ 3Xa)
X0 = - x, (+) - 2Xa()

® Py x()=(3) into

Xs(0) =3
Xy(0)=

xi)= ciet [3 )+ G2

and solve for G and C;.

® Go back to the solution

X(#) = Pyt




Solving %' = AX when A has complex eigenvectors

W@ =ax,b)-bxgw  [%\l o -b\/x

Xa () = bx,(t)+axd) (Xa> T (b OL)(Xz)

FACT :the space of solvtions of X'(t) =AX@#) has dimen-
sion &.

CONSEQUENCE: T£ X'(f) =Ax{), y'(+)=Ay{®) and

Ix@),yt)) is LT then ALL solutions are linear combina-
tions of X&) and Y#):

CoX) +Cy Y.

If we find two LT solutions, the problem is solved.



(&)lz__ (0' ~b (X‘> If we find two LT solutions,
Xa b o \Xa the problem is solved.
X = AX

How do we find two LT solutions?
How do we find ANY solution 7
We Know That A has eigenvalves a+ib and o-ib,

b ool GOl



X' = Ax If we find two LI soldtions,
the problem is solved.
How do we find two LT solutions?
Assume we hove Av=2Zv and Z is not real (i.e. z=agiqk;é).
Then o complex solition of x'=Ax is
X(t) = e*®y.
So the veal and imoginary parts of etty are solvtions of

X'=Ax. Are they LT 7 @eigenvectors ossocioted to # eigenvaly
ore LT =

@Rew=4WH+R) Imw=g(w-® = g—{ué;-
t2 + = +2 = I
(Reeffy Tnet)= (% 55 )4(4 )

axa modrix e f'l';i{He Ninverhible

Yes'!



If Av=2v and #Z is not real,
take ’Re(e"zv ) and Iwm (e*zv)

() 62t

A

.
-1

= eaf(@b*> +ieo.f<9aim bt >
3im bt 3 bt

e"*vz-e“t(msbhim&)( 4)



If Av=2zyv and Z is vnot real, o =b
take Re(etZy ) and ITm (et Zy)

etty = e“Jc(@b-t) 1 0F [ Him bt
2im bt ~£o8bt

ANSWER: all the solutions of the system x'=AX with A=(% -b)

(o B
hove the form

X(4) = ;e mb{) G 7/ oA bt
1 <mmb+ R T Lot bE

for some choice of numbers Cy and C;.



What is a differertial equotion? [ Tn other words: if you

I d
D Find all funclions MRV oy g gpee

x:[o,+o0) =» R
such thalT |xX't)=0]|for all 1.

zero, how far from your
starting point are yov al
time 17

The conslant functions are soldtions
and only the constadt functions.



Whol is o differenliol e

ANFind all functions
u: K- K

quotion?

such thal|4'(t)=2y()

Lor all t.

y(t)= 'g(o)ez € y(o)

IS o
e
pavometer

A poinf moves on o
line. When its position
i5s x, ifs speed is Ax.

here
A5 > 4

G
O



Whol is o differenliol equotion?

3\ Find all

functions

2: R— R

such that

Pt)=-3 ()] for all 1.

A solution is
FuB) =2cst 3 =-3,)
Ancther solution is
3.@=simt  PE=-3,)
Also 3(t)=0.
More solutions: Aximt +Beott for any A, B.

‘ massi

force
Joree a x

=

«—3(t)—>

%({)<o




Whol is a LINEAR differertial equotion 7
A linear ODE is an eguotion thot satisfies the

PRINCIPLE OF SUPERPOSITION:
linear combinotions of seolvtions axe also Solutions

the set of Solvtions is a vector space



EXAMPLES
o) The eguotion ay"+by'+cy =0 is linear.

o) The egualtion ay"+by'+cy =4 is NOT linear.
Say Y1 and Y, are solulions. Then
O.(Ys+%2)" + b(YeH " + C Yy +Y2) = 2

') The eguotion %'(x)=x~\yx)+'g,(x)a is NOT linear.

If u solves the eguation and $#0O then
Qy does NOT solve The eguation.



aAD systems ot ODEs
Given F:R¥*—=RK? vector field
Fx)=[1]

AN
AN
AN
AN
AN

NN
N

)
:

N\
N\
A\
N\

N
N

N\
N\
N\
N\
N\




AD systems ot ODEs
Given F R¥*—-=R? vector field

F@ =%

P=Bil= O*C fx;,]

[ i(Xy+i%y) = =Xg + i Xy
f

%




AD systems of ODEs
Given F R¥*—-=R? vector field

Find all functions x(f).-.-[)’::ff)] such thot

X'(4) = F (X)) | for all t.

(X)=[1]

>

A point is moving on the plane. Vs 1 RVis
AT position X its speed vector ?‘ 7 él é‘ é‘
, A A
is F(X). %
Solutions to x'@)=[1]: é“ ; é é‘ é‘
" AP
2]+t[4]




AD systems of ODEs
Given F:R*—=R? vector field

Find all functions X{{:):I;::))] such that

X'4) = F (X)) | for all £ iy = -
X'(+) Lo C;]x(%)

A point is moving on the plane. ( ‘]) T —;f]
AT position X its speed vector
is F(X). (

some

1 = [=Xaf¥

Solitions of «'It) [x:m
cer t

’cH?LsaMJc]



aD first-order LINEAR systems of ODEs
Given A axd matriy

Find all fonctions x&n[,f:fﬁ] such +hat

X'(+) = A(XH) | for all t.

