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CHAPTER 3

Applications of the Derivative

Section 3.1

Solutions to Even-Numbered Exercises
2. f(x) :er%:erSZX*2

3 _
f(x) = 1 — 64x 3 == = 64

At (2, 10), fisdecreasing since f(2) = —7.
At (4, 6), f has a critical number since f(4) = 0.
At (8, %), fisincreasing since f/(8) = Z.

y

ol @19

(4,6)

/_§2_ _§ 2
6.f—4x 3—4(x 4)

f has critical numbers at x = +2. Moreover, fis
increasing on (—oo, —2), (2, o0) and decreasing
on(—2,2).

10. f(x) =5 — 3x
f(x) = -3

Since the derivative is negative for all x, the function is
decreasing for all x. Thus, there are no critical numbers.

f is decreasing on (— oo, oo0).

4.

12.

. 7

I ncreasing and Decreasing Functions

f(x) = =3x/x+ 1= —3x(x + 1)¥2

Fx) — —3x[%(x + 1)—112(1)} b+ DV2(—3)

—g(x + 1) V2x + 2x + 1)]
_3 172 _ _33x+2
2(x+ 1)-%2(3x + 2) R

At (—1,0), f hasacritica number since f(—1) is
undefined.

At (-2/3,2/3/3), f hasacritical number since
f(—2/3) = 0.

At (0, 0), f isdecreasing since f(0) = —3.

(_z &)
3’ 3

(-1,0) \(0,0)

XD -0 xR+ 2x  x(x+ 2)
B (x + 1)2 T (x+ 12 (x+1)2

f has critical numbersat x = 0, —2 and hasa
discontinuity at x = — 1. Moreover, f isincreasing on

(=00, —2), (0, oo) and decreasing on (—2, —1), (—1, 0).

g(x) = (x + 2)
gx)=2x+2 =0

I I
f f
-2 -1

Critical number: x = —2
Interval —0<X<—2|—-2<X< o0
Sign of g’ g<0 g>0
Conclusion | Decreasing Increasing

97



98

Chapter 3

Applications of the Derivative

14 y=-(x—2%=2x—x?

y=2-2x=0

Critical number: x =1

16. y=(x — 2)3
y=3x—2?2=0
Critical number: x = 2

Interval —co<X<l|l<X<oo Interval —o<X<2|2<X<o0o0
Sign of y’ y' >0 y <0 Sign of y’ y >0 y' >0
Conclusion | Increasing Decreasing Conclusion | Increasing Increasing
y ici ; _
yisincreasing on (— oo, co).
L n y
i \ "
]
18. f(x) = V4 — x? 20. f(x) = x2+ 8x+ 10
fx) =2x+8=0
P = 58— ) VA(-20 = —— 2 W
4-x Critical number: x = —4
Domain: —2 < x< 2
Critical numbers; x = 0, x = +2 Interval —©<X<—4|-4<x<oo
Sign of f’ f"<0 f”>0
Interval —2<x<0|0<x<2 - ) -
Conclusion | Decreasing Increasing
Sign of f’ f’>0 f"<0
Conclusion | Increasing Decreasing \ )f
-12 6
y
al
©.2) 49
-8
o
(-2,0 (2,0)
-2 -1 2
ol
2. f(x)=x3—3x+2=xX—-1DAx+ 2
f(x) =32 —-3=3x+ 1x—-1)
Critical numbers: x = +1
5
Interval —o<X<—1|-l<x<l|l<X<oo 14
Sign of f’ f?>0 f?<0 f”>0 {\\j
Conclusion | Increasing Decreasing Increasing - ; 1.0 ’
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24, h(x) = x(x — 1)/3

h(x) = X%(X - 1)+ (x — V3

= 26— 120+ 3x — 1)

__ &X-3
3(x — 1273

Critical numbers; x = g 1

Interval —oo<X<‘§1 %<x<1 l<Xx<oo
Signofh” | h' <0 h">0 h’>0
Conclusion | Decreasing Increasing | Increasing
1
26. f(x) = ZX4 — 2x2 4
f(x) =x3—4x = x(x — 2)(x + 2 ~ ‘l 1 s
Critical numbers; x =0, 2, -2 ]\/\}I
-6
Interval (=00, —2) | (=2,0) 0,2 (2, o0)
Signof f* | f'<0 f’>0 f’<0 f’>0
Conclusion | Decreasing | Increasing | Decreasing | Increasing
28, f(x) =y = =X 30. f(x) = —
. =y= X2 + 4 ’ B X+ 1
_ (A2 - (29 _ 8 F(x) = X+ -0@) _ 1
(X2 + 4)2 (X2 + 4)2 B (x + 1) S (x+ 1)2
Critical number: x =0 No critical numbers
Discontinuity: x = —1
Interval —0o<Xx<0|0<X<oo
- Interval —co<X<—-1|-1l<Xx<oo
Sign of f/ f"<0 f’>0
. . ) Sign of f’ f”>0 f">0
Conclusion | Decreasing Increasing
Conclusion | Increasing Increasing
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2xX+1 x< -1 y
32 y_f(x)_{xz—Z, x> —1 3T
2L
2, x<-1
7, — ' 1+
Fo {ZX’X>_1 — ot x
-3 -2 -1 2 3
f/(— 1) is undefined. /
Critical numbers: x = —1,0 -3t
Interval —co<X<—-1|-1<x<0|0<x<oo
Sign of f’ f’>0 f’<0 f?>0
Conclusion | Increasing Decreasing Increasing
-x3+1 x<0 y
34'y_f(x)_{—x2+2x, x>0 oI
3l
P x<0 .l
f(X)_{—Zx+2,x>0 '~
£(0) is undefined. a1 \s
Critical numbers; x =0, 1 -2+
Interval —0o<X<0|0<x<l|l<Xx<o
Sign of f’ f’<0 f’>0 f’<0
Conclusion | Decreasing Increasing | Decreasing

36. Asthe temperature increases, the average velocity (the curve's peak) and the spread of velocities increases. For each given
temperature, the number of N, molecules increases for the first half of the interval of velocities and decreases for the second
half of the interval.

X2

38. st)=—16t2+ 64t, O<t< 4 40. P = 2.36x — 25000 3500 0 =< x =< 50,000
s(t)=—-32t+64=0 1
The critical number ist = 2. Therefore, the ball is moving (@ P7=236— 12,500X =0

up on theinterval (0, 2) and moving down on (2, 4). X = (2.36)(12,500) = 29500

(b) You should charge the price that yields sales of
x = 29,500 bags of popcorn.

Section 3.2 Extrema and the First-Derivative Test

2. f(x) =x*+8x+ 10 4 f(x) = -4+ 4x+1

f(x) =2x+8=2(x+ 4)

Critical number: x = —4
Interval (—o0, —4) | (—4,0)
Signof f" | — +
f Decreasing | Increasing

Relative minimum: (—4, —6)

f(x) = —-8x+4=—-42x—-1)

Critical number: x = 3

Intervdl | (—o0,3) 3. )

Sign of f’ f’>0 f’<0

Conclusion | Increasing Decreasing
Relative maximum: (% 2)
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1 1
6. g(x) = §x5 —X= g(x5 — 5x) 8. h(x) = 2(x — 3)3
1 h(x) = 6(x — 3)?
f(y) = =(By4 — — w4 _
9 5(5X 5 = x 1 Critical number: x = 3
Critical numbers: x = £1
Interval (—0,3) | (3,00)
Interval (o0, —1) | (—1,1) (1, o) Signofh’ | + n
Signof g’ | + - + h Increasing | Increasing
g Increasing | Decreasing | Increasing
. No relative extrema
Relative maximum: (f 1 g)
Relative minimum: (1, —%)
10. f(x) =x*—32x+ 4 12. f(x) = x* — 12x3
f/(x) = 4x® — 32 = 4(x® — 8) f/(x) = 4x3 — 36X% = 4x3(x — 9)
Critical number: x = 2 Critical numbers: x = 0,9
Interval (—o0,2) (2, o0) Interval (—o0,0) 0,9 (9, c0)
Signof f* | — + Sign of f’ f’<0 f’<0 f’>0
f Decreasing | Increasing Conclusion | Decreasing | Decreasing | Increasing
Relative minimum: (2, —44) Relative minimum: (9, —2187)
14. f(t) = (t — 13 4
f/(t) — ;(t _ 1)72/3 — # f_,_,a—'—‘
3 33/(t — 1)2 -6 = 6
Critical number; t = 1 — ]
-4
Interval (=o0,1) | (1,00)
Signof f* | + +
f Increasing | Increasing
No relative extrema
1 4
16. f(x) =x+ ; ]I\‘/
, 1 -6 6
f (X) = — ? =0
Critical numbers; x = +1 /1
Interval (=00, —-1) | (—1,0) 0,1 (1, 00)
Signof f/ | + - - +
f Increasing | Decreasing | Decreasing | Increasing

Relative maximum: (—1, —2)
Relative minimum: (1, 2)
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4
18. f(x) = 21 6
, —8x
M =tesne =0 _J;f\xk_

20.

