
























































































































































LECTURE 26 : COMPLEX EIGENVALUES I SECTION 5.5 )

SUMMARY :

At Complex eigenvalues come in conjugate pairs .

I if  the matrix has only real entries )

B) If a matrix has a complex eigenvalue then it has an

invariant subspace of dimension 2 .

REAL EIGENVALUES → dilation

COMPLEX EIGENVALUES → dilation t rotation



LECTURE 26 : COMPLEX EIGENVALUES I SECTION 5. 5)

GOAL : given a nxn matrix A
, find a basis of IR "

IR "
formed by eigenvectors of A

.

In other words
, diagonalize A

, i.e .
factor

A =P Dp
- I

w

diagonal



EXAMPLES

to's Hiatt'sIII.oat

IIFI
f-'

it



Some matrices are NOT diagonal izable

The matrix (ab
-

ba) has eigenvalues

at
bi and a -

bieigenvectors Hi) andHit.

Eban ittabibiaittlgibiili't



Some matrices are NOT diagonal izable

The matrix

1 10
01 I = A
00 I

has eigenvalues 1,1
,

I and is NOT diagonal izable .

There are no 3 LI eigenvectors

AV = V has only one freevariable



GOAL : given a nxn matrix A
, factor

A =p Np-1

for a block diagonal matrix N
.

EXAMPLE OF NICE MATRIX300000Eigenvalues : 3,5 ,
1t2i , 1 - Li

,
- 3t2i

,
-3 - Li050000001-200 Eigenvectors : 1002100

oooo:* : I : lit
a eigenv → Av = Xv

attire A I spans v. wt ) = span 9 v. WI



THEOREM A nxn square matrix with real entries .

If at bi is an eigenvalue of A than a - bi is also an

Because if at bi is an eigenvalue of A
eigenvalue .

then there is it =

any
such that Avtatbilv

Take the conjugate atbi a - bi
. Notice Zhi = Ent

Au = Cat bite ⇒

Aj
= latbiv = ca - bi )

ftp.yzz?zynybecauseAuthe entries
of A are real

⇒ I is an eigenvector with eigenvalue a - bi
.



If Z is a solution of

anxntan.nl/n-tt...tAyXtao=O ← an , An - i ,
.  .  . lao in IR

then I also a solution .

Because

if anzhtan . a Zh - '
t . .  . ta ,

2- tao = O

then
anzhtan . a Zn - '

t . .  . ta ,
't tao = O

Her ztw =

Etwanzht
. .  . tattoo = an Ent . .  . ta , Eta ,



THEOREM : if at bi and a - bi are eigenvalues of A and b to

then A has an invariant subspace of dimension 2 .

That is
,

there are v , w in IR " LI such that

A ( span IV. wt ) = span go.ws
-

at bi is an eigenvalue of A

⇒ there are v. w in IR " such that

A Cut i WI = Cat bi ) ( Uti WI

Avti Aw = Cav- buttil but aw )

⇒ Av = au - bw

Aw = but aw

⇒ Afxvtyw ) = Iot g- w for some I , 5



at bi is an eigenvalue of A

⇒ there are v. w in IR " such that

AV = au - bw

Aw
= but aw

Why are v and w LI ?

If 0=1 w for some X in IR then

Alvtiw ) = lati b) ( Ati ) w II )

and AW= I batat w CI )

From CI)
,

Alot iw ) = I Xtillbltalw I III

III HI I : ( bxtalw = lati b) w

⇒ either w=o or b=o , contradiction .



At Complex eigenvalues come in conjugate pairs .

B) If a matrix has a complex eigenvalue then it has an

invariant subspace of dimension 2 .

REAL EIGENVALUES → dilation

COMPLEX EIGENVALUES → dilation t rotation



What is a differential equation ? In other words : if you

move always at speed
It Find allfunctions

X :[O ,
too ) → IR

Zero ,
how far from your

such that x'HI
= o for all t .

starting point are you at

time t ?

The constant functions are solutions

and only the constant functions .



what is a differential equation ?
A point moves on a

2)
Find allfunctions

line . When its position

y : IR → IR is x
, its speed is Xx .

such that y
' HI = XYHI for all t .

here
X > o →

Xx
To

.④
•

→

yH)=yco ) ett yeol is a o x

free
parameter



What is a differential equation ?

Ille
masse

3)
Find allfunctions

z : IR → IR
force

xxsuch that 31'HK
-

ZHI for all t .
←

Cece

A solution is
← 3ft ) -7

Zeit )

⇒
cost zit HI = - ziti →

Another solution is
Alle

32ft ) ' Sint zjyt ) = - gait ,
ZHKO

Also zHI=O .

More solutions : A Sint t Boost for any A
, B .



What is a LINEAR differential equation ?

A linear ODE is an equation that satisfies the

PRINCIPLE OF SUPERPOSITION :

linear combinations of solutions are also solutions

the set of solutions is a vector space



EXAMPLES

d The equation ay
" It by "

toy = O is linear .

• ol The equation ay
" It by "

toy=L is NOT linear .

Say ya and ya are solutions . Then

aly.itYa )
" 't blyityal"

tclyitya 1=2

. :) The equation yyxtxycxltylxld is NOT linear .

If y solves the equation and y 't O then

Ly does NOT solve the equation .



QD systems of ODES

Given F : 1122 → 1122 vector field

FIX ) = I H

areit
a

area
a

areateasea areatearstearstearstears



2D systems of ODES

Given F : 1122 → 1122 vector field

Flix'aH=E¥I= :{7¥ ,
\¥401ilxetixal = - Xz tix ,HEHe

.\



LD systems of ODES

Given F : 1122 → 1122 vector field

Find all functions * It ) = xfgftf, such that

*
' HI = FIX It ) ) for all t

.

7 FIX ) -411

A point is moving on the plane .
I I T I T
a

area
At position X its speed vector I I I I 1

a areais FIX ) . T T t t y
→ area

Solutions to *
' HI = It ] : f a y y y

a
are

a

[51 ttt ]
T t e e e



2D systems of ODES

Given F : 1122 → 1122 vector field

Find all functions * HI = xfgftf, such that

*
' HI = FIXHH for all t

. *
' HI -10-f) * HI

A point is moving on the plane .

Ff ¥211 = Eff ]
At position X its speed vector J
is Fhxl . Ifssoiuteions

of * it . ¥ ,HH}11€
.

ttspfosmf) )



2D first - order LINEAR systems of ODES

Given A 2×2 matrix

Find all functions * HI = xfgftf, such that

*
' HI = AtXlt ) ) for all t

.