EXAMPLE  X'@) =[40 -C;] Xt



Solving %' = AX when A is diagonal

Xg(1) = 3xy(t) e [3 o] [xim
X.{('E)=5Xa(-k) Xq(4) “10 5 X;z(‘!:)
This system is DECoUPLED.

Xy (£) = Xy (0) 83{:
Xa(£) = X5(0)€>F




Solving X' =AX when A is diagonal

X{(+) = 3%,(H) L) {3 o] [ch)]
Xq(t)==5X (1) x| 107 %t
This sysfem is DECoUPLED.

Xy () = Xy (0) €3£
Xa (k) = X5(0)°F g

A\

pd
~

<< + >

SN (7




LECTURE 29:S0ME EXAMPLES OF LINEAR ODEs (SECTION 5.3)

GOAL: given o dx& motrix A
Solve the equotion  X(H)=AX(t)

X[ =[Xa (P
X:g('l')

We know how To solve Y(#)=Dyt) D=[40

. 0 A
yit) =y |y “[0]
&Rt 40 400



Solving ¥ = AX when A is diagonalizable

XL@d) = Qx, (+)+3%;4)

x!(4) =2 3) ¢
@) = - x, () -2Xa) é“ -2 ) Xk

o~

A

Suppose A=PDP™ with D diagono! matrix.

We Know how To selve Y!/(i)=Dyd)

Want to solve X@)=PDPx)
=~>\’E'i>1<\'(-£)= DPx&
(P’
Let @) =P™*x@)

To solve X'&)=AxH) @ Solve Y!t)=Dy).

@®Diogonalize A=PDP™ | ®Solve yit)=Pixi)




@ Solve y!{)=Dyt).

x!(+) =( o 3),@&) To solve X!G)=Ax)
-1 14 ®@Solve &) =P*xt)

®Diogonalize A=PDP™*
ot

A
@ Eigenvalues? 1 amd -1

0=det (A~AT) =‘sz-;\ 3
4 -2-2

=...= (A+1)(2-4)

Eigenvectors?
By definition, the eigenvectors [g] associoted o 4
(A-1I)[§1=[6] < AL§l-1[§]

(-41 _33)(%(),-_._ (8) ‘Pick an eigenvecTor, e.q. (_31)

Similarly (&) is an eigenvector associoted to —1

= A=QARS)EA”



@ Solve y!t)=Dy).

x!(+) -‘-( ol _% ) () To solve xt)=Axa)
-4 ®Solve () = Px@)

®Diogenalize A=PDP™

L -4 + Lree
A= @G O(k)-EreY
D

@ Lel Cu,C7 be numbers. Y(-E)=(C,a.ei)
G€

Solve i) = Pix@
>Pym) =x®) =| k)= coet(3)+Ge1)




k)= et [3 )+ G

o X' =AX




Solve the initial valve problem

XL = 2%, (+)+ 3Xa)
X0 = - x, (+) - 2Xa()

® Py x()=(3) into

Xs(0) =3
Xy(0)=

xi)= ciet [3 )+ G2

and solve for G and C;.

® Go back to the solution

X(#) = Pyt




Solving X' = AX when A has complex eigenvectors

YO =0, (+) - bxXa)

THEOREM : the space of solutions of X'(t) =AXM) has dimen-

sion .

CONSEQUENCE: Tf X'(t) =Ax({), y'(t)=Ay(®) and
Ix(),y#)y is LI then ALL solvtions are linear combina-
tions of X&) and y#):

CoXt) +C, Yt).




LESSON 30.INNER PRODUCT, LENGHT AND ORTHOGONALITY

Geomeiry problem:
1)Given two vectors in R compui‘e the angle between
Them.

y &)
Vi) = foAeR
() e 8~ (W) Lo (o) = odsud (gﬁ%’/)
Wi (9 ) R 9=‘i’:\l’ H
(3:) N‘-\\V e TgE

=AY A Y + Sin¥ Lim¥
= VR VR WdHw2 ¢t 0 = Vi W, + V3 W,




Geometry problem:
1)Given two vectors in R, compu‘l‘e The angle between
Them.
2)Given two vectors in 1R3, compute The angle between
Them.
o (X, o _
6= angle between ¥=| )amd 4 @33

X3
X3

D[ %Yot XaYa +X34s = 1K1 IF1- cos 6




DEFINITION: given i€=(uy -Uy) and B =5 -~ V,)T, the
inner product between &' and ¥° is the number

ﬁ" ? = UV +UnVh
NOTE: the inner product ond the dot product are one and the
same Thing.