24.

26.

28.

30.

Critical number: x =0

Interval (=0, 0) (0, c0)
Signof f" | + -
f Increasing | Decreasing
Relative maximum: (0, 4)
f(x) =3(2x+5), [0,5]
f(x) =5
No critical numbers
Endpoint | Endpoint
x-value x=0 x=5
f(x) 3 5
Conclusion | Minimum | Maximum

f(x) =3x2—-12=3x2—-4) =0
Critical numbers;, x = +2

Endpoint Critical Endpoint
x-value x=0 X=2 Xx=4
f(x) 0 -16 16
Conclusion Minimum Maximum
ho) = ——, [3,5]
t—2 '
e —2
h(t) = 7“ — o

No critical numbers

[_ 1, 1]

6t
90 =tz rape

Critical number: t =0
1 1 _ _
g(X):4<1+;+?)=4(l+X1+X2), [—4,5]

g(x) = 4(—x"2 — 2x73) = (73 _ g) _ 74<X + 2>

x3

Critical number: x = —2
Discontinuity: x =0
No maximum

22. f(x) =x2+2x—4, [—-1,1]
f(x) =2x+ 2
Critical number: x = —1 (also an endpoint)
Endpoint | Endpoint
x-value x=-1 x=1
f(x) -5 -1
Conclusion | Minimum | Maximum
20
(4, 16)
Lleo / .
M)
-20
Endpoint Endpoint
t-value t=3 t=5
h(t) 3 2
Conclusion | Maximum | Minimum
Endpoint Critical Endpoint
t-value t=-1 t=0 t=1
g(t i 0 i
Conclusion | Maximum | Minimum | Maximum
Endpoint | Critical Discontinuity | Endpoint
x-value X=—-4 | x=-2 x=0 Xx=5
a(x) 3.25 3 Undefined 4.96
Conclusion Minimum
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32.

36.

44,

f(x) = 3.2x5 + 5x® — 35%, [0, 1]

Maximum: (1, 4.7)
Minimum: (0.4398, —1.0613)

5

=-rpg [0

-8

TR

No critical numbers; f is decreasing on [0, co)
Maximum: f(0) = 8

o =X
"0 =Ge+ 1
2(3x2 — 1)
0@ + 1
24x(1 — x?)
0@+ 1)

f(x) =

£(x) =

Critical numbersfor f7in[0,3]: x=0,x =1

Endpoint | Critical | Endpoint

x-value x=0 x=1 Xx=3

[ 2 > =

Conclusion | Maximum

k

4. fx)=4/x—2x+1 [0 6]

Maximum: (1, 3)
Minimum: (6, —1.202)

4

>~

X
x2+ 1

e+ D@ a2 x2-4

38. f(x) =8— [0, o)

P09 = 02 + 12

Critical number: x =1
Maximum: f(0) = 8
Minimum: f(1) = 6

R p—
00 = >
£ = — 29

flop = 122

fOK) = ——

No critical numbers of f@

Endpoint Endpoint
x-value x=1 xX=2

[f@(x)] 120 5

Conclusion | Maximum

X:ps' p>1 C = 4x + 100
— _ — 20 _ — 2/3 _ —
8=(1|(())3D K = 8000 P=xp—-C x<§/;() (4x + 100) = 20x 4x — 100
XZSOOODp:Q %zié)x*l/3—4=0whenx=%z37units
p ¥x

Since P isincreasing on (1, 1000/27) and decreasing on (1000/27, oo), the profit is maximum

when x = 1000/27 =~ 37 units and the price is $6.00.

T+ 12



104  Chapter 3  Applications of the Derivative

46. v=k(R-n1nr2 0<r<R

= k(Rr2 — r3)
% — K2R — 32 = kI (2R — 31)
Critical numbers. r = 0,r = %?
Endpoint | Critical Endpoint
r-value r=0 r=02R/3|r-R
Y, 0 (4kR3)/27 | v-0
Conclusion Maximum

The maximum air velocity occurswhenr = 2R/3.

Section 3.3

2. fX)=—-x3+3x2—-2
f(x) = —3x2 + 6x
f(x) = —6x + 6
f1(x) = Owhenx = 1.

Concave upward on (— oo, 1)
Concave downward on (1, co)

X2
x2+1
, 2
"X =Gt 12

on . —2(3x%2 = 1)
M=

6. f(x) =

f7(x) = Owhenx = + ~ +0.5774

1

V3

Concave upward on _1 1
P V3 V3

Concave downward on (— oo, —j§> and <\}§ oo)

48. (a) 1970: 2500 per 1000 women

(b) 1985-1990 most rapidly
1975-1980 most slowly

(c) 1970-1975 most rapidly
1980-1985 most slowly

(d) Answerswill vary.

Concavity and the Second-Derivative Test

a fg=2"14
gy _ (4= x92x — (X2 + 4)(=2x) _ 16X
f(x) = (4 — x?)2 - (4 — »2)2
#1x) = (4 —x3%16 — 16x - 2(4 — x)(—2x) _ —16(4 + 3
X) = (4 _ X2)4 - (4 _ X2)3

f”isundefined at x = +2.
Concave upward on (—2, 2)
Concave downward on (— oo, —2) and (2, o)

y

[

8. f(x) = x5 + 5x* — 40x2
f/(x) = 5x* + 20x3 — 80x
f/(x) = 20x3 + 60x2 — 80

Concave upward on (1, co)
Concave downward on (— oo, 1)




Section 3.3

Concavity and the Second-Derivative Test

105

10.

14.

18.

22.

26.

f(x) = (x — 5)?

f(x)=2x—5 =0

Critical number: x =5
f(x) = 2
f(5)=2>0

Thus, (5, 0) is arelative minimum.

4
f(x)—x+;

, 4 x2-4
=1-%="%

Critical numbers., x = +2

8

P =

f2)=1>0
f(-2)=-1<0

Thus, (2, 4) isarelative minimum and (—2, —4) isa

relative maximum.

X
x2—1

f(x) =

1+ x2
(@ = 17
2X(x2 + 3)

-1

No critical numbers
No relative extrema

f(x) = —

f7(x) =

-3

(—1.11, 0.057) is arelative maximum.

(0, —2) isarelative minimum.

f’ < 0, (decreasing)
f” > 0, (concave upward)

12.

16.

20.

24.

28.

f(x) = x*—4x3 + 2
f(x) =4x3 — 122 =4x3(x — 3) =0
Critical numbers: x = 0, 3
f(x) = 12x2 — 24x
f10) = 0
f13) > 0

Test fails

(3, —24) is arelative minimum.
(0, 3) is not arelative extremum.

fx) = V4 —x2

_ X

Ja-xt
—4

(4 _ X2)3/2

Domain: —2 < x< 2

f(x) =
f7(x) =

Critical numbers. x =0
f7(0) < 0
(0, 2) is arelative maximum.

[(2,0) and (—2, 0) are absolute minimums.]

1 1
— _Zy5 _ =y
f(x) 3 X + X

3

| RN
|

Relative maximum: (0.6830, 0.5247)
Relative minimum: (—1.4128, —1.5286)

-3

f’ > 0, (increasing)
f” < 0, (concave downward)

f(x) = x(6 — x)2 = x3 — 12x2 + 36x
f/(x) = 3x2 — 24x + 36

f(x) = 6x — 24 = Owhen x = 4.
f1(x) < 0on(—oo, 4)

f(x) > 0on (4, o)

Thus, (4, 16) is an inflection point.
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30.

38.

flx) =x*—18x2+ 5
f/(x) = 4x3 — 36x

f1(x) = 12x2 — 36 = 12(x2 — 3) = Owhen x = + /3.

f/x) > 0on(—oo, — /3)
f/x) < 0on (- /3, V/3)
f1(x) > 0on (./3, o0)

Thus, (— +/3, —40) and (/3, —40) are inflection points.