EXAMPLE X
' HI -f) X I t )



Solving * '
= AX when A is diagonal

I:i¥:*:*
" ¥:*it

'

site:'til
This system is DECOUPLED .

Xslt ) = xzco )e3t

× , , , , × , ,o , est
^

< c • 9 >**



Solving * = AX when A is diagonal

XIA ) =3 Htt

Hitt .
- exact ,

KITH
'

¥17,1

This system is DECOUPLED .

xHH=xHole3t

µ
v Lxactt-xalole.tt

! €
< < > >



LECTURE 29 : SOME EXAMPLES OF LINEARODES ( SECTION 5. 7)

GOAL : given a 2×2 matrix A

solve the equation X ' HKAXHI
-

* HI 'a'till
We know how to solve X' HI = DYHI D= %)

xH=fe
' it

yeol) YAI '

%YoYI
etat 92101



Solving * '
= AX when A is diagonalize able

XIHI =2xaItH3X2H )

XLHI= - xa.lt ) -2x act ,
* ' HI = f?.3) * HI

-

A

Suppose A = PDP
- t

with D diagonal matrix .

We know how to solve Y' HI =D YAI

Want to solve X ' HI =P DP
' t

* HI

⇒ Pt * I Hk DP
- '

- * Itt
-

TP- it
* It ) )

'

Let Xlt ) =p
- '- * HI

To solve Xl HKAXHI ② Solve lykt ) =D lyft ) .

① Diagonalize A = PDP
' it ③ Solve YAI =P

- t
X HI



X ' It ) =f2,-32 ) * ft ) To solve * ' HKAMTI ② Solve x' HI -
- Dayal .

-

① Diagonalize A  =P DP
' it ③ Solve YAI =P

- t
* HI

A

① Eigenvalues ? I and - I

O=det ( A - XII = 2-+1.23,
= . . .  - H -1114-11Eigenvectors

?

By definition ,
the eigenvectors [ f ] associated to 1

I A - 1.It [ Xy ]=[ 8 ] ⇐ ALL ]= t.CZ ]

(131/5)=18 ) Pick an eigenvector , e.g . I

Similarly ft) is an eigenvector associated to - I

⇒ A = FI11*9113151



X ' It ) =f2,-32 ) * ft ) To solve * ' HKAMTI ② Solve x' HI -
- Dayal .

-

① Diagonalize A  =P DP
' it ③ Solve YAI =P

- '- * HI

A

A= E;IHo÷HIH' ② f f:ftp.ygtug.gg
tree

③ Let a , Ca be numbers
. lyttle ¥eett )

Solve Xlt ) =p - it
* HI

⇒ Piya ex HI ⇒ * HI = Get He It Getty )



* HI = Get # It Ge
- tf; )

& u

µ↳
*

'
= A *

(

13
) #



Solve the initial value problem

Xa
' HI = 2x

, It It 3×2 It ) Xelo ) =3

XLHI= - x alt ) -2X alt ) Xa I 01=2

① Plug * Col = (3) into * HI = Get felt Getty )

and solve for Ce and Ca .

⑤ Go back to the solution

* HI =P YAI



Solving * '
= AX when A has complex eigenvectors

xiiti-axn.lt
' -

bxatt
'

( !;)
'

= ( ab
-

ba )( I;)XLHI=bxaltltaxaltt
FACT : the space of solutions of x

' It ) = AXH ) has

dimension2 .

CONSEQUENCE : If *
' ft ) = A X It ) , ly

' It ) = Any Ct ) and

{ X HI
, Xlt ) ) is LI then ALL solutions are linear

combinationsof Xlt ) and YA ) :

Ce X Htt G Xlt ) .

If we find two LI solutions
,

the problem is solved .



( I;)
"

= ( ab
-

ba )( I;) If we find two LI solutions
,

the problem is solved .

* '
= AX

How do we find two LI solutions ?

How do we find ANY solution ?

We know that A has eigenvalues atib and a - ib ,

$
-

ball 'athist:) lab
-

ball't ' abit:)



* '
= A * If we find two LI solutions

,

the problem is solved .

How do we find two LI solutions ?

Assume we have Any = ZN and Z is not real ( i.e . Z=atib
,

bto ) .

Then a complex solution of * '
= AX is

* Ct ) = et Zay .

So the real and imaginary parts of et Zx are solutions of

*
'

= AX
. Are they LI ? ① eigenvectors associated to Feigen vatu

are LI es

Yes !

② Re w-effwtw-IImw-f.tw - it ) =

Eff
- i( Reetz , Imetzix ) = (et } , et Ex)I(I i )

-

x T invertible2×2 matrix
invertible



If AN = ZN and Z is not real
,

take Re I et Zx ) and Im let Z )

la :it't I ::X
et Zx = eat Ccosbttisinbt

If

= eatffsmbt) ti eatmfbt )



If AN = ZN and Z is not real
,

take Re let Ziv ) and Im let Z
, , )

A = ( ab
-

ba )

etzx-eatf.LI/tieatfFfogbtbt)
ANSWER : all the solutions of  the system *

'
= AX with A- fab- ba )

have the form

* HI = a eat (7%7)tcaeatfmwgbtbt)
for some choice of numbers Ce and Ca .



What is a differential equation ? In other words : if you

move always at speed
It Find allfunctions

X :[O ,
too ) → IR

Zero ,
how far from your

such that x'HI
= o for all t .

starting point are you at

time t ?

The constant functions are solutions

and only the constant functions .



what is a differential equation ?
A point moves on a

2)
Find allfunctions

line . When its position

y : IR → IR is x
, its speed is Xx .

such that y
' HI = XYHI for all t .

here
X > o →

Xx
To

.④
•

→

yH)=yco ) ett yeol is a o x

free
parameter



What is a differential equation ?

Ille
masse

3)
Find allfunctions

z : IR → IR
force

xxsuch that 31'HK
-

ZHI for all t .
←

Cece

A solution is
← 3ft ) -7

Zeit )

⇒
cost zit HI = - ziti →

Another solution is
Alle

32ft ) ' Sint zjyt ) = - gait ,
ZHKO

Also zHI=O .

More solutions : A Sint t Boost for any A
, B .



What is a LINEAR differential equation ?

A linear ODE is an equation that satisfies the

PRINCIPLE OF SUPERPOSITION :

linear combinations of solutions are also solutions

the set of solutions is a vector space



EXAMPLES

d The equation ay
" It by "

toy = O is linear .