DEFINITION: given = (U - U Y and ¥=@; ---V,)T, the
-—’
T

distance between W and v is the number

I1Z-F1 =\ @-B)e G@-T)

T+ torns oul thot IW-TPU = U=+ 4 (Un-V, P



We ¥ =UV+ - +UnVh

DEFINITION : given = (u, ---u.\)T and v=; -V, the
=
u

distance between W and v is the number

IT-F1 =\/@-B)e Gi-T)

The norm of W is the distance between % ond &

=@ % | (3 N |'§r

S = ey
2 ey Iy = e




PROPERTIES OF THE INNER PRODUCT (THM 4 PAGE 333)
® If W+#0 then WU is POSIMVE.
® The function
(i, ) — W’
(domain R"xR" codomain K) is BILINEAR.
© We¥ =T

® B =uf++UR >0 ond is =0 only if & =0

® Bilinear means
(R e W = WV L o
()P =c (#F)



DEEINITION: we Sa
y that fwo vectors &' and ¥ in R" are

orthogonal or perpendicular if We¥=0"

EXAMPLES : 2

A {%) is orthogonal To (g) )T%

B) iz i5 orthogonal o Z for any z=a+ib

i2==b+ia

(2)(8)=(5)



DEFINITION: we Say thal two vectors & and ¥ in R" are

orthogonal or perpendicvlar if WeP=0"

DEFINITION: Let W be a svbspoce of R". The orthogonal
complement of W is the subspace W' of R" defined by

ewt <=0 for ALL ¥ in W

R if w=R R* if w=spon{{)
then wd= {0}
then Wt =spon (W'} with #«wW=0

w
W-l-



THEOREM: Let A be an mxn wmalrix
U vector in R"
¥ vector in B™

N N
=5 Agoqﬁ:—u-Aﬁ?’
i TRCTRR

mx XL mxl nxm wmxi

Basic formulo : (AB)T =R A .
Notice that XeYet XaYat XaYs= [Xe x5 X31[ Y%s
[ da ]
Ys

= ART = ARV = WA = We AT



THEOREM: Let A be an mxn malrix. Then

Nul A =(Col AT YL

J |
Col A =(Nol K | ™8 F i
PeNvl k & AV=0"

AT W =0 for ANY ii”in R"

€ TAW=0 for ANy &%* in R"

&V is orthogonal Yo all vectors in Col AW
& e (Col AT



APPENDIX: IT£ A is a mxn maodrix

B is a nxp malrix
then |(AB) =B"AT

(ABY; = (AB);
= ZK AJK Bki
=2y ik -l:j

= (BA");;



APPENDIX: the formula

W = IWI 10058 | in 3 dimensgions.
v, -
el w-fi]
u3 ‘U’s {}_’
Low of cosines O %

1= 1% = 13202+ 1 IR - 21D 1D cos ©

(10707 g0 )2+ g V3 ) = udbud + uF + 034037 40 +
- 2w 1Pl cos B
= =AU V3~ QU V3 — AUV = = 2 W1l cos 6



DEFINITION: A set {ity, ity Y in R™ is called orthogonal if
Weil]] =0 whenever i#j.
The set is orthonormal if it is orthogonal and all of its

veclors have lenght 1.



PROPOSITION: if & mxn molrix U has orthonormal columns then
VU =D1.

e U;’ =0
—a—1(l | || p
i ime e
:c? ) az Uy | = Y .
—_— i
| Un — | ‘ = s
UT — ™ entry (i:j)zit?'ﬁ},

U



PROPOSITION: if & mxn molrix U has orthonormal columns then
uTU=1.

L1 1] g
T L

5'7 —:a}’a;’—.: 1,
e Lo

CONSEQUENCE 4:orthonormal sefs are LI.
LT means that if x¢7,?i+--°+x.,7l_v?=5’ then Xy=' - =2Xp=0-.
Assume UR=03’, let's show X =0"

X
U =8 = UTUR =076 = X°=0".



PROPOSITION: if o mxn motrix U has orthonormal columns then
vTU=1I.

—aLL 1] p,

T L,
:‘7 ﬁ':ﬁ;...un =
—

| — Up —_ ] - L

CONSEQUENCE 4.: orthonormal sels are LT.
CONSEQUENCE &: UX-UZ = X% for any ,?,g’ in R
In other werds U preserves angles and lengths.
7? = e IT1)i? T P
. = X'e = ¥X?J{Tu =X
U&Ug XeUtug =X"Iy =X-Y



EXAMPLE OF MATRIX WITH ORTHONORMAL COLUVMNS

Reflection Throvgh o line through the origin in R?

Say U =reHection through span{(3)}
What is the matrix representation of U7
We need the image of two LI vectors.

(2)

/ Toke (3) ond (7F),which is orthogonal to (3)

Then U(Q “fl=(3 2). Solving for U, we find

='§'( Check that the columns of U form an

orthonormal set:



PROBLEM: Given on orthonormal basis {if), -} of R"

o vector 2 in K"

find the coerdinates of & in the basis i), ila )

We look for Y"'—'-‘(xi

-’-
X such +that ;[‘Jx =
U= Y- -1
Since the columns of U are I‘ ul" |

orthonormal, UTU =TI

= UTUR =

X =Ty

UTR




EXAMPLE: express [%] as o linear combinotion of [%] and [§]-
We look for [n’;] such
[5 161 = [3]

B8 5130 = [2 3108
13 0Mx7 = 39

[o 5 Lg] - élé]

= [X=
-4
=2

Check! [3]34[§ ]z : [3]

i

Q<




@ROBLEM'-%AVBY\ vectors E’ and @ in R", find o formula for the
prgjection of ¥ onto Span {&’}.