L) =2 -0t —-41t2- 4

f(t) = — 43 + 15t2 — 20
f1t) = —6t(2t — 5)

Inflection points: (0, 16), (% %)

f(x) = x3 — 3x% — 6x
f(X) =32 —3x—6=3x+ 1)(x—2)
Critical numbers; x = —1,x =2
f(x) =6x—3
f(-1) = -9 < 00 (—1,2) relative maximum
f12) = 9> 00 (2, —10) relative minimum

Point of inflection is (3, —%).

(_1‘ %ZII‘III , 10

(2,-10)

-12

36.

40.

32. f(x) = —4x3 — 8x2 + 32

f/(x) = —12x% — 16x
f(x) = —-24x— 16 =001 x=%2

Since f”changes sign at X = %2 (%2 %) isapoint of

inflection.

f(x) = x® — 3x

f(x) =3 —-3=3x—1(x+1)
Critical numbers: x = —1,1

f7(x) = 6x

f(-1) = -6<0

Thus (—1, 2) is arelative maximum.
(1) =6 >0

Thus (1, —2) is arelative minimum.

Point of inflection: (0, 0)

I

f(x) =2x*—8x+ 3
f(x) =8x3—8=28(x3—-1)

Critical number: x =1
f7(x) = 24x2
(1) =24 >0
Thus, (1, —3) is arelative minimum.
f(x) = 24x2 = Owhen x = 0.
f(x) > 0 on (—oo, 0) and on (0, oo)
Thus, there are no inflection points.

1

(I .

(1.-9
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42. g(x) = (x — 6)(x + 2)°
g'(x) = (x = B)[3(x + 2’| + (x + 23(2)
=(x+ 223(x—6) + (x+ 2] = (x + 2)%4x — 16)
Critical numbers: x = —2,4
g(x) = (x + 2)3(4) + (4x — 16)[2(x + 2)]
=2(x + 2[2(x + 2) + (4x — 16)]
=2(x + 2)(6x — 12) = 12(x + 2)(x — 2)
9(=2 =0
g4 =144>0

(Test fails)

100

-6

20 .

(2, -256)1—

(4.-432)

-500

Thus, (4, —432) is arelative minimum. By the First-Derivative Test, (— 2, 0) is not a relative extremum.

9" (x) = 12(x + 2)(x — 2) = Owhenx = +2.
g"(x) > 0on(—oo0, —2)
g’(x) < 0on(—2,2)
g’(x) > 0on (2, co)
Thus, (—2, 0) and (2, —256) are points of inflection.

44. g(x) = x+/9 —x
, 18 — 3x
e
B 3(x — 12
Q(X)Zﬁ

Critical number: X = 6

g7(6) <0
Relative maximum: (6, 6./3) = (6, 10.3923)
g” < Ofor al x in domain.

Concave downward on (— oo, 9).

No points of inflection

15

(6,6v3)

48. Function First Derivative Second Derivative
f2 =0 f(x) >0, x<3 f(x) >0, x#3
f(4 =0 /(3) is undefined.

f(x) <0, x>3

The function has x-intercepts at (2, 0) and (4, 0). On

(= o0, 3), fisincreasing and on (3, co), f is decreasing.

f has either arelative maximum at x = 3 or a discontinuity
at x = 3. Also, f is concave upward on (— oo, 3) and (3, o).

46.

T p— -

X2
—4x
0 — 12
43x*+ 1)
0¢ — 1

f(x) =

f(x) =

Critical number: x =0
f7(0) < O
(0, —2) is arelative maximum.

No points of inflection

R

‘ —
3N 2 3 4
-
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50.

52.

56.

60.

(a) f’ispositiveon (0, 2) wheref isincreasing.

(b) f’isnegative on (—oo, 0) and (2, co) where f is decreasing.

(c) f’isincreasing on (—oo, 1) where f is concave upward.

(d) f’isdecreasing on (1, co) where f is concave downward.

R = —g(sz — 18x)

_4
9
R”> 0on (0, 3)

R” < 00on(3,5)

R” = (6x — 18) = Owhenx = 3.

Since (3, 36) is apoint of inflection, it is the point of
diminishing returns.

20t2

m, O<st<4

N(t) =

We need to determine when N(t) is greatest.

(- (41 B)(401) — (20t9)(2t)
N = 4+

= 160t(4 + t?)2
N”(t) = 160{t[—2(4 + t2)~3(2t)] + (4 + t3)72(1)}
= 160(4 + t2)3[—4t2 + (4 + t?)]

_ 160(4 — 3t?)
@+ 1)p

2 2.3
=0whent =+—= = +——.
V3 3

The student is assembling components at the greatest rate
whent = (2./3)/3 or at approximately 8:09 PM.

f(X) = —550¢ — 5% —3x + 1, [-2,2]
P = =3¢t = gx — 3
P = =% =3
Minimum: (2, —1.6)
Maximum: (—2, 2.93)

Point of inflection: (—0.55, 1.16)

54.

58.

62.

2.0,

2L

C = 0.002x® + 20x + 500

C = 0.002x% + 20 + 1;0

C’ = 0.004x — @ =0
X
s 900
0.004
X = 50 units
500,000t2
Y = 36 + t2

S(t) = 500,000[(36 +1)(2t) — (tZ)(zt)}

(36 + t2)2
= 36,000,000t(36 + t2)~2

S/(t) = 36,000,000t] —2(36 + t2)~3(2t) + (36 + t2)2(1)]
= 36,000,000(36 + t2)~3[—4t2 + (36 + 1?)]

_ 36,000,000(36 — 3t?)
(36 + t?)°8

= Owhent = +/12 = +2./3.

The sales of this new product is increasing at the greatest
ratewhent = 2./3 ~ 3.464 years.

=" [-33)

= D) —x¥29 2
M="erz  ter12
” — M

P = et

Relative minimum: (0, 0)

Inflection points: (\}é i) (—\% i)
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64.

Section 3.4

2.

10.

@ S'>0
(b) S'>0andS’> 0
(© S'=0
@ S'=0
(€ S'<0andS’ > 0
() S'=0andS’ > 0

Optimization Problems

Let x be the first number and y be the second number.
Thenx + y = Sandy = S — x. Thus, the product of
x and y is given by the following.

P=xy=x(S—x =—x2
P'=S- 2

P’ = Owhen x = S/2. Since P(S/2) = —2 < 0, the
product ismaximum when x = y = S/2.

. Let x be the first number and y be the second humber.

Then xy = 192 and y = 192/x. The sum is given by the
following.

S=x+3y=x+3(%> = X+ 576x
2
5 =1- 5762 = X370
X

Critical number: x = 24

1152

//
S 3

Since S”(24) > 0, the sum is minimum when x = 24 and
y = 192/24 = 8.

Let x be the length and y be the width of the rectangle.
Then2x + 2y = Pandy = %(P — 2x). The areais given
by the following.

A=xy=x3P — 2x) = 3Px — x2
A’ =3P — 2x

A’=0whenx = P/4.SinceA”= —2 < 0,Aisa
maximum when x = P/4 andy = P/4. Thisis a square!

66. Answerswill vary.

4. Let x be the first number and y be the second number.

Then x + 2y = 100 and x = 100 — 2y. Thus, the product
of x and y is given by the following.

P = xy = (100 — 2y)y = 100y — 2y2
P’ = 100 — 4y

P’ = 0wheny = 25. Since P(25) = —4 < 0, the
product is maximum when x = 100 — 2(25) = 50 and
y = 25.

8. Let x be the first number and y be the second number.

Then x — y = 50 and x = 50 + y. The product is given
by the following.

P =xy= (50 +y)y = 50y +y?
P”=50 + 2y

P’ = Owheny = —25. Since P(—25) = 2 > 0, the
product is minimum when x = 50 + (—25) = 25 and
y = —25

12. Let x and y be the length and width of the rectangle. The

areaisxy = Aandy = A/x. The perimeter is given by the
following.

P=2X+2y:2x+2<§\>=2X-i—2AX’1

2 _
pr_ o oaceo g 2A_2¢—2A
X X

P’=0whenx2 = A or x = JA.
P1(x) = 4Ax~3 > 0 O thisisaminimum.

Hence, x = VA, y = VA (asquare!)
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14. Let x and y be the lengths shown in the figure. Then xy = 180,000 and y = 180,000/x. The perimeter is given by the following.

P=2x+y=2x+ %
, 180,000  2(x? — 90,000)
pr=2- 2 2
X X
P’ = 0 when x = 300. Since P” = w and P(300) > 0,
P is minimum when x = 300 metersand y = 18??(‘)%00 = 600 meters.

16. Let x be the sides of the base, and y the height.

Surfacearea = 337.5=2x>+ 4xy [ y= $[337.5 — 2x?]