• ol The equation ay
" It by "

toy=L is NOT linear .

Say ya and ya are solutions . Then

aly.itYa )
" 't blyityal"

tclyitya 1=2

. :) The equation yyxtxycxltylxld is NOT linear .

If y solves the equation and y 't O then

Ly does NOT solve the equation .



QD systems of ODES

Given F : 1122 → 1122 vector field

FIX ) = I H

areit
a

area
a

areateasea areatearstearstearstears



2D systems of ODES

Given F : 1122 → 1122 vector field

Flix'aH=E¥I= :{7¥ ,
\¥401ilxetixal = - Xz tix ,HEHe

.\



LD systems of ODES

Given F : 1122 → 1122 vector field

Find all functions * It ) = xfgftf, such that

*
' HI = FIX It ) ) for all t

.

7 FIX ) -411

A point is moving on the plane .
I I T I T
a

area
At position X its speed vector I I I I 1

a areais FIX ) . T T t t y
→ area

Solutions to *
' HI = It ] : f a y y y

a
are

a

[51 ttt ]
T t e e e



2D systems of ODES

Given F : 1122 → 1122 vector field

Find all functions * HI = xfgftf, such that

*
' HI = FIXHH for all t

. *
' HI -10-f) * HI

A point is moving on the plane .

Ff ¥211 = Eff ]
At position X its speed vector J
is Fhxl . Ifssoiuteions

of * it . ¥ ,HH}11€
.

ttspfosmf) )



2D first - order LINEAR systems of ODES

Given A 2×2 matrix

Find all functions * HI = xfgftf, such that

*
' HI = AtXlt ) ) for all t

.

EXAMPLE X
' HI -f) X I t )



Solving * '
= AX when A is diagonal

I:i¥:*:*
" ¥:*it

'

site:'til
This system is DECOUPLED .

Xslt ) = xzco )e3t

× , , , , × , ,o , est
^

< c • 9 >**



Solving * = AX when A is diagonal

XIA ) =3 Htt

Hitt .
- exact ,

KITH
'

¥17,1

This system is DECOUPLED .

xHH=xHole3t

µ
v Lxactt-xalole.tt

! €
< < > >



LECTURE 29 : SOME EXAMPLES OF LINEARODES ( SECTION 5. 7)

GOAL : given a 2×2 matrix A

solve the equation X ' HKAXHI
-

* HI 'a'till
We know how to solve X' HI = DYHI D= %)

xH=fe
' it

yeol) YAI '

%YoYI
etat 92101



Solving * '
= AX when A is diagonalize able

XIHI =2xaItH3X2H )

XLHI= - xa.lt ) -2x act ,
* ' HI = f?.3) * HI

-

A

Suppose A = PDP
- t

with D diagonal matrix .

We know how to solve Y' HI =D YAI

Want to solve X ' HI =P DP
' t

* HI

⇒ Pt * I Hk DP
- '

- * Itt
-

TP- it
* It ) )

'

Let Xlt ) =p
- '- * HI

To solve Xl HKAXHI ② Solve lykt ) =D lyft ) .

① Diagonalize A = PDP
' it ③ Solve YAI =P

- t
X HI



X ' It ) =f2,-32 ) * ft ) To solve * ' HKAMTI ② Solve x' HI -
- Dayal .

-

① Diagonalize A  =P DP
' it ③ Solve YAI =P

- t
* HI

A

① Eigenvalues ? I and - I

O=det ( A - XII = 2-+1.23,
= . . .  - H -1114-11Eigenvectors

?

By definition ,
the eigenvectors [ f ] associated to 1

I A - 1.It [ Xy ]=[ 8 ] ⇐ ALL ]= t.CZ ]

(131/5)=18 ) Pick an eigenvector , e.g . I

Similarly ft) is an eigenvector associated to - I

⇒ A = FI11*9113151



X ' It ) =f2,-32 ) * ft ) To solve * ' HKAMTI ② Solve x' HI -
- Dayal .

-

① Diagonalize A  =P DP
' it ③ Solve YAI =P

- '- * HI

A

A= E;IHo÷HIH' ② f f:ftp.ygtug.gg
tree

③ Let a , Ca be numbers
. lyttle ¥eett )

Solve Xlt ) =p - it
* HI

⇒ Piya ex HI ⇒ * HI = Get He It Getty )



* HI = Get # It Ge
- tf; )

& u

µ↳
*

'
= A *

(

13
) #



Solve the initial value problem

Xa
' HI = 2x

, It It 3×2 It ) Xelo ) =3

XLHI= - x alt ) -2X alt ) Xa I 01=2

① Plug * Col = (3) into * HI = Get felt Getty )

and solve for Ce and Ca .

⑤ Go back to the solution

* HI =P YAI



Solving * '
= AX when A has complex eigenvectors

xiltt-axn.lt
) -

bxalt
)

Xa' HI =bxaltltaxaltt
THEOREM : the space of solutions of *

' It ) = AXH ) has

dimension2 .

CONSEQUENCE : If *
' It ) = A X It ) , ly

' It ) = Any Ct ) and

I X HI
, YIH ) is LI then ALL solutions are linear

combinationsof * It ) and lyft ) :

Ce X HITS Xlt ) .



LESSON 30 : INNER PRODUCT ,
LENG HT AND ORTHOGONALITY

Geometry problem :

It Given two vectors in IR? compute the angle between

them
.

1122 R2

I Y :i IIa I II.t=WtTBnY )

Twftwafcosnuy) R2 0=5-4

I Y: ) I cos O = cos IT - y )

= cost cosy t sine sin Y

- -

⇒ hk2tV22VwftW22 cos 0=01 Wet Wawa



Geometry problem :

It Given two vectors in IR? compute the angle between

them
.

3
21 Given two vectors in IR

, compute the angle between

them
.

O = angle between 5=141×3 ) and of
'

-
-

ftgyg)

⇒ xn Yet Xayztxzyz = 115'll 'll yell . cos O



DEFINITION : given it '
= Cue . . . Un IT and EZ Cui . . .vn IT

,
the

inner product between it
' and I

'

is the number

VT . I = U , Vet . . . t Un Vn

NOTE : the inner product and the dot product are one and the

same thing .