¥ _i?. |.cot B
L e
’ 9,\ s = ?onﬁerm But

= PYO|-» T a’
ST héjslr?gn'g?w? 1 = 1PHI’) cos 6




LESSON 32 :ORTHOGONAL PROTECTIONS

DEFINITION: Given a vector ¥ in K" and o subspace W
of KR, the orthogonal projection of %" onto W is the
unigue vector & in W such thol #-§ is in w™



A FORMULA FOR THE ORTHOGONAL PROJTECTION

Let W be o subspace of R" and ¥ a vector in K"
If Ui, U ]lis on ORTHOGONAL basis of W
‘then

because (4-8)eU; =0



ORTHOGONAL DECOMPOSITION
If W is a subspace of R" then any vector ¥ in R* can

be written as ?'—'l%-\-‘&'l' in only one way.
S -
w w
If P=0+y* =G+T" then §-T =G*- 4t
wwt w ot W wi

= (§-1)e(3-]) = (9:* $e4p =

8=% and 31--3 .



ORTHOGONAL DECOMPOSITION
If W is o subspoce of R" then any vector

be written as

F=G+y
W ek

in only one way.

=

¢

m R" can

CONSEQUENCE: if {id,.-,Up} and {;.. V5 are ORTHONORMAL

basis of W -then

§ = () W+ @I TG = (G T, + -4 (V)T



PROPOSITION: the orthogonal projection of Y oo W is the
vector in W that is closest 1o ¥.
We Know ¥=@+4t.
w wt

If Wis in W,we claim IF-wll 7 lly].
w

F-w = §-Weyt = IF-WI= 1§-W 12 +1gH2
W WJ- 7/
> llyn2



SUMMARY
OIf W is a subspace of R" then any vector %”in R" can
be writfen as ?=§+‘&'L in 0. unique way.
7 L
w w
)& is the point of W that is closest to &

S)If 2, W) is an orthonormal bosis of W then

b= @ IDW+ -+ (P




m=|1| @=|4| nalto both & and 3.

EXERCISE: [1 ] IR ( S-I Find a vector ¥ thot is orthogo-
U, = 2

GIVEN: i1z =0 and ﬁ},:[ﬁ] is not in span {ir}, 13 -
o)

I{ we dencste W= span {ia;, Uz} and decompose

Ug = Uy +Us

then w3 is orthogonal to both &7 and #7.

We have a formula for fg: "o
By= Bl BB =L ]e2[3] <] %
S U3y o . = = —=|-1]| =

3 __w.' ‘uq +ﬁ3 ’?L{a 6 L 30 2 __%
-0-1 L
A
Now Uz =13 -Uz=|%
-3
3




J "f -From % to the
d Lane spanned by

EXERCISE: Let E’T_S] s '[‘3] ﬁ’a-'-'[-‘?] Find the distance
nd g .

“lyckily® T and U3 ore orthogonal.
If P=84yt with § in span i, i3} and ytin Span{u‘,uﬁl
then the distance from ¥ fo spanii i3} is Uyt

We know how to compu'l‘e g:

E:‘Ei—* g = yl= y-§ = g]
- us ﬁsu; 6

35 [3] . cap) -3 3 Answer: the disfance from
T[f] ik [i] [j] y to spaniig, 7y is

ﬂg-‘-ll-’\/a"-;o"-} C&’ P o?ﬂ—a



THE ALGOR|THM
INPUT: o. LT sequence (@3 Ttm) in R"
OUTPUT: an ortho gonal sevence (Fr,-+qm) in  R"

—y =
u1= |
—-)._-—-p
Qn.'—ua__,__,
q’.:‘i'?_ua' =
Cl - N v A i
9.3, T
o 1, L2 lad [Tl
3=u3-—’.—o'-_:-_3_,-q:
4 14 o 9a q':;
7.a° - = - =
.. 77 - Uni = Un Um9,.
q‘mgu"‘ = 1""—-vm—.'q:' —~—._.‘<§,;’1
4 14 ’ =



(& BN [}
o AN ddon
ol L
w "
-
a2 13)) l_..
< — - ?
m -1‘540-“00- [ “‘ m—o
o i kA H_Q
o)
U ﬁ =
L\mt u r~ 1 MM~ l-.. ™
= |M. — 4 Qlo
P S %_O NI
o i\ !
9 _ ~~Foo
L S p
= Al HINR T T 0
3 n o L,
< L[} ﬁQﬁ
3 & I
- oF 1 Io?
5 1 Tt 130"
< T 1.91oF [
s u ~ A.Q....
d | BB -~  §
_Mm -MOJJ. | BB ﬁu?k A— ﬁa..
oL T ! b Do
- 54_5_.1 S 0
e ! : 5 ﬁu
S Ms-vm += <
L —1 -3 "
o1 ot



EXAMPLE: Find an orthogonal boasis for the column space of
[3 =3 4} A wpossible orthogonal bosis is

1 4 1 - ale
-1 5 - a1 [4]][-23
4 3 1

3-3 g |
-1 3 1
b3¢' -—1J nd SJ




WHAT HAPPENS IN THE ALGORITHM |F THE INPUT VECTORS
ARE LD 7

Some of the @ will be zero.

Soy {@},i3Yis LT but %3 is in span IZ71.

Then 13;,7,] is orthogonal and g3 =o.

In any case , span §u,., i} =span i, 3j}-



THE QR FACTORIZATION

Motrix version of the Grom-Schmidt olgorithm.