1 675 x| S
— w2y — v2| & o) | = 22, A ,
V = Xy x[4x(337.5 2X)] 8 X5 ¢
2 X
v =P ¥ o x=750 y=75
8 2
V(x) = =3x < 0 O x = 7.5isamaximum.

Dimensions; 7.5 x 7.5 x 7.5

18. Let x be the length shown in the figure. Then the volume of
the box is given by the following. L __

V=x6-2x? 0<x<3
V' =12(x — 1)(x — 3

V' =0whenx =3andx = 1. SinceV = Owhenx = 3
and V = 16 when x = 1, we conclude that the volume is . 6_ox X
maximum when x = 1. The corresponding volume is

V = 16 cubic inches.

R U

20. Let x and y be the lengths shown in the figure. Then x?y = 250/3 and
y = 250/3x2. The surface area of the enclosure is given by the following.

250 250
= 2 = 2 = 2
A=3xy+ x 3x<3xz)+x < X

250 _2¢& - 250
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22. A= (x+3)y+3)

36 = xy I yz%

A:(x+3)(3—f+3>

:36+¥+3x+9
dA 108
= —— 4 =
dx X2 3=0
X2 =36
X=6,y=6

15 y 15

By the First-Derivative Test, A isaminimum when x = y = 6. Thus, length = width = 9 inches.

24. The area of the rectangle is

_ _ (6 —X _1 g2
A—xy—x( 5 >—2(6x x?)

A = %(e ~ .

A’ = 0when x = 3. Thus, A is maximum when x = 3 and

_6-3_3
y="% T2

26. The areais given by the following.
A=2xy = 2X/25 — X?
— 2
A= 2 25 — 2x
V25 — x2
A’ = 0whenx = S/ﬂ. Thus, A is maximum when the
lengthis

10
2X=—==7.07
V2

and the width is

/ 5 )2 5
y = 25—(\&) =ﬁz3.54.

t
-10 -5 5 10

N X

28. The volume of the cylinder is
V = arr2h = 12(1.80469) ~ 21.66

which implies that h = 21.66/7r 2. The surface area of
the cylinder is

S=27r2 + 2arh

=27r2 + 277r<21'66>

r2

 ofmre + %)

s = 2(27'rr - 21'56).
r

S’ = Owhen 2713 — 21.66 = 0, which implies that

r=_.3/ 2;'7?6 ~ 1.51 inches

b 2166
© w(1.51)2

(Note that in the solution, h = 2r.)

=~ 3.02 inches.
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30.

32.

V= %szh = %sz(r + V12— x?) (seefigure)

dav _ 1 —x° 7 w2 _ X 2 7 w2 a2) —
dX—STr[erZx(rJr Vr x) Sm(z + 2rJr? —x 3x)—0
22+ 2rJr2 —x2—-3x2=0 o1

2rJr2 — x% = 3x% — 2r?
Ar(r2 — x2) = 9x* — 12x%r2 + 4r#

0 = 9x* — 8x2r2 = x2(9x2 — 8r?)

2J2r \
3

(- vi==)

x =0,
By the First Derivative Test, the volume is a maximum when

2 dn =1+ TR =

Thus, the maximum volume is

2 2
V= ;W<87r)<ﬁ) = 32t cubic units.

3 \V9/\3 81

The distance between a point (X, y) on the graph and the point (2, 1/2) is

d= \/(X—2)2+<y—;)2= \/(X—2)2+<x2—;>2

and we can minimize d by minimizing its square L = d2.

2
L:(x—2)2+<x2—%) —xt - ax+ 2

4
L' =4x3— 4
L’=O0whenx = 1landy = (1)?> = 1. Thus, the point nearest (2, 1/2) is (1, 1).

. The vqumeis%qrr3 + 7r2h = 12, thush = ?rzz - %r. 36. The perimeter is given by 3x + 4y = 10. Thus,
_ 1 _ . . .
The surface area is given by the following. y = (10 — 3x). Thetotal areais given by the following.
1 1 (V/3x 1 2
A = 4mr2 + 27rh == 2 — —y| X222 = —
A 2bh +y 2x< 5 ) + [4(10 3X)]
= 4mr2 + 277!’(% - ﬂr) N& 1
w3 = Y=x2 + —(100 — 60x + 9x?)
4 16
24 8
= 4712 + — — —7r? \f3 1
r 3 r=Y (=
A 5 x+16( 60 + 18x)
4 24
=3t J3 9\ 15
= X|— - - —
2 8 4
3 _
po B 2 89 ©
3 r 3r A’ =0whenx = ———— and
4/3+9
A’=0whenr = ¥9/7 = 1.42in.
~ 21032 )]= 103
Y=4 4/3+9/l 4/3+9

1
1
1
1
1
1
X
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38. Let x and y be the length and width of the rectangle. The radius of the
semicircleisr = y/2, and the perimeter is

200=2x+27-rr=2x+27r(%> =X+ my
which impliesthat y = (200 — 2x)/ . The area of the rectangle is
given by the following.

_ _ A :g _ y2
A—xy—x[ - } 71_(100x X?)

A = 2(100 - 2x)
T

A’ = 0when x = 50. Thus, A is maximum when x = 50 meters and

_ 200 — 2(50) _ 100
y T m

meters.

40. Since 2 + w2 = 242, we have 2 = 242 — w2,

S= khaw = k(242 — wAw = k(576w — W?)

S’ = k(576 — 3W) o ,
S’ = Owhenw = /192 = 8./3. Thus, Sis maximum when \\\ l

h? =242 — 192 = 3841 h = /384 = 8.6.

The dimensionsarew = 8./3 ~ 13.856 inches and h = 8./6 ~ 19.596 inches.

42. () Area = X2 + 7r? (b) Domain: 0 < x<1

— C 2
4 =4x+ 2qr O r:% ©

ﬂ)zzxz+(2_2x)2 \_/

o

AX) = x2 + 77(

0

(d) Aisminimum if x = 0.5601 and r = 0.28;

’ () Aismaximum if x = Oand r = 2/ (all the wire for
thecircle).

Section 3.5 Business and Economics Applications

2. R=48x2 - 0.02x3 4. R=30x¥3 — 2x

4 = — 2 — _
R = 96x — 0.06x? = x(96 — 0.06x) R = 20x-V3 _ 2 — 20 2
x

R’ = Owhen x = 1000.

R’ = Owhen x = 0 or x = 1600.

Thus, R is maximum when x = 1600 units.
Thus, R is maximum when x = 1000 units.
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6. C—0001x2+5+@ 8 C= 002x2+55x+@
3 _
o 0002)(_2)(320_0.002XX2 250 G/ = 004x + 5 1250 ~0

C/ = — 3 + 2 _
C Owhen x = 50. 0.04x 5x52X 1250: 0[] X = 5units

Thus, C is minimum when x = 50 units.

60
10. P =x —sz(—)— 0.5x + 600
p x ( )
= 60xY/2 — 0.5x — 600
P’=30xY2-05

30 1
=0when—== - [ X =60 [0 x= 3600
Ix o2 VX

By the First Derivative Test, this is a maximum.

60
X = 3600,p = = ldollar
P /3600
_ VX 3 gy
12. P=xp—-C —XSOfE (35x + 500) 14. C=x3— 6x2+ 13x
1 C=x%2-6x+ 13
_ o Ty3/2 _
15x 10x 500 C' =% —6
P’=15—2%x1/2 C’=0whenx = 3.
Thus, the average cost is minimum when x = 3 units and
C(3) = $4 per unit.
=0when 15= 2%‘& ® P
C’ = margina cost = 3x?2 — 12x + 13
100 = Vx C'(3) = 4=C(3)
10,000 = x.
By the First-Derivative Test, P is a maximum when
X = 10,000 unitsand p = 50 — % = $40.

16. (@ P=xp—C= x(lOO - %XZ) — (50x + 37.5) = —%x3 + 50x — 37.50

P = —gxz + 50
10 10 250
= Owhen x = —= unitsand p = 100 — 7(—> —— =~ $83.33.
V3 p= 2\/3 3
375 10 10 375
b C—50+—Whenx——theaver epriceisCl—= | =50 + ——— ~$56.50.
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18. P = —is3 + 652 + 400

10
/__iz — _i
P = 103 +123—s( 1OS+ 12)
P’=0whens= 0ors = 40.
3
r— _=Z +
P 55 12

P70) = 12 > 0 J Minimum

P7(40) = —12 < 00 Maximum The maximum profit occurs when s = 40 (or $40,000) and the
3 point of diminishing returns occurs at s = 20 (or $20,000).
P” = —gs + 12 = Owhen s = 20. The point is (20,000, 2,000,000).