DEFINITION : given it '
= Cue . . . Un IT and TZ Cui . . .vn IT

,
the

distance between it '
and E '

is the number

Hit
'

- Ill = Cut- I'

I . CI '
-I '

)

It turns out that Hut - I'll = I un - v , Ht . . . then - un 12



VT . I = U , Vet . . . t Un Vn

DEFINITION : given it '
= Cue . .  . Un IT and TZ Cui . . .vn IT

,
the

distance between it '
and E '

is the number

Itu - Ill = Cut- I'

) a (I '
-UT

The norm of it
'

is the distance between it
' and OT

Hull = it '
. I ' (Fg)

.  .

z
i

if1115111 = Vxatya -

× 1/1×3111 = Vx 't y 't 32



PROPERTIES OF THE INNER PRODUCT ( THM I PAGE 333 )

① If I
'

# O
' then Utu '

is POSITIVE .

③ The function

I VT,
I'll -7 it

'
. T '

I domain IRNXIR ?codomain IR ) is BILINEAR .

⑥ U→•v→=V→•U→
.

① ut it
'

= left . .  . tuna 30 and is =o only if I ' =O→

④ Bilinear means

( it 't I
' ) a We

'
= vi. ftp.w '

( cut
' ) . I

'
= c ( u→ . I )



DEFINITION : we say that two vectors it ' and I
'

in IR "
are

orthogonal or perpendicular if it
'

. I' =

EXAMPLES : z

At 18g) is orthogonal to (E) . 9
y

x \

B ) iz is orthogonal to z for any Z  = atib

iz  = - bt Ia

fba) . (8) = (8)



DEFINITION : we say that two vectors it ' and I
'

in IR "
are

orthogonal or perpendicular if it
'

. E' =

DEFINITION : Let

W
be a subspace of IR "

. The orthogonal

complement of W is the subspace Wt of IR "defined by

I' E Wt ⇒ U→. I
'

= O for ALL it '
in W

.

IR if W =D 1122 if W -
- Span fuel

then wt  = lot
then wt  = span fit 'S with it . = 0

T
'

Wt



THEOREM : Let A be an mxn matrix

it
' vector in IR "

T
'

vector in IRM
nxt

f
⇒ Au→•v→= it • Atv

mint txt tmxtntxmt.mx t

Basic formula : ( ABIT BTAT .

Notice that xayitxayat

X3Y3=
Ext X

2×311%2
,

)

⇒ AT
'

. Es ( Aut )TU→ WATT
'

= it
>

a ATE'



THEOREM : Let A be an mxn matrix
.

Then

Nut A = ( Col AT It

Col A  = ( Nut AT )
' mxnjyhxt

AT
'

F' E Nut A ⇐AT '
= O

'

⇐AT ' .w→= O for ANY w→ in IRM
I

⇒I . AT w→=O for ANY W→ in IRM

⇐E' is orthogonal to all vectors in Col ATT'

⇐I' E ( Col AT It



APPENDIX : If A is a mxn matrix

B is a nxp matrix

then ( AB ) I BTAT

A-Big . = CAB) ji

= -2k Ajk Bki

= -2k Bik AIs.

= AT)ij



APPENDIX : the formula

VI. v→ = the'll . the 'll . cost in 3 dimensions .

→
→

s U - u
* offal

orO 7
Law of cosines 7 →

O U

Hit
'

- E' 112=115412+115412-2115'll . HT 'll cos O

I u
, -0,12 Hua - 0217lb - Vz )2=uRtU22tUz2-10,7022+032-1

- 211W'll . HE 'll cos O

⇒ - 2mV ,
- 2h24 - 2UzVz= - 211W'll . HE 'll cos O



DEFINITION : set FUT
,

. . . ,

UT
I inIRM is called orthogonal if

UT . UT = O whenever it j .

The set is orthonormal if it is orthogonal and all of its

vectors have lenght I
.



PROPOSITION : if a mxn matrix U has orthonormal columns then

UTU = I
.

UT . UT=0

→

UI,
I 0

U2 I

in,

UT
'

UI . .  . UT = .

.

.

O I

in

UT entry cisjl-U.to UT
U



PROPOSITION : if a mxn matrix U has orthonormal columns then

UTU = I
.

→

Up
→

42 UT
'

UI . . . UT =

"

t
.

.

.

I
Un

CONSEQUENCE I : orthonormal sets are LI .

LI means that if xaUIt . . .tl/nUn'= O
' then x ,

= . . .  =Xn=o .

Assume UI '
= O

'

,
let 's show I' = O '

.

UI ' =P ⇒ UTUx→=UTo→ ⇒ x→ = E
'

.



PROPOSITION : if a mxn matrix U has orthonormal columns then

UTU = I
.

→

Up
→

42 UT
'

up . . . UT =

"

t
.

.

.

I
Un

CONSEQUENCE I : orthonormal sets are LI .

CONSEQUENCE 2 : UI
'

.Uf
'

= I '
. I

' for any I
'

, yt in IR ?

In other words U preserves angles and lengths .

UI ? UF
'

= I' • UTUy→ =P . If '
= I

'
. y→

I



EXAMPLE OF

MATRIX
WITH ORTHONORMAL COLUMNS

Reflection through a line through the origin in IR ?

Say U = reflection through Spain11213

µ , ,g ,
What is the matrix representation of u ?

+ We need the image of  two LI vectors .

Take 121 and I-71
,

which is orthogonal to ( It .

Then U ( I -

f) = ( If
,
) . Solving for U , we find

U =  If
-

I} ) check that the columns of U form an

orthonormal set .



PROBLEM : Given an orthonormal basis I Tin ,
. . .

, Unit of

Rna vector I '
in IR

"

find the coordinates of it
'

in the basis { Tin ,
. . .

, Unit .

We look for IT
'

= such that ft
' =U→

.

Since the columns of u are

U= UT UP . .  . UT

orthonormal , UTU = I

⇒ UTUI ' = Utu '

⇒ I '
= U TUT



EXAMPLE : express If ] as a linear combination of IS ] and IE
, ] .

We look for [ Y ] such

⇐GIM -
- II. I

>

18-3411-385151=18
-

HEH

sod Ifl = -1381

⇒ x=3

y = I

Check ! [-3134-8] I ?Eof ]



PROBLEM : given vectors y→ and I ' in IR "

, find a formula for the

projection of 5
'

onto span tu ' ) .

.

→

: Y I -

- I 181 = ,uu tuft . cos O
i

. → hit
.

yo
i u y

points in But
j =p rojusy

'

direction it '

has

lenghtty.U-ly-Y.lu/.cosO

⇒ cos o=5

⇒ I = E.init;I÷÷,=z÷ . ,

is" " " "

Ember
Tector

⇒ f=ProjuF=Iuu'



LESSON 32 ORTHOGONAL PROJECTIONS

DEFINITION : Given a vector y→ in IR "
and a subspace W

→
of IR

"

,
the orthogonal projection of y onto W is the

unique
rectory
in W such that I

'
- I is in wt



A FORMULA FOR THEORTHOGONAL PROJECTION

Let w be a subspace of IR " and y→ a vector in IR ?