Let u:[




THE QR FACTORIZATION

Tor
+
To*
Tl 1o
BE 1Mo
+
= I
Tete® Il
e P =0T
2o
To*
oo™
13t
!
F
THI Tyt
TIT 1 510
- {
Hir
& L tor

r -3
e e
i N )
~ Q0

| ”

&
— l&—

—l3—

—[o—

| - ”
I

r -

T
—¥—

|




THE QR FACTORIZATION
A motrix U whose columns are LI can olways be
factored as U=QR where

Q has orthonormal columns «~Q™Q =T

R is upper Triangular



EXAMPLE: Find o QR foclorizotion for the madrix

.43—2 fi We have computed
-1 5_ 1 1-4 N F_S. WT’;‘
3-:‘ 8 ga:" g - 4. 'l'oz -1
L ) 3
L 1“- :’?J - -
-3 = - 1'3' ‘-4
i I N DY A Y RS
3 71 1T -2 Q|- +e? 3
L3l 3] L3 i

Whence
3-547 [
[4 é 4},_ lett matrix are not
-1 o
3-1 8

ofthonormal. We need o

] [i ~a 3/.2] The columns of +the
nomalize.

L L~
1wt

EPPU)




EXAMPLE: Find o QR foclorizotion for the madrix

3-51

1 4 1

- 5 -

3-3 8

3-54] [34-3][L -2 33] The columns of he

1 4 4|21 3 4]|10 4 _y| lett matrix are not
4 5=3" |43 4[]lo 0 } orthonormal. We need o
3-31 8] |3-1 3 normalize.

It turms ovt thot the three columns have norm V0.

1 4 1 1020 3420 1hz0||o Y20 —V30/R

= Q
-4 5= |-Vao 3Maio 4Mao
3jo ~"Wao 3kao] © O vao

[3 _5 4} 3470 140 —-3/./:72;'(@ -2 3V20/2 |
3-% 8




LESSoN 34: LEAST - SQUARES PROBLEMS (SECTION 6.5)
‘PROBLEM: find the line that best fits the points
(04), (4,4),(3,2),(3,3).
Whot is "best £it"7?
We look for B. and @y such
That approx imaiely
Bo +PiO ‘2{4
Bo +Pi 1~ 1
Bo +P 2 x 2

Bo +P 3% &




‘PROBLEM: find the line that best fits the points
(ol{)l (1oi):(&.3)4(3,51)-

1 0] ﬁ o [4]
Whot is "best £it*7 14 1

1 2 &
We look for B, and gy such | 1 3 J

that approx imately i X Y unku’)”o
Bo +P0 { y Approximote  solution for Xﬁ:Y

IXB-Yll minimal among all f

Po "'Pn" ~ 4
Bo '|'P.a? ~

€ e
Po + 3% 2 AN O BV T e,

&l




-

DEFINITION: L et A be an mxn malrix ond b a vector in
R" We soy thol o vector X in R" is o least-sauares so-
lition of A®=T if IB-ARIs IB-A®] for all ® in R"
The number IB-ARl is called the least-squares error of R.



-

THEOREM Let A be an mxn matrix and b a vector in
R"™ A vector % in R" is o least-squares solution of Ax=b
if and only if KA =A"D |
b Wont AR = proj, B
= b-AR is orthegonal to Col A
AX = AT(P— AR)=0 = Ah = ATAR.

Col A =the set of
all AX



WHEN 1S THE LEAST-SQUARES SOLUTION UNIQUE ?

THEOREM: if the columns of A are LI then ATAX=A"bL has
only one soltion.

If the columns of A ove LD the ATAX=ATh con have Severdl
solvtions.

o colomns of A LI = if A"'Ax-A"b +hen A'rmo(-g):o

and AAy=A"}
A = || Alx-4) I =0
LT Colvmns -3) =0
= x-4=0
Gceolumns of A LD = there is V#0 such thot AV =©

if ATAL=ATh
+hen AAS+ET)=ATh for any t in R



EXAMPLE: Find o least-squares soltion of Ax=b where

A=|4 o 1 b=
4-5 1
6 4 0
4 -1 <5

QO Qw




EXAMPLE: Find o leasT-sguares solition of Ax=b where

A=|4 o 1 b=
-5 1
640
1-4-5

QO Qw

ATAR =ATh

AN=[u1 6 47 pa=[540 07 Ab= [36‘]
0-5 4 -1 0 93+ O o
1 4 0-5 o o0 a1 9



EXAMPLE: Find o leasT-sguares soltion of Ax=b where

A=l 4 o 1 b=
1-5 1
6 4 O
1-4-5

QO Qw

and solvtion: exploit the orthogonality of the columns of
A. Insteod of using ATAx=ATb, g0 back 1o the original
system Ax=b.

AR = Pl O
°b
= beay b0 beas
AR 04001 a,* Qa° AR Q? i a3-03 a3

Col A



EXAMPLE: Find o least-squares soltion of Ax=b where

A=|4 o 1 b=
1-51
640
1-4-5

QO Qw

AR = Proj ., b

1
6|4 [, 0%, 9]1
|~ S——. _—.—5 —
=5yl L |Far| 7 |taT| o
Col A 4 -1 -5



EXAMPLE: Find o. least-squares soltion of Ax=b where

A=[4 o 1 b=| 9
A -5 4 0
6 4 0 o)
4 -4 -5 O] ]
Rl il -4
“::_3_6.'.‘ o _O 311
AR =3 LT 2|m27| o
el - | -3 |
4 o 1]|[x ] (o]l 4]
1-5 1||x |=28| } |4-0|-5 ]9 1
L 1 -4 -5_ X3 PR -_.4_ -5_