20. Let x = the number of $40 increasesin rent.
Rent = 580 + 40x
Number of apartments = 50 — x
Cost per apartment = 45
Profit = P = (Rent)(Number of apartments) — (Cost)(Number of apartments)
(580 + 40x)(50 — X) — 45(50 — X)
= —40x? + 1465 + 26,750
P(x) = —80x + 1465
P’0 = when x = 18.3125.
If x = 18, P = 40, 160
If x =19, P = 40, 145
So, x = 18 and the rent is 580 + 40(18) = $1300.

22. A= Kki?
P = 0.12A — i(A) = ki?(0.12 — i)
P’ = ki?2(—1) + (0.12 — i)(2ki) = 0.24ki — 3ki%2 = ki(0.24 — 3i)

P”= 0wheni = 0andi = 0.08. The profit is maximum when i = 8%.

24. Let k = cost per mile to run the line overland. Then

C=2kS/+1+k2-x=k2/+1+ (2]

C’ = k[il — 1:|. Offshore oil well
VX
2x po Rt
C'=0when——==1 |

IX2+1 E Refinery
2% = \/m <= X > e—— 2 = X ——>1
42=x2+1
=1

X = \ﬂ=£mile
3 3 '
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v2 + 360

110
720 8)(7)
_ L10<v @) , 880
720 Vv \%

26. C:<

C_g(_@ggﬁ_g_%é
72 v2 v 72 V2
C’ = Owhen 11v? = 72.935
v = 78.23 mph.
. dp 500 : . .
30. Since x - (x+ 27 the price elasticity of demand is
_p/x _ 500 (x+2*_ x+2
K dp/dx x(x+2) —500 X
When x = 23, we have
_ 23+2 25
L =)

Since [n(23)| = ;—2 > 1, the demand is elastic.

34. (a) pd+x2=9

3p2$ +32=0

dp_ %
dx p?
p/x _  p®

1T xepr T e

@2 _
(22

Whenx =2,p=1,andn = — %

200 X
36. C= 100<7+X+30>, x=1

CI

_ 3000x® — 40,000x? — 2,400,000x — 36,000,000

x> + 60x* + 900x3
Using the root feature, C” = 0 for x = 40.45

Minimum obtained with order size of 4045.

28.

32.

(b)

(©

38.

Since dp/dx = —0.03, the price elasticity of demand is
_ p/x _(6-003)/x . 5
T= dp/dx ~ —003  ~ 003
When x = 100, we have
_,__ 5 _ .2
7=+ 7003100 3

Since [1(100)| = 5 < 1, the demand is inelastic.

dp 0.1

Since& = _E the price elasticity of demand is
_ _p/x _ 100 - VO.2x /0.2x
T~ dp/dx X —01
_ 9 1000 0.2x.
X

When x = 125, we have

_,_ 1000/0.2(125) _

= 125 —38.

Since |1(125)| = 38 > 1, the demand is elastic.

R=xp=xJ9-x3

R = x| 200~ X9 23(-3)| + (0 - x)

9 — 2x3
— (9 — x3)-2/3—y3 _ 3\ =
(9 = x3)~2[—x3+ (9 — xI)] @ — X323
R = 0whenx = ¥9/2and p = ¥9/2.
39/2)°
va7) - - =-1
9=
In(#972) =1
X = 800 — 40p
X
p—ZO—%
dp _ -1
dx 40
ey oA P/X o
When p = 5, x = 600; 1 dp/dX.S|nce|n|<1,the

demand isinelastic. No, revenue cannot be increased by
lowering the price.
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40. (@) S= 201.556t2 — 502.29t + 2622.8 + @ 4<t<13

(t = 4 corresponds to 1994.)
9286

S’ = 403.112t — 502.29 — 2

>0

18,572
t3

S” = 403.112t + #0

Sisincreasing most rapidly at t = 13 (2003).
(b) Sisincreasing most slowly att = 4 (1994).
(c) 2003: S’(13) =~ $4683 millions per year per year
1994: S’(4) ~ $530 millions per year per year
(d) 40000

42. (a) Demand function
(b) Cost function
(c) Revenue function

(d) Profit function

Section 3.6  Asymptotes

. . . 4 . 4
2. A horizontal asymptote occurs at y = 0 since JLWOL x—27 0 and XU[nOO x—27 0]
A vertical asymptote occurs at x = 2 since lim 4 and lim 4
asymp! N X2 (X—2)3_ * X-2F (X—Z)S_Oo-
. . .2+ 2+
4. A horizontal asymptote occursaty = —1since lim STX_ _gand lim Xo 1
x—oo 1 — X x--c0 1l — X
. . . + . +
A vertical asymptote occursat X = 1 since lim 24X oo and lim 2+ X —oo.
x-1-1 — X x-1+1 —
6. A horizontal asymptote occursat y = 0 since lim —Ax =0and lim — =0
’ asymp y= X 00 X2 4_ X—.fooX2+4_ '
The graph has no vertical asymptotes.
. . X+ ooxX+1
8. A horizontal asymptote occursat y = O since lim ———_- =0and lim — =0
x-o0 X3 — 8 X—-—o0 X3 — 8
A vertical asympot ax = 2since lim % = — oo and lim L =
vertical asymptote occursat x = 2 since lim *5—¢ = —coand lim “3—5 = oo
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10.

12.

14.

16.

20.

24.

28.

32.

36.

38.

40.

The graph of f has horizontal asymptote at y = +2. It has no vertical asymptote and it matches graph (b).

The graph of f has a horizontal asymptote at y = 2. It has no vertical asymptote and it matches graph (a) since it has a
y-intercept at (0, 2).

The graph of f has a horizontal asymptote at y = 2. It has no vertical asymptote. The y-intercept is (0, 5).
Thus, it matches graph (d).

1 . 2+X

L 8 imy ==
im_x__1 im (x2 - 1) = 0— (o) =
)I(lm 2116 2 22. Xllrg (x x) = (—o0) = oo
. 58 + 1 5 1 Lo2xv -1
><|Lr2>10x3—3x2+7_170_§ 26'><|Lr2:10x3-1—3_0
Iimx3—2x2+3x+1_ ) 1
oo X2+ 2 30'JLTO(2_Q =2-0=2
2

Iim( 2 + S >=oo+3=oo
x-oo \X — 1 X+ 1

X 100 | 10t 102 108 104 10° 1068

fx) | 1 5.132 | 50.126 | 500.125 | 5000.126 | 50,000.2 | 500,000
lim [x2 — x/x(x — D] = o0
X— 0o

3x?

¥ =06ne+1

X 10° 10t 102 108 10* | 105 | 108

f(X) | 2.7273 | 27.2727 | 29.9700 | 29.9997 | 30 | 30 | 30

lim f(x) = 30
X - o0

X —106 —-10* —10? 100 | 102 10* 108

f(x) | —2,000,000.5 | —20,000.5 | —200.5 | 1 0.501 | 0.500 | 0.500

lim [x - Vx(x - 1)] =05 lim [x - Ix(x = l)] = —o0
X— 00 X— —oo
Intercepts: (3, 0), (0, %) Y
Horizontal asymptote: y = 1 T

3+ 1
Vertical asymptote: x = 2 0l H-
__-»'%(O 5)

No relative extrema 1 .

1
| |)a
IR
b o
P
R
—----T-r
T\ T
w
K=
w
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42.

46.

X
=232

Y — 4_X2 — —
f(x)—(X2+4)2—0D X =2

Intercept: (0, 0)
Relative maximum: (2, %)
Relative minimum: (2, —;l,)

Horizontal asymptote: y = 0

YT
No intercepts
Horizontal asymptote: y = 0
Vertical asymptote: x = 0
- _8
y - X3

No relative extrema

| I I
f f f
-3 -2 -1 1 2 3

. Intercept: (—1,0)

Horizontal asymptote: y = 1
Vertical asymptote: x = 0

1

/=
y = X2

No relative extrema

44. Intercept: (0, 0)

Horizontal asymptote: y = 0
Vertical asymptotes: x = +2
qo _ X —4
g (X) - (X2 _ 4)2

No relative extrema

. Intercept: (0, 0)

Horizontal asymptote: y = 0
Vertical asymptotes: x = =1

. 202+ 1)
Y= "a e

No relative extrema

~ oo
X—2
S Rl v

Intercepts: (2, 0), (0, —2/3)
Horizontal asymptote: y = 0
Vertical asymptotes: x = 1landx = 3

—(x*-4x+5)

Fe9 = (x® — 4x + 3)?