If I UI ,
. . .

, UI
' ) is an

ORTHOGONAL
basis of W

then

projwy-LFUTlu.tt
. ..tl#Iup'

CitiUTIftp.upT

Let if =p rojwy ?

① I is in W

② Y - I is in wt

because ly - Floe UT = O



ORTHOGONAL DECOMPOSITION

If W is a subspace of IR " then any vector I
'

in IR "
can

→

be written as Y = ujtyt in only one way .

+ t
W wt

If I
'

= yityt  = yityt  then if -5=5
t

- y
'

w wt w wt w wt

⇒ ( if -F) ooty -51=15t
- ytt.ly -51=0wt w

⇒ D= 5 and yt=yt
.



ORTHOGONAL DECOMPOSITION

If W is a subspace of IR " then any vector I
'

in IR "
can

→

be written as 8=5 t Yt in only one way .

+ t
W wt

→ → → →

CONSEQUENCE : if fun ,
. . .

, Up I and fun . . . , Up } are ORTHONORMAL

basis of W then

^
= ( F'OUT ) UT 't . .  . thy? Tip

'
) UI

'
= ( if

'

.fi/v-it...tCy.Vp) . VI
'

.y



PROPOSITION : the orthogonal projection of y→ onto W is the

vector in W that is closest toy
.

We know y→=ftyt
W Wt

.

If it'
is in W

,
we claim 115

'
- HT'll 7 llytll .

g-
'

-it '
= if - in '

t y
t

⇒ HI
'

- W'' 112 = ily - ht 112 thy 412
- -

W It 70

3 Ily 412
.



SUMMARY

oh If W is a subspace of IR " then any vector y→ in IR "
can

→

be written as Y = if t y
-1

in a unique way .

t t
W wt

ooty is the point of W that is closest to 5?

. :) If fUT
'

,
. . .

, UI
' ) is an orthonormal basis of W then

§ = I y→OUT) UT
'

t . .  . t I F
'

. UI
' ) UI

'



EXERCISE .

⇐ 1121uj.FI/FianftgfgftoruFa-hhdatuiaf0rth09o-

GIVEN : UT . UI = o and UI = IEo) is not in span lui , UI } .

If we denote W= span lui , UI } and decompose

UJ= Uj t Ust
T Tvt

then u 's is orthogonal to both UT and UI
'

.

We have a formula for Viz :

is =uu÷÷÷uitE÷Eua = I t =

Now UE = UT - U^3=µ¥) .



- 3
- 3 .

EXERCISE : Let 5
'

if5gI
ri -fs) UI

'

-121 .

Ffrnoghtyhefolisfahnece
5 1 I plane spanned by

UT
' and UI

'
.

" Luckily " UT and UI
'

are orthogonal .

If I
'

= ujtyt with j in span hut, UI I and yt in span the.ua It

then the distance from I
' to span hut, UI I is Myth .

We know how to compute of :

J=F÷¥.ua?tsfgouIjua. ⇒ y
'  = y -5=14)

- Answer : the distance from

=z f-Ift ' '

(11--179) F' to span lui .us't is

Hythe 270762=2 VIJ .



THE ALGORITHM

INPUT : a LI sequence (UT
,

. . .

, UTI ) in IR "

OUTPUT : an orthogonal sequence I Ei , . . . ,

I'm ) in IR "

→ →
7 Up = Gt

GI
'

UT
'

→ →

off UI
'

- of
'

Gift →

U2
>

as ui.EE:* -Etta:
→

2 2 9-2
. . . Eham

.

Eiji
-

Eitan
. . . -

Eia
m - I

M - I M - I



EXAMPLE : Find an orthogonal basis for the column space of

3 - 5 1
1 I 1I:÷÷

. * : u: and .

Then

a . ¥ft÷at =
- o

'

fgf I})

as a :÷÷÷*÷÷÷÷÷.
. it



EXAMPLE : Find an orthogonal basis for the column space of

3 - 5 1 A possible orthogonal basis is
1 1 1

- 1 5 -23-7
8 I?µµ3

,
) [£3).



WHAT HAPPENS IN THE ALGORITHM IF THE INPUT VECTORS

ARE LD ?

Some of the GT
' will be zero .

Say IUT , UI
' ) is LI but UT is in span I iii.533 .

Then III.II } is orthogonal and 95=0 .

In any case , span III,
. . . , UT} = span lot,

. . . , 95?} .



THE QR FACTORIZATION

Matrixversion of  the Gram - Schmidt algorithm .

/
I l I

)
E

'

ut
'

ai UI - E:÷'E'

let "

FFF
a;⇒¥÷:÷¥÷÷:÷

Hui at#If ? I



THE QR FACTORIZATION

GI
'

UT
' Ii = 95

'

→ →

→
→ →

Fa
'

UI - Foia. uI=u¥ifEiTEA
'

as:=*E÷:÷*E:÷aI⇐¥÷
:÷t¥÷:÷a:*2 2

i ¥÷÷futurist of#Hoi .÷÷÷IO O 1



THE QR FACTORIZATION

A matrix U whose columns are LI can always be

factored as U=QR where

Q has orthonormal columns c- QTQ = I

R is upper triangular



EXAMPLE : Find a QR factorization for the matrix

3 - 5 1 We have computed
1 I 1:* : a ta

ai ÷ + :

Whence

÷:# ÷ IEEE: .IE#n:m::ImrniaaIEIehEa
.

normalize .



EXAMPLE : Find a QR factorization for the matrix

3 - 5 1
1 I 1

- i 5 - 2
3 -7 8

÷ :# ÷ IEEE: .to#n:m:EhrniaaoIeeIehEa
.

normalize .

It turns out that the three columns have norm VLT.

NIO NIO VIO -

250
312072

÷¥÷=
'

¥
-

Hiatt:
- rat .

Nat Nato Nat Vat

R
Q



LESSON 34 : LEAST- SQUARES PROBLEMS ( SECTION 6. 5)

PROBLEM : find the line that best fits the points

I 0,1 ) , 11,11 , 12,21 , 13,2 ) .

What is " best fit " ?