‘PROBLEM: find the line thot best fits the points
(014)/ “:4),(&.2),(3,2)-
1 O][Bo] = We look for f= such thatl
PcI [EZ]

XTXE= Xy
"B

% [l

x™x ~ P v

|
bp\)_\_\
]

>
as




LESSoN 34: LEAST - SQUARES PROBLEMS (SECTION 6.5)
‘PROBLEM: find the line that best fits the points
(04), (4,4),(3,2),(3,3).
Whot is "best £it"7?
We look for B. and @y such
That approx imaiely
Bo +PiO ‘2{4
Bo +Pi 1~ 1
Bo +P 2 x 2

Bo +P 3% &




‘PROBLEM: find the line that best fits the points
(ol{)l (1oi):(&.3)4(3,51)-

1 0] ﬁ o [4]
Whot is "best £it*7 14 1

1 2 &
We look for B, and gy such | 1 3 J

that approx imately i X Y unku’)”o
Bo +P0 { y Approximote  solution for Xﬁ:Y

IXB-Yll minimal among all f

Po "'Pn" ~ 4
Bo '|'P.a? ~

€ e
Po + 3% 2 AN O BV T e,

&l




-

DEFINITION: L et A be an mxn malrix ond b a vector in
R" We soy thol o vector X in R" is o least-sauares so-
lition of A®=T if IB-ARIs IB-A®] for all ® in R"
The number IB-ARl is called the least-squares error of R.



-

THEOREM Let A be an mxn matrix and b a vector in
R"™ A vector % in R" is o least-squares solution of Ax=b
if and only if KA =A"D |
b Wont AR = proj, B
= b-AR is orthegonal to Col A
AX = AT(P— AR)=0 = Ah = ATAR.

Col A =the set of
all AX



WHEN 1S THE LEAST-SQUARES SOLUTION UNIQUE ?

THEOREM: if the columns of A are LI then ATAX=A"bL has
only one soltion.

If the columns of A ove LD the ATAX=ATh con have Severdl
solvtions.

o colomns of A LI = if A"'Ax-A"b +hen A'rmo(-g):o

and AAy=A"}
A = || Alx-4) I =0
LT Colvmns -3) =0
= x-4=0
Gceolumns of A LD = there is V#0 such thot AV =©

if ATAL=ATh
+hen AAS+ET)=ATh for any t in R



EXAMPLE: Find o leasT-sguares solition of Ax=b where

A=|4 o 1 b=
-5 1
640
1-4-5

QO Qw

ATAR =ATh

AN=[u1 6 47 pa=[540 07 Ab= [36‘]
0-5 4 -1 0 93+ O o
1 4 0-5 o o0 a1 9



EXAMPLE: Find o leasT-sguares soltion of Ax=b where

A=l 4 o 1 b=
1-5 1
6 4 O
1-4-5

QO Qw

and solvtion: exploit the orthogonality of the columns of
A. Insteod of using ATAx=ATb, g0 back 1o the original

system Ax=b. ,
d AR = Pj, . b

= bG2  _ beag
A'X) b a‘.a,a‘ Qq* R Q? a3003a

°b

Col A



EXAMPLE: Find o least-squares soltion of Ax=b where

A=|4 o 1 b=
1-51
640
1-4-5

QO Qw

AR = Proj ., b

1
6|4 [, 0%, 9]1
|~ S——. _—.—5 —
=5yl L |Far| 7 |taT| o
Col A 4 -1 -5



EXAMPLE: Find o. least-squares soltion of Ax=b where

A=[4 o 1 b=| 9
A -5 4 0
6 4 0 o)
4 -4 -5 O] ]
Rl il -4
“::_3_6.'.‘ o _O 311
AR =3 LT 2|m27| o
el - | -3 |
4 o 1]|[x ] (o]l 4]
1-5 1||x |=28| } |4-0|-5 ]9 1
L 1 -4 -5_ X3 PR -_.4_ -5_




‘PROBLEM: find the line thot best fits the points
(014)/ “:4),(&.2),(3,2)-
1 OB 1] We look for = such thot
Bl=( 1] W look for B=[R]
2 XTXE= Xy
2
9
Yy

L Y W H RN




DEFINITION: | et V be a veclor space. An inner product on
V is & function ¢, Y:VxV —=R +thot sotisfies the

oxioms .

)<, is bilinear gnd symmetric.

i() If ¥ +0" then V¥ ) >0.
DEEINITION: the norm associaled to the inmer prodvet <-,->
i the function U-Ul:V—R defined by 1T1= BT -



DEFINITION: | et V be a vector spoce. An inner product on
V is o function ¢, 7:VxV —=R that solisfies the

oxioms .

i) <, ¥ is bilinear and symmetric.