No relative extrema
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x2-9 [x—=3, X# —3 .
54. 9 = X+3 {undefined, x=—3 56. :_:lte-rcept;al ©.0 0
orizontal asymptote; y =
Intercept: (3,0), (0, =3) Vertical asymptote: x = —1
No asymptotes '
No relative extrema y = %
X

y
G0, Relative maximum: (1, :ll)

e ‘
3 -2 -1 1 2/3
-1+ y
ol .
ek
‘
‘

0,-3

58. (@ C=05+ % 60. (a) C(15) =~ $14,117.65

C(50) = $80,000
C(90) = $720,000

80,000
© fm © = jim (05 + 52) - 050 © .10 2005~ =

(b) C(750) = $7.50
C(1750) = $0.90

(c) 1000000

62.
@ ni|i 2 3 4 5 6 7 8 9 10

P |05 | 074| 082| 086| 089| 091|092 | 093 | 094 | 0.95

05+09n—1)

®) M oam—1 *
() -
Lo
A
64 (o p— R C_ 099 (34.5¢ +15,000) _ 35.4x — 15000 _ ., 15000

X X X
(b)  P(1000) = $20.40
P(10,000) = $33.90
P(100,000) = $35.25

15,000)

(c) Xlim (35.4 - = $35.40
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Section 3.7

2. y=2x*—-4x+1
y =4x—4=4x—-1)
y//=4

Intercepts: (0, 1), (1 = /2/2,0)
Relative minimum: (1, —1)
Concave upward

y

A

\ /.
AV

(L,-1

6. y=x3+3x>+3x+2
y = 3x2+ 6x + 3 =3(x+ 1)?
y'=6x+6=6(Xx+ 1)

Intercepts: (0, 2), (—2, 0)
No relative extrema
Point of inflection: (-1, 1)

i

10. y = 3x* — 6x2 = 3x3(x%2 — 2)
y = 12x3 — 12x = 12x(x?> — 1)
y’ = 36x2 — 12 = 12(3x2 — 1)
Intercepts: (0, 0), (= /2, 0)

Relative maximum: (0, 0)
Relative minima: (=1, —3)

Points of inflection: (+./3/3, —5/3)

Curve Sketching: A Summary

12.

. y:—%(x3—3x+2)
y=-33C-3 =1-x2
y’= —2x

Intercepts: (0, —2), (1,0), (—2,0)
Relative minimum: (—1, —%)
Relative maximum: (1, 0)

Point of inflection: (0, —%)

y=—4¢+ 6x2
y' = —12x% + 12x = 12x(1 — x)
y/ = —24x + 12 = 12(1 — 2x)

Critical numbers: x = 0, 1
Relative maximum: (1, 2)
Relative minimum: (0, 0)
Point of inflection: (% 1)

NI
Ll
Ll

f(x) = —x3+3x2+ 9 — 2

f(x) = —-3x2+6x+9=—-3(x+ 1(x— 3)

f(x) = —6x+ 6= —6(x—1)
Relative maximum: (3, 25)
Relative minimum: (—1, —7)
Point of inflection: (1, 9)




122 Chapter 3  Applications of the Derivative

14, f(x) = x* — 4x3 + 16x — 16 16. f(x) =x5+1
f(x) = 4x3 — 12x2 + 16 = 4(x + 1)(x — 2)? f(x) = 5x*
f(x) = 12x2 — 24x = 12x(x — 2) f7(x) = 20x3
Relative minimum: (—1, —27) Intercepts: (0, 1), (—1, 0)
Points of inflection: (0, —16), (2, 0) No relative extrema

Point of inflection: (0, 1)

¥ +4 x<0
= —_ 5 = ,
18. y=(x—-1) 2.y {4_)(, x=0
’— _ 4
y'=5(x—1) ,_J2x x<o0
y’=20(x — 1)° y -1, x>0
Intercepts: (0, — 1), (1, 0) it
No relative extrema il

Point of inflection: (1, 0)

-6 -4 -2 2 N6
ol

22, y=X2)j_1 24. y =33 — x2 = x¥33 — x*?)
— y4/3
’_ 1_X2 y':2X71/3—2)(:§_2x:2(137\/3()
Y= he+ 12 X X
2 " _ 2—4/3 — 2
-2 e N

V' = e+ e

Intercept: (0, 0)

Relative maximum: (1, 1/2)
Relative minimum: (-1, —1/2)

Intercepts: (0, 0), (+ 427, 0)
Relative maxima: (—1, 2), (1, 2)
Relative minimum: (0, 0)

Points of inflection: (0,0), (— /3, — /3/4), Concave downward

(V3, V/3/4) -
12 12
2
V32 -6 6
(_1’ _%) ( ? 4) /(o, 0) \
N E———— (Yo AT
] (3 -2
(A-2)
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26.

32.

36.

y= (1%
y' =~ -
-2
3¥Y1—x

P T

Section 3.7
28. y=x13
y = —3x 43
y’ = gx—ws
No intercepts

No relative extrema

Curve Sketching: A Summary
30. y=x43
y' = 5%/
y’ = gx—z/e

Intercept: (0, 0)
Relative minimum: (0, 0)

Decreasing No points of inflection
2 No points of inflection Concave upward
T o1 - X3 Concave downward on (— oo, 0) o
Intercepts: (0, 1), (1, 0) Concave upward on (0, co)
Relative minimum: (1, 0) 4
Concave downward -6 6
(0,0
3 -6 _____\llk-—_— 6 2
\\\/ =4
-2 4
0
-1
X X2+ 1
y_\/x274 34. Y= =2
Domain: |x| > 2 , 6x
4 YT e 2p
y = T Decreasing on (— oo, 2) and (2, o). L 632 + 2)
(x* =2

No relative extrema.

y 12x
y' = (Xz _ 4)5/2'

Vertical asymptote at x = +2.
Horizontal asymptote: y = 1 for x > 2

y=-—-1forx< —2

\__

=

X2 —6x+ 12

Y=""x"4

,_ X -8 +12 (x—2)(x—6)
YT T - ap (x — 42
//: 8
Y= x—ap

Intercept: (0, —3)

Relative maximum: (6, 6)
Relative minimum: (2, —2)
Vertical asymptote: x = 4
Domain: (—oo, 4), (4, o)

No points of inflection.

Intercepts: (0, —1/2)

Relative maximum: (0, —1/2)
Vertical asymptotes: x = + /2
Horizontal asymptote: y = 1

Domain: (—oo, —/2), (-2, v2),(V/2, o)

8 \w©o
1 | @
6 1 7
1 ’
4+ 1 ’
I/
2+ v
‘1
} — } X
-2 |,72 : 6 8 10
2 NT22)
.
+ 1
e (0,73
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— — Y2
38 y=xJ4—x 4O.y:x+3—§
,_22-%) X
y ﬂ y/:l_%zx3—364
,_ 202~ 6) <
=4 —x2 y,,:&
X4

Intercepts: (0, 0), (2, 0), (—2,0)
Relative maximum: (/2, 2)
Relative minimum: (- /2, —2)
Point of inflection: (0, 0)
Domain: [—2, 2]

Intercept: (—2%4,0)
Relative minimum: (4, 6)
Concave upward

Vertical asymptote: x = 0
Domain: (—oo, 0), (0, o0)

(v2.2) y
2T -+
14 81 4
2,00 (0,0 ) Sl
12 (-2¥3,0)] 2+ ‘
R SR
(v2-2) /7 =xo]
42, y=x4/(x*—-1) Y

y = —aS/(xt - 172

y” = 4x3(5x* + 3)/(x* — 1)°
Intercept: (O, 0)

Horizontal asymptote: y = 1
Vertical asymptotes: x = +1
Domain: (—oo, —1), (=1, 1), (1, c0)
Relative maximum: (0, 0)

44. Since lim f(x) = coand lim f(x) = —oo, 46. Since lim f(x) = —coand lim f(x) = oo,
we haCéZo> 0. T we ha\/Xg:< 0. T
f) =x3+x2—x+1 fx) = —x¥+1
(Solution not unique) (Solution not unique)
48. f'(x) = —(x—1(x—3) = -x>+4x -3 50. f”(x) = 6x
f(x) = —%x3 + 2x2 — 3x f=3x2
y f(x) = x8
T y y
X e T
1 n
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4(X+1), x> 1
x—1

52. f(x) =40 , X>1
4(x—3)’ x> 1
x—1

54. Model I: p; = 0.03t> — 0.01t + 3.39

Model II: p, = 0.08t + 3.36

Model II1: p; = —0.07t> + 0.05t + 3.38
t = O correspondsto 2001,0 <t < 5.