We look for Po and B, such

• .
that

y
approximately

• •
Po to , O=pPo to , 1 I 1

Po to ,
2=2

Po tf ,

32
2



PROBLEM : find the line that best fits the points

I 0,1 ) , 11,11 , 12,21 , 13,2 ) .

what is " best fit " ? µ,

9g) I]=µg)
We look for Po and B, such

that
y

approximately X Y
unknown

Po

tho=p Approximate solution for Xpty
Po to .1=1 HXP - YH minimal among all f

Po to ,
2=2

Po to ,

32
2 qq.gg?3FoitE4llXf-Yll=VERtE22tEz2tE4T



DEFINITION : Let A be an mxn matrix and5
'

a vector in

IR ?We say that a vector I in IR
"

is a least-squaressolutionof AI '
-
- I if HB - AI HE 115 - AI 'll for all I

' in IR ?

The number 115 - AIM is called the least-squares error of I
.



THEOREM Let A be an mxn matrix and5
'

a vector in

IR? A vector I in IR "
is a least-squares solution of Ax=b→

if and only if ATAI = AT 5
'

.

i.5
'

Want AI = projco,HE
⇒ 5- AI is orthogonal to Col A

AI • ⇒ AT 15
'

- AI 1=0 ⇒ Atb = ATAR .

Col A = the set of
all AT '



WHEN IS THE LEAST-SQUARES SOLUTION UNIQUE ?

THEOREM : if the columns of A are LI then ATAI -
- Atb has

only one solution .

If  the columns of A are LD the ATAXIA Tb can have several

solutions .

-
↳ columns of A LI ⇒ if ATAx=ATb then ATA I x - y ) a Cx - y ) -

- O

and ATAy=ATb
⇒ HAH - yl 112=0

LI column
AH- y ) =p

X
⇒ x - y -0

↳ columns of A LD ⇒ there is TEO such that AT '=0

if ATAI = Atb

then ATA txt to 't Atb for any t in IR



EXAMPLE : Find a least-squares solution of Ax=b where

A = 4 O I b = 9
1 - 5 1 06I O O

1 - I -5 O



EXAMPLE : Find a least-squares solution of Ax=b where

A = 4 O I b= 9
1 - 5 1 06I O O

1 - I -5 O

ATAI=ATb

AT = 4 I 61 ATA  = 54 O O ATb= 36

O - 5 I - I 0 27 O O

1 I O - 5 O O 27 9

54 O O Xi
. 36 Xi 213

O 27 O Xz = O ⇒ Xa = O
O O 27 Xz 9 Xz 1/3



EXAMPLE : Find a least-squares solution of Ax=b where

A = 4 O I b = 9
1 - 5 1 06I O O

1 - I -5 O

2nd solution : exploit the orthogonality of the columns of

A . Instead of using ATA x=ATb , go back to the original

system AX=b .

AI = projcoua,
b

→
b

.

.

.

.

A
.

=

ba÷aa! an taqaata as

Col A



EXAMPLE : Find a least-squares solution of Ax=b where

A = 4 O I b = 9
1 - 5 1 O

6 I O O

1 - I -5 O

AI = projcoica,
b

→
b

= ba÷aa! antSaat
¥3 as

.

.

.

.

⑥ .

AI o 1

= If I' tf- 5tf '

6 I O

Col A y
- I -5



EXAMPLE : Find a least-squares solution of Ax = b where

A = 4 O I b = 9
1 - 5 1 O

6 I O O

1 - I -5 O

O 1

AI =  Ef Y
- ft - 5 - 2¥ 1

6 I 0

1
- I -5

4 O I Xi
1 - 5 1
• to

=

tf
7¥

+
at I

1 - I -5 - 5

Xi 2/3
⇒ X2 =0×3113



PROBLEM : find the line that best fits the points

( 0,1 ) , 11,11 , 12,21 , 13,2 ) .

I :÷÷:÷÷:
" "

:c:
"

:y
6 14 fit 11

XTX f y
ft . 4

• •

• •



LESSON 34 : LEAST- SQUARES PROBLEMS ( SECTION 6. 5)

PROBLEM : find the line that best fits the points

I 0,1 ) , 11,11 , 12,21 , 13,2 ) .

What is " best fit " ?

We look for Po and B, such

• .
that

y
approximately

• •
Po to , O=pPo to , 1 I 1

Po to ,
2=2

Po tf ,

32
2



PROBLEM : find the line that best fits the points

I 0,1 ) , 11,11 , 12,21 , 13,2 ) .

what is " best fit " ? µ,

9g) I]=µg)We look for Po and B, such

that
y
approximately X Y

unknown

Po

tho=p Approximate solution for Xpty
Po to .1=1 HXP - YH minimal among all f

Po to ,
2=2

Po to ,

32
2 qq.gg?3FoitE4llXf-Yll=VERtE22tEz2tE4T



DEFINITION : Let A be an mxn matrix and5
'

a vector in

IR ?We say that a vector I in IR
"
is a least-squaressolutionof AI ' -

- I if HB - AI HE 115 - AI 'll for all I
' in IR ?

The number 115 - AIM is called the least-squares error of I
.



THEOREM Let A be an mxn matrix and5
'

a vector in

IR? A vector I in IR "
is a least-squares solution of Ax=b→

if and only if ATAI = AT 5
'

.

i.5
'

Want AI = projco,HE
⇒ 5- AI is orthogonal to Col A

AI • ⇒ AT 15
'

- AI 1=0 ⇒ Atb = ATAR .

Col A = the set of
all AT '



WHEN IS THE LEAST-SQUARES SOLUTION UNIQUE ?

THEOREM : if the columns of A are LI then ATAI -
- Atb has

only one solution .

If  the columns of A are LD the ATAXIA Tb can have several

solutions .

-
↳ columns of A LI ⇒ if ATAx=ATb then ATA I x - y ) a Cx - y ) -

- O

and ATAy=ATb
⇒ HAH - yl 112=0

LI column
AH- y ) =p

X
⇒ x - y -0

↳ columns of A LD ⇒ there is TEO such that AT '=0

if ATAI = Atb

then ATA txt to 't Atb for any t in IR



EXAMPLE : Find a least-squares solution of Ax=b where

A = 4 O I b= 9
1 - 5 1 06I O O

1 - I -5 O

ATAI=ATb

AT = 4 I 61 ATA  = 54 O O ATb= 36

O - 5 I - I 0 27 O O

1 I O - 5 O O 27 9

54 O O Xi
. 36 Xi 213

O 27 O Xz = O ⇒ Xa = O
O O 27 Xz 9 Xz 1/3



EXAMPLE : Find a least-squares solution of Ax=b where

A = 4 O I b = 9
1 - 5 1 O

6 I O O

1 - I -5 O

2nd solution : exploit the orthogonality of the columns of

A . Instead of using ATA X=ATb , go back to the original

system Ax=b .