({) If ¥ +£0" then V¥ ) > 0.
FIRST CONSEQUENCE OF THE AXIOMS
11 <0’,0"7 =0 |

0y =L5 T, 57 = <B0°) +(0,5)



EXAMPLES OF INNER PRODUCT SPACES
1) Given As, 23, An POSITIVE numbers, one con define
on inner prodvet in R" like this:

(XFY =KX ¥ A2XaYa t ot An XaYn
2) Let T, be the vector space of polynomials of degree ot
most n. Let to,ty,.., ty.s be distinct numbers. Define

(P,aY =Pl lte)+ PAIGH,) + - +Dlhny) Aty )
3) Let Bla,bl be The vecTor spo.ce of continvous functions
on [o,b1. Define <£9) ——f £it)g(t) dt
4)Let BLa,b]l be the vector space of continvous functions
on [o,b]. Let w:[ob]l=R be a POSITIVE Fynction.
Define <213) =L tetlgttIwe)dt



THEOREM: 1) The concepts of orthogonality, orthogonal COmplemen'l;
and orthogonal projection make sense when fR" is replaced by
o. vector space and +the dot produet by om inmer product:
2) The Orthogonal Decomposition Theorem,

the Best Approximotion Theorem and

the Rthagorean Theorem
are Trve,and The Gram-Schmidt algorithm works
when R" is replaced by o vector space and the dot product

by om inner product:



THE MOST \MPORTANT INEQUALITIES IN MATHEMATICS
@ THE CAUCH‘/ SCHWARZ INEQUALITY
(¥ W’)\S( T YW, WD
We know <%W,0'2 >0 and is O only if =9
{O-W,¥-W> 70 (W, TP+ ) 20
_><“’,1?7+<u7’17> QUTWY =GR 2 -2 W)

= |<¥, W < ,_’>°2+<w11772 for ANY CHOICE of i

= l<m AWs QEAR, 40t L) =)

l<v,17>l
What 7 makes £(2) as small as possible?



1KB, WIS KB T YW, WD
_.>,'W>‘=< ;b?: 'LP) 1 =

1< BLZAWER

What 2 makes £(2) as small as possible?

Find 2 Such thot £'(2)=0D.

) ) = T ET A I A - = <\V}W
£1( SUAT WW? =0 & ——>\/___.“<‘_’,w

'3 W2 =£0)

Plug this minimizing 2 io
K@W > § KPP KW, L FT ) A -




THE MOST \MPORTANT INEQUALITIES IN MATHEMATICS
@ THE CAJCHY-SCHWARZ INEQUALITY
) P Gl I Y R
4%, WO 'S &P, YW, W™

@ THE TRIANGLE INEQUALITY /‘_J)
1+l S LI+ 1wl W

IRHRU® = (P4, P+ /1?7

= {F, 0 HW, WD + <P, W

@s IR IR+ 1R 20010 = (W0 +1itn)?



EXAMPLE : Consider the vector spoace
6 [0,am] = {£:[0,aT]— R continvous}
with the inner produc‘l'
<£.9) = [5 " $ehiglt)dt.
Then {cosmt,mnt ) =0 Sor ony choice of infegers m and n.
We need Yo verify
fam.n%mt simndt dt =0
™t o' = (conmt connt — nimmt Rim nt) +i(simmt o8 nt +Bim N E o8 m )
gimto int,_ (coamt cosnt + xim mt Sim nt)+i (~2im mt o nt ¥ 3 N T cos mt)
Look only af the imaginary part:



EXAMPLE : Consider the vector spoace
6[o,am] = §$:[0,aT1— R continvovs]
with the inner producT
2,8y = [3 " Sh1g(t)dt.
Then {coamt,Simnt ) =0 for ony choice of integers m and n.
We need to verify
[ " cosmt simnt dt <0
™t % - (oovmt connt — im mE Sim nt) +i(Simmt o8 nt 4 3im 0 t 08 mt)
gimto ink_ (cnmt cosnt + xim mt Sim nt) i (=2im mt cos nt + m N t cos mt)

IYYIf t(m-l'n)'!:_‘_el(-mﬂlﬂ: dt = af m&mt simnt dt

1(m4n -
I f M L gltmmE2aTy _
m+n -m+h O




PROBLEM: Consider The vector space
G111 ={f:[-1,11—R cortinvouvs]
with the inner product
.9y =[] fg)dt
Find an orthogonal basis for span j4,t,+23.
We can use the Grom-Schmidt process.
We ore given T =4, a=t, s =12 oand we look for

— — =

QI ,Q’alq’s OY'\'hogonal with Spanfﬁ'«.ﬁa.ﬁ;71=5Pan59r.,9ra.‘4;]-
Gi=1
q'-—’:g = I-Iz’ - ﬁzl __2{_—:) q_—:

<%,3
= M- (B8 - 5,50
i @ @y %



PROBLEM: Consider the vector spoce
G111 ={f:[-1,11—R conlinvovs]
with the inner product
$9Y={ fwghdt.
Find an orthogonal basis for span {4,t,+21.
=L, Ga=t, s =1

=1 = L
—*—ua-.u__‘m' =t-_2.=t
<q‘“ qi ,2
3= -GG -GG oS, O
G I Tt <RI % y izi =
:.‘.'t-—g-



PROBLEM: Consider The vector space
G111 ={f:[-1,11—R conlinvovs]

with the inner product
$.9Y = sRghdt,

Find an orthogonal basis for span {4.t,+2].

Gram-Schmidt yielded {4,t,+8-%13-

CHECk ORTHOGONALITY*

LA-Ly=0 EAR-4Y20

R 2o
f 145 L)dt 2o J‘H{ 3)dt
4=1 g 2t=1
:'9'['.3 t =0 f ’tg ._.d-[-—’ T ——é—_“:o

——— "0 s

3 3 t=-1



BoNus PROBLEM: Consider the vecfor 3pace
V=18 R->R svch thot f -F(x /2 dx <002‘
with inner produc'l'

<$.97 = f £x)g0x) e R dx .