@

0

(b) Models | and Il

(c) 1 most optimistic, 111 most pessimistic

56. h(x) =

6 — 2X
3—-x

10

-10

Section 3.8 Differentials and Marginal Analysis

2. dy = 3x¥%dx = 3/xdx

6. dy — %(6x2)*2/3(12x) dx =

8. f(x) =3 x=1 Ax=001
Ay = f(x + Ax) — f(x) = /3(1.01) — /3(1) = 0.0086387

X
x2+ 1

10. f(x) =

Ay = f(x + Ax) — f(x) =

dx =
3/36x4 &/ 36x

x=1, Ax=001

12 y=1-2x>, x=0, AX

dy = —4xdx =0

Ay=1-2(-01?-1=-0.02

14, y=2x3+1, x=2, Ax=dx=0.01
dy = 6x2dx = 6(29(0.01) = 0.24
Ay = [2(2.01)3 + 1] — [2(2)? + 1] = 0.241202

(1012 +1 12+1

-10

X#3

10

4. dy = 4(1 — 2x?)3(—4x)dx = —16x(1 — 2x?)3dx

—0.0000247512
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16. dy = 5x* dx
_ _ dy
dx = Ax dy Ay Ay — dy Ay
1.0000 80.0000 211.0000 131.0000 0.3791
0.5000 40.0000 65.6562 25.6562 0.6092
0.1000 8.0000 8.8410 0.8410 0.9049
0.0100 0.8000 0.8080 0.0080 0.9901
0.0010 0.0800 0.0801 0.0001 0.9990
1 -1 1 1 —AX
18y = X T Ay = e Ay = T X T X+ A
_ _ dy
dx = Ax dy Ay Ay — dy Ay
1.0 -0.25 —0.1667 | 0.0833 | 15
05 —-0.125 -01 0.025 1.25
0.1 —0.025 —-0.0238 | 000119 | 1.05
0.01 —0.0025 | —0.00249 | 0.00001 | 1.005
0.001 | —0.00025 | —0.00025 | 0.0 1.0005
20. dy = 1 dx, Ay= X+ Ax — X 2. f=32-1 (211
2Jx
g f'(x) =6x, f(2 =12
_ _ gy
dx = Ax dy Ay Ay — dy Ay y— 11 = 12(x — 2)
1.000 | 0.3536 | 0.3178 | —0.0358 | 1.1126 y=12x — 13
0500 | 0.1768 | 0.1669 | —0.0099 | 1.0590 f(2 + 0.01) = 11.1203
000 | 0.0354 | 0.0349 | —0.0005 | 1.0123 y(2+001) = 1112
0010 | 00035 | 00035 | 0.0000 | 1.0012 f(2 - 0.01) = 10.8803
0001 | 00004 | 00004 | 0.0000 | 1.0001 y(2 - 001) = 10.88
24. f(x) = /25 — x?
1 —X
f(X) = 2(25 — X))~ V2(—2X) = ——re
() =525 = x) V(-2 N
— 4= _73()( - 3)
y J25 -9
y-a=-Sx-3
3 25
Ty

f(3 + 0.01) = 3.99248
y(3 + 0.01) = 3.9925
f(3 — 0.01) = 4.00748
y(3 — 0.01) = 4.0075
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~10(5 + 3t)
26 N = oot
dN = (1 + 0.04t)(30) — 10(5 + 3t)(0.04) dt = 28

(1 + 0040 ™
Whent = 5and dt = 6 — 5 = 1, we have the following.

(1 + 0.041)?

28 28
dN 3(1) = 1 = 19.44

~[1 + 0.04(5)]

The change in herd size will be approximately 19 deer.

28. x=10,dx=Ax=1
AC = dC = (0.05x + 8) dx
= (0.05(10) + 8)(1)
=85 = $8.50

200

0

Checking, C(11) — C(10) = 96.025 — 87.5 = 8.525

32 P=—x2+60x—100, x=25 dx=1
dP = (—2x + 60) dx = [—2(25) + 60](1) = $10

k
34. X = ?
k
2500 = 100
250,000 = k
250,000 250,000 500
= U 0 p?= ’ 0 —
P2 p X p /X
R=xp= x<%) = 500./x
250 250
dR=—F©—dx = 1) = $4.56
X /3000
y=4.564x + 13,693.1|| R = 500+/X
(3001, 27,390.69) ¢ - -
dR AR

(3000, 27,386.13)

30. x=15dx=Ax=1
AR = dR = (50 — 3x)dx
= (50 — 3(15))(1)
=50 $5.00

500

0

Checking, R(16) — R(15) = 416 — 412.5 = 3.8

36. C = 14.25x + 110,000
dC = 14.25dx = 14.25(1) = $14.25

AC = dC because Cisalinear function.

C = 14.25x + 110,000

(50,001, 822,514.25)

dC=AC

(50,000, 822,500)
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38. A=x? 40. V=x3 A=6x?
dA = 2x dx (@ dv = 3x2dx

When x = 12 and dx = +1/64, we have

= i§ in2.

dA = 2(12)(16—14> 5

When A = 144, therelative error is

dA +3/8

A 144

~ 0.0026.

3t
27 + t3
_ 3(27 — 2t3)
(27 + t3)2

42 C=

dC dt

Whent = 1 and dt =%,Wehave

~3(25)
 (28)?

dC <%> =~ 0.0478.

44. True. Ay = [a(x + AX) + b] — [ax + b] = aAx [ %=a=g—i
Review Exercises for Chapter 3
2. gx) =(x—13Ax— 23 4,

g = (x=1Ex=7)

Critical numbers: x = 1,x = %

6. gx) = —x>+ 7x — 12 8.
gx) =—-2x+7
Critical number: x = %
Increasing on (—oo, 3)
Decreasing on (% oo)
10. (8) S= 5.8583t2 — 28.943t? — 34.36t + 940.6, (b)
—2 <t < 2, t= 0 corresponds to 2000. 2

S’ = 17.5749t2 — 57.886t — 34.36
Sincreasing on (—2, —0.51)

(c) Shipmentsincreasing from 1998 to mid-1999.
Shipments decreasing from mid-1999 to 2002.

dv _ 3x?dx _ 3dx

\% x3 X

When x = 12 and dx = +0.03, we have
dV = 3(12)3(+0.03) = +12.96in%.

- 73&102'03) = £0.0075
(b) dA = 12x dx
dA _ 12xdx _ 20k
A 6x> X
dA = 12(12)(+0.03) = +4.32in?
@ 2(1102.03) = 0,005

f(x) = (x + 1)3
f(x) = 3(x + 1)?
Critical number: x = —1

f(x) = —x3+ 6x2 — 2
f(x) = —3x2 + 12x = —3x(x — 4)

Critical numbers. x =0, 4
Increasing on (0, 4)
Decreasing on (— oo, 0), (4, o0)

Sdecreasing on (—0.51, 2)

1500

T
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12. f(x) = $x* — 8x
fx)=x3-8

14. h(x) = 4 + 10x — x?
h(x) = 10 — 2x = 2(5 — x)
Critical number: x =5
Increasing on (—co, 5)

Critical number: x = 2

Intervals (-00,2) | (2,00) Decreasing on (5, o)
Signof f(x) | — + Relative maximum: (5, 29)
Conclusion | Decreasing | Increasing

Relative minimum: (2, —12)

16. s(x) =x*—8x2+ 3
s(X) = 4x3 — 16x = 4X(X? — 4) = 4x(x — 2)(x + 2)

Critical numbers; x=0,2, -2

Interval (—o0,—2) | (=2,0) (0,2) (2, o0)
Signof f* | — + - +
Conclusion | Decreasing | Increasing | Decreasing | Increasing
Relative minima: (—2, —13), (2, —13)
Relative maximum: (0, 3)
18. () = 5= Interval (—oo,—1) | (=1,0) 0,1) (1, 00)
) = _ax Signof f* | + + - -
(x2 - 1) Conclusion | Increasing | Increasing | Decreasing | Decreasing
Critical number: x =0 Relative maximum: (0, —2)
Discontinuities: x = +1
20. gx)=x—6x x>0 2. f(x) =x4—2x3, [0, 2]
) = 1-3_Jx-3 f(x) = 4x3 — 6x2 = 2x3(2x — 3)
TR T

Critical number: x = 9
Increasing on (9, co)
Decreasing on (0, 9)
Relative minimum: (9, —9)

3

Critical numbers; x = 0, >

X

N plw ©

f(x)

0

—1.6875

maximum
minimum

maximum
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24, f(x) =x3+2x2—3x+ 4, [-3,2]
f(x) = 3x2+ 4x — 3
-4+ /52 -2+ /13

Critical numbers, x = 6 = 3

X f
-3 4
(~2- 13)/3 10,0646
(-2+ V13)/3 31206  minimum

2 14 maximum

28. f(x) = —x*+x2+2, [0,2]
f(x) = —4C + 2x = 2x(1 — 2@

Critical numbers; x = 0, %

x X
0 2
2 —-10 minimum
Q 9 maximum
2 4
t2—t+1
32. O = ﬁ, O<t

Thegraph of O'is:

() Lowestlevel isiatt = 1.
(b) Highestlevel islatt = 0.
() Ast - 00,0 1.