AI = projcoua,
b

→
b

.

.

.

.

*
.

.

= b -

ba÷aa: a .
- aqaa - Faa} as

Col A



EXAMPLE : Find a least-squares solution of Ax=b where

A = 4 O I b = 9
1 - 5 1 O

6 I O O

1 - I -5 O

AI = projcoica,
b

→
b

= ba÷aa! antSaat
¥3 as

.

.

.

.

⑥ .

AI o 1

= If I' tf- 5tf '

6 I O

Col A y
- I -5



EXAMPLE : Find a least-squares solution of Ax = b where

A = 4 O I b = 9
1 - 5 1 O

6 I O O

1 - I -5 O

O 1

AI =  Ef Y
- ft - 5 - 2¥ 1

6 I 0

1
- I -5

4 O I Xi
1 - 5 1
• to

=

tf
7¥

+
at I

1 - I -5 - 5

Xi 2/3
⇒ X2 =0×3113



PROBLEM : find the line that best fits the points

( 0,1 ) , 11,11 , 12,21 , 13,2 ) .

i÷÷÷:÷÷
" "

:c:
"

÷6 14 fa 11 ft . 4

• •

• •



DEFINITION : Let V be a vector space .
An inner product on

V is a function l .

,
. 7 : Vx V → IR that satisfies the

axioms :

its .

,
. > is bilinear and symmetric .

ii I If it ' to ' then CUTE '

) > O .

DEFINITION : the norm associated to the inner product c. ,
. )

is the function Hill : V → IR defined by 11511 = KEITT .



DEFINITION : Let V be a vector space .
An inner product on

V is a function l .

,
. 7 : Vx V → IR that satisfies the

axioms :

i ) C .

,
. > is bilinear and symmetric .

ii I If it ' to ' then CUTE '

) > O .

FIRST CONSEQUENCE OF THE AXIOMS

iiil lot , 07=0

( 54,0'

) =L E 't 0707 so Hot , 07



EXAMPLES OF INNER PRODUCT SPACES

1) Given Xe , 12
,

. . . , In POSITIVE numbers
,

one can define

an inner product in IR " like this :

( I
'

, I
'

) X ,
X , Y , t 72×2 ya t . .  . t Xnxnyn

2) Let Pn be the vector space of polynomials of degree at

most n . Let to
, ti

,
. . . .tn . a be distinct numbers . Define

sp , of )pctolfltoltptt.lqtt.lt
. .  . tpttn.nl Attn . it .

3) Let 8
-

La , b ] be the vector space of continuous functions

on [ a , b ] . Define L fig ) = fabfctlgltldt .

4) Let 8
-

La , b ] be the vector space of continuous functions

on Ea , b ] . Let w :[ a , b) → IR be a POSITIVE function .

Define L fig )fabfcttgltlwttldt.



THEOREM : 1) The concepts of orthogonality , orthogonal complement
,

and orthogonal projection make sense when IR
"

is replaced by

a vector space and the dot product by an inner product .

2) The Orthogonal Decomposition Theorem
,

the Best Approximation Theorem and

the Pythagorean Theorem

are true
,

and theGram - Schmidt algorithm works ro duct by an inner product .

when IR
"

is replaced by a vector space and the dot product

by an inner product .



THE MOST IMPORTANT INEQUALITIES IN MATHEMATICS

① THE CAUCHY - SCHWARZ INEQUALITY

kit , it
'

7 Rsat
'

,
it > cut ,

it >

We know CUTE
'

7 30 and is 0 only if it ' =P
.

( I
'

- wt
,

it
'

- it
'

) 70 ( I' tht
, ut tht ) 70

⇒ CUTE
'
7 tsw.WS 32coin 'S ⇒ at

'

, tcwiw '
> x - 2W

, it's

⇒ ICE
' ,w→ 7 If svTE7tCuiw for ANY CHOICE of it ,w→

2

⇒ Kat ,
it

' 7 Is tf we
, ¥ it > = fix )

It

KvTw→ 7 I

What X makes f- C X ) as small as possible ?



THE MOST IMPORTANT INEQUALITIES IN MATHEMATICS

① THE CAUCHY - SCHWARZ INEQUALITY

kit , it
'

> Rsat
'

,
it > cut ,

it >

kit

,w→l=tf we
, ¥ it > = fix ) ⑧

What X makes f I X ) as small as possible ?

Find X Such that f ' 171=0 .

-

f- ' I X ) = ACUTE' ) - X
- 3Gt '

, 7=0 ⇐ A =
Ruth )

¥07

Plug this minimizing A into ⑧

Kent '
> Is Ikuta7 vatiwttarutu >ratios .



THE MOST IMPORTANT INEQUALITIES IN MATHEMATICS

① THE CAUCHY - SCHWARZ INEQUALITY

kit , it
'

> Psat,
it > cut ,

it >

② THE  TRIANGLE INEQUALITY → →

" Ftw 'll SHE 'll -111in 'll WTV %w→

HE 'tw→H2=Lv→tW→,v→tW→ > →

=CvTu→ 7 Hut ,w→ > tacos ,w→>
U

% HE 'lRtHw→lRt2Hv 'll . HUT'll =/ HE'll tllw 'll )2



EXAMPLE : Consider the vector space

f [ 0,21T ] = f f :[ 0,21T ] → IR continuous }

with the inner product

s f , g) = Sod
"

fcttgltldt .

Then ( cos mt
,

Sin ht 7=0 for any choice of integers m and n .

We need to verify

so
"

cos mtsinnt at O

eimteint-ccosmtcosnt-sinmtsinntltilsinmtcosntts.in
ntcosmt )

e-im feintCcosmtcosnttsinmtsinntttitsinmtcosnttsinntcosmtl
Look only at the imaginary part .



EXAMPLE : Consider the vector space

f [ 0,21T ] = f f :[ 0,21T ] → IR continuous }

with the inner product

s f , g) = Sod
"

fcttgltldt .

Then ( cos mt
,

Sin ht 7=0 for any choice of integers m and n .