4" -X'l/a

ALet Blx) = e"/‘*( )

(thot is, differentiate @ '@ n times ond moltiply the result
by ex/ ). Show that Bix) is a polynomial.
B) Using integrotion by parts, show that Fo(x), Pulx),... are
orthogonal.
) Show thol IR =nl .



LESSON 36: DIAGONALIZATION OF SYMMETRIC MATRICES

THEOREM: Lot A be o SYMMETRIC sauare matrix. Then
A=aDQ"

for some DIASONAL D and ORTHOGONAL Q-

REMARK: * "A is Symmetric® means AT=A.

s+ om orthegonal malrix is one whose colymns are orthonormal,



THEOREM: Lot A be o SYMMETRIC savare matrix. Then
A=aDQ"
for some DIAGONAL D and ORTHOGONAL Q-
1) The eigenvalves of A are real numbers.
For if Av =20 and ¥ =4 and A is Symmetric
then Z=2, becamse
z2 =3 (20 =0T AV
Z=¢ET) =" AT «~— AG=37F and A=A
= AT
=@FTA V)T
=Z



THEOREM: Lef* A be o SYMMETRIC saware malrix. Then
A=aDQ"
for some DIAGONAL D and ORTHOGONAL Q-
1) The eigenvalues of A are real numbers.
2) Eigenvectors associofed to different eigenvalves are
orthogonal.
For if Avr=21v, Aw=pmw and A# pm then
e 1:/,; 7-7;;&09\“ (AW =" (A@;/w =N'v AW = fegw

= AVW =YW => V-W=0



THEOREM: Lel” A be o SYMMETRIC saware maTlrix. Then
A=QDQ"

for some DIAGONAL D and ORTHOGONAL Q-

4) The eigenva\ues of A ore veal numbers.

2) Eigenvectors associofed to different eigenvalves are

orthogonal.

3 If A is nxn then there are n LI eigenvectors.



THEOREM: Let" A be 0. SYMMETRIC saware matrix. Then

i) A=aDQ"
for some DIAGONAL D and ORTHOGONAL Q-

i) A=2A,.37 é;'Ti- 22%2 Q}’T Fot Apln @ T (spectral decomposi
where Q=[a, - 3,1 and AZ}= A" lon}

& T =3
A--(ér: é'a ‘13‘:3)(3‘ 9?3 g)(—'q; T ) = +%(grl')

T o ?‘;’ .:. a m_.l(@rl;) (“q:—d)
" 2k k)2 4 (%)
- q’! ) +9‘3(qi3) g"S




THEOREM: Lel* A be o SYMMETRIC saware malrix. Then
i A=aDQ"
for some DIAGONAL D and ORTHOGONAL Q-
W) A=A T AL+ 20Ty T 4ok ABar
where @=[q} - 4,1 and AZ] =} %"
REMARK: The orthogonal projection of ¥ onto Q; is R P
'proj%‘f)"' =3 (q;-V) = g}@?'v-) = (379)¥

[][ ; ¥F4x4

nx4



EXAMPLE: orthogonally dingonolize the matrix

Q-1 -1
A=L[-L 2 4
-1 -1 2

STEP 4: find the eigenvalves of A.
Tt is easier to find the eigenvalues of 3A.

0=det(3A-2T) = |2-2 ~1 -4 |=
-1 A=A -4
-4 =1 d-2A
= (-N|2-2 -4 |, |71 -] | -1 2-2
-1 -=A -1 d-2 -4 -1

2 (2-2)2=(2- )~ (2-2) =4 =4 =(2-2) = -22+6 A -3
==A( A¥-62+9)= <2 (A-3)(A-3)



EXAMPLE: orthogonally diagonolize the malvrix

Q-1 -1
A=L(-L 2 -1
-1 -1 Q

STEP 4: find the eigenvalves of A.

The eigenvalves of are 0,3 ond 3
=> the eigenvolves of are 0,4 ond 1.
STEPZ: find an Ofthonormal basis of eigenvectors
4

¢) AX’=0". Con oke )?'=(4)'
i

¥ %) (3A-31)X =0 need two orthogonal eigenvectors



(3A-31)X'=0 need two orthogonal eigenvectors

—>
-4 -1 - =
-1 -1 -1 ><§ o

A)Pick two LI eigenvectors
B) Gram -Schmidt



EXAMPLE: orthogonally diagonolize the malvrix

2 -1 -1
A=L(-1 2 -
-1 -1 Q

STEP 4: find the eigenvalves of A. 0,1 pnd 1
STEPZ: find an orthonormal basis of eigenvectors

we have (2) (g} (i/} orthogonal but not orthonormal
2
1/ \=1 ]

NORMAL\ZE: W3 o as

Q=3 Ym -y
W3 47 -Aig



EXAMPLE: orthogonally diogonalize the mafrix

& -4 -1
A'—"%-L a -4
-1 -1 Q

STEP 4: find the eigenvalves of A.
STEPA: §ind an orthonormal basis of eigenvectors

STEP 3. write A=QDQ"

W3 o wp\o o o\ 4z s
A:." W3  Yr NG O 4 o) 0O Y - Vel
4

4/5 "4/\[5 "'4/1/? o) O °?/3 -4/‘/-6—- _4/'/5.

STEP Y:check if AQ=QD



LECTURE 25 ComPeEx NUMBERS  (APPENDIX \B>
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Q) Geomeltric  view  of complex nymbers
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