We need to verify

so
"

cos mtsinnt at O

eimteint-ccosmtcosnt-sinmtsinntltilsinmtcosntts.in
ntcosmt )

e-im feintCcosmtcosnttsinmtsinntttitsinmtcosnttsinntcosmtlImf! icmtnltteic -
mtnttdt

 = 21!
"

cos mtsinnt dt
I I

Im f e
" Mtn It

+ eifmtn )mtn.mn/to=2T 3=0



PROBLEM : Consider the vector space

8 Et , I ] = f f :[ - I , it -7112 continuous ]

with the inner product
Lf , g ) If fcttgcttdt .

Find an orthogonal basis for span ft ,
t

,
ta } .

We can use the Gram - Schmidt process .

We are given UT = I
, Tia = t

, Ti, = ta and we look for

GI
'

, II.95 orthogonal with span fu-i.ua, it's3 = spanhot ,II.951 .

Ei -
- ut

GI = UI - CUT , 957 -

Fig 9-1

E -
- ut - Y¥÷I¥- 'FEIT'T

2 2



PROBLEM : Consider the vector space

8 Et , I ] = f f :[ - I , it -7112 continuous ]

with the inner product
Lf , g ) If fcttgcttdt .

Find an orthogonal basis for span ft ,
t

,
ta } .

UT = I
, Tia = t

, Ti, = ta

Fi = UT = 1

95
'

= UI -sY¥÷÷7qI=t - -20.1 -
- t

E- UT - ftp.go.IE- 'FEIT '
of = t

'
- Iet -

It2 2 3

= ta - I



PROBLEM : Consider the vector space

8ft , I ] = If :[ - 1,1 ] -7112 continuous ]

with the inner product
Lf , g ) fffcttgcttdt .

Find an orthogonal basis for span ft ,t ,
ta } .

Gram - Schmidt yielded { I ,
t

,
ta - I } .

CHECK ORTHOGONALITY :

s 1. ta - t ) O Lt ,
ta - Iz ) IO

I ii. Ha . Skit o
I 't H2 - flat  Io

t = I

⇒ tf . ¥1 so
t

'
- Idt - ta - ¥

'

so

t  = - i



BONUS PROBLEM : Consider the vector space

V = { f : IR → IR such that fo? ffx Re- × 42
dx soo }

with inner product
Sf , g) = fo? ffxlgcx ) e

- MK
dx .

A) Let Pnlxl = e×%1¥n e-
×%

,

( that is
, differentiate e-

×%
n times and multiply the result

by e
×%

) . Show that Pncx) is a polynomial .

B) Using integration by parts , show that Pocxl , Pdx ) , . . . are

orthogonal .

c) Show that 111211 = n !
.



LESSON 36 : DIAGONAL RATION OF SYMMETRIC MATRICES

THEOREM : Let A be a SYMMETRIC square matrix . Then

A  =

QDQTfor some DIAGONAL D and ORTHOGONAL Q .

REMARK : *
' '

A is symmetric "
means AT = A

.

* * an orthogonal matrix is one whose columns are orthonormal
.



THEOREM : Let A be a SYMMETRIC square matrix . Then

A  =

QDQTfor some DIAGONAL D and ORTHOGONAL Q .

1) The eigenvalues of A are real numbers .

For if Are = zu and ITV =L and A is symmetric

then E=Z
,

because

z = IT ( Z v ) = IT Av

E = UTE -01 =vT Art c- IT=EE and F- A

=vTATf

-
- 6- TAUT

= Z



THEOREM : Let A be a SYMMETRIC square matrix . Then

A  =

QDQTfor some DIAGONAL D and ORTHOGONAL Q .

1) The eigenvalues of A are real numbers .

2) Eigenvectors associated to different

eigenvalues
are

orthogonal .

For if Av = Xv
, Aw= few and X 't µ then

V. W = X
- ' ( Xv ) . W = X

- ' ( Av ) . w = X
- '

v . A w = tf v. W
x x

if XFO

⇒ X v. w = µ v. w ⇒ V. w = O



THEOREM : Let A be a SYMMETRIC square matrix . Then

A  =

QDQTfor some DIAGONAL D and ORTHOGONAL Q .

1) The eigenvalues of A are real numbers .

2) Eigenvectors associated to different

eigenvalues
are

orthogonal .

3) If A is nxn then there are n LI eigenvectors .
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THEOREM : Let A be a SYMMETRIC square matrix . Then

Tit A  = QDQ

for some DIAGONAL D and ORTHOGONAL Q .

in A = 719795%729-295'Tt . .  . t Xnotiotn
'T

,

where Q=[ off . . . 95
' ] and AGT

'
= Xj AT.

REMARK : The orthogonal projection of I
'

onto GT is GTGTTUT
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EXAMPLE : orthogonally diagonalize the matrix

A  = 's
'

It
STEP I : find the eigenvalues of A

.

It is easier to find the eigenvalues of 3A .

o=det( 3A -XI) =

12
- X

ja,
- I =

- I - I

- I - I 2 - X

= ( 2 - X ) 2 - X - I - I - I - I 2 - X
+ -

- I 2 - X - I 2 - X - I

-1=12-773-12- A) - 12 - X ) - 1 - l - 12 - X ) = -13+672 -

GX
=

-71×2-67+91=-717

-
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EXAMPLE : orthogonally diagonalize the matrix

A  = 's IIeIf)STEP I : find the eigenvalues of A
.

The eigenvalues of 3A are 0,3 and 3

⇒ the eigenvalues of A are0,1 and 1
.

STEP 2 : find an orthonormal basis of eigenvectors

* I AI' =P
. Can take I =/ha ) .

* * I ( 3A - 3115=0
'

need two orthogonal eigenvectors



( 3A - 3115=0
'

need two orthogonal eigenvectors

÷i÷H¥H%
At Pick two LI eigenvectors
B) Gram - Schmidt

it fE,
) fly )
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VERIFY : AT
'

= I
'

,
Art '=u→ and vi. I '

=O .



EXAMPLE : orthogonally diagonalize the matrix

A  = I If)STEP I : find the eigenvalues of A
.

0,1 and I

STEP 2 : find an orthonormal basis of eigenvectors

we have

f! ) fE,
) fftgg) orthogonal but not orthonormal

NORMALIZE :

a Iz
.

:a÷¥¥)



EXAMPLE : orthogonally diagonalize the matrix

A  =3 If )
STEP I : find the eigenvalues of A

.

STEP 2 : find an orthonormal basis of eigenvectors

TEI : write A  = QDQT

Oat:÷÷:÷÷÷÷x::* :÷÷÷÷÷÷i
I

STEP 4 : check if AQ = QD
