1

36. h(x) = x3 — 6x
h(x) = 3x2 — 6
h”(x) = 6x
h”(x) > 0for x > 0: concave upward on (0, co)

h"(x) < Ofor x < 0: concave downward on (— oo, 0)

26. f(x) =2/x—x [0,9]

1
f'x)=——%=-1
(%) 7
Critical number: x = 1
x ¥
0 0
1 1 maximum
9 -3 minimum

30, f(x) = g +x [14]

, -8 x> —8
f(X):?‘i‘l: 2

Critical number: x = 2./2
X f(x)

9 maximum

1
4 6
22 4.2 minimum

34. h(x) = x5 — 10x?
h'(x) = 5x* — 20x
h(x) = 20x3 — 20 = 20(x — 1)(x2 + x + 1)
f”(x)0 for x > 1. concave upward on (1, co)

f”(x)0 for x < 1: concave downward on (—oo, 1)

38. f(x) = %{x“ — 2x2 — X

f(x)=x3—4x—1
f(x) = 3x2 — 4

2
f(x) = Owhenx = +——.
) Ne
Since f changes concavity at x = +2/./3, the points of
inflection are (—2/ /3, (—20/9) + (2//3)) and

(2/V/3,(=20/9) — (2//3)).
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40. fx)=x+23(x—4) =x3—-12x— 16
f(x) = 3x2 — 12
f”(x) = 6x = Owhenx = 0.

Since f changes concavity at x = 0, (0, —16) is a point of
inflection.

. f(x) = (x—223Ax+ 2)2=x*—8x2+ 16
f/(x) = 4x® — 16x = 4x(x? — 4)
f(x) = 12x2 — 16
Critical numbers; x = 0, +2
f7(0) < 0O (0, 16) is arelative maximum.
f(+2) > 00 (2,00 and (—2, 0) are relative minima.

48. Let x and y be the lengths shown in the figure. By similar tri
S__y
X X+ 4

42, f(x) = x(x2 — 3x — 9) = x3 — 3x2 — 9X
fX) =3 —-6x—9=3x—-—2x—3)=3x—3)(x+ 1)
f(x) =6x— 6

Critical numbers: x = 3, -1
f7(3) > 00 (3, —27) isarelative minimum.
f1(—=1) < 00 (—1,5)isareative maximum.

46. R= —3x*—12x2—6), 0<x<8
R = —3(3x2 — 24x)

2(6x — 24)

R”= Owhenx = 4.

R = —

268
473

)

The point of diminishing return is <

iangles we have

Thus, y = 5 + (20/x). To minimize the length of the hypotenuse, we have the following.

20\?
z=J(xX+ 4>+ y?= (x + 42+ 5+? =
dz _1 2 @Z]’M( _ 200 _
2 Lo ar+ (54 2)] x5 %

dz/dx = 0 when
100 400
Xt T

x4 + 4x3 — 100x — 400 = 0
(x + 4)(x® — 100) = 0.
When x = 100, z= 12.7 feet.

50. (a) xy = 4800

Cost:C:3(x+2y)+4(x):7x+6y:7x+6(

28,800
N

C/

=000 x ~ 64.14 feet
y ~ 74.83 feet

(b) If costsincrease by $1, then

C=4(x+2y)+5(x)=9x+8y:9x+8<@
C'=9- 38;200:0D X = 65.32 feet

y ~ 73.48 feet.

N

)

800

x3

4800

)

)
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52. (a) N = —2.870t + 79.62t? — 639.1t + 3473,6 < t < 11, t = 6 corresponds to 1996.
N’ (t) = —8.61t%> + 159.24t — 639.1
N/(t) = —17.22t + 159.24
N”t) = Ofort = 9.25

c;—':‘ increasingon 6 < t < 9.25, decreasingon 9.25 < t < 11.

(b) tIim N = — oo because the cubic term has a negative coefficient.

(c) Answerswill vary.

54. (@ P=R—-C=xp—C=x(3—4x) — (2x2+ 6) 56. F = ks¥?2
= —6x>+ 36x — 6 When s = 25, F = 50 we have

P(x) = —12x 4+ 36 = 0 0 x = 3 for maximum profit. 50 = k(25721 k — ?2)

2
) c=C_2¢t6_, .6
X X X e 233/2.
c=-2-%_onx=30 x = /3= 1.73 units °
X2 ' The total cost per mileis
c_F,100_2,, 100
S S 5 S
dC_1_,, 100
ds 5 s?
dc .
i 0 when s = 500%3 ~ 63 miles per hour.
58. P=xp— C—xt

t = $5: t = $10:

P = x(600 — 3x) — (0.3x? + 6x + 600) — 5x P = x(600 — 3x) — (0.3x%2 4+ 6x + 600) — 10x

= —3.3x% + 589x — 600 = —3.3x% + 584x — 600
@= —6.6x + 589 dj= —6.6x + 584

dx dx

dP 589 dP

&—Owhenx—%. &—Owhenx—%

589 584

P(E) ~ $25,681.89 P(ﬁ) ~ $25,237.58

t = $20:

P = x(600 — 3x) — (0.3x2 + 6x + 600) — 20x
= —3.3x2 + 574x — 600

P eex+ 574

dx
dP 574
a Owhenx = ﬁ
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60. p= 60 — 0.04x, 0 < X < 1500,$:—0.o4 62. p= /960 — x,0 < x < 960
p/x (60— 0.04)/x x — 1500 d__ -1
T~ dp/dx ~ —004  «x dx 2,/960 — x
« — 1500 _ P/X V9680 — x/x 2(x — 960)
In| =1= T‘ 00 x=|x—1500] O x= 750 T dp/dx ~ —1/2,/960 — x X

For 0 < x < 750, |n| > 1, elastic. Inl =10 x=|2x = 1920]

For 750 < x < 1500, |5| < 1, inelastic. 0 x= (2~ 1920

X = 750, unit elasticity. 0 x=2x— 1920 or X = —2x+ 1920
0O x= 1920 or X = 640
Since 0 < x < 960, select x = 640.
Elastic: (0, 640)
Inelastic: (640, 960)

Unit elasticity: x = 640

5x2 3x
64. 90 =5 66. f(x) = Ny
lim 5x =5 lim i —
xooo X2 4 2 xeoo SXEH 2
Horizontal asymptote: y = 5 I X
No vertical asymptotes A et
7 Horizontal asymptotes: y = +3

No vertical asymptotes

N —

2x2+3x75:(x71)(2x+5):

68. h(x) = o— wa— 2X+5 x#1 1
There are no vertical asymptotes. Thereis ahole in the graph at (1, 7). /
There are no horizontal asymptotes since
lim h(x) = coand lim h(x) = —co. -9 : 0
X— o0 X— —oo
-1
] 1 . x¥+1
70. xy[n(r (3+;>—3—oo— —o0 72. ><|Ln31’ X—3x+3) oo
L3 —2x+3 . -2+ (3/% i ( X 2x>
= = 76. | =1+2=
4 xlinc?o X+ 1 xlljgz 1+ (1/% > 6 AT 2 T x T 2 3
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78. C = 10,000 + 48.9x, R = 68.5x 80. f(x) = 4x3 — x4 Y
30
/| — 2 —
(@ C= % = —10’)?00 + 489 X = 4¢3 - %) 251
f(x) = 12x(2 — x) 27
R 15
(®) xlin; C=%89 Domain: all real numbers 0,
© P = ; - R;xc — 196 — @ Range: all real numbers i

82.

P(1,000,000) = $19.59
P(2,000,000) = $19.595
P(10,000,000) = $19.599
(d) Jim P =196

f(x) = x2/9 — x2
3x(6 — x?)
NCE

6x* — 81x2 + 162

(9 - Xz)a/z
Domain: —3 < x< 3
Critical numbers: x = 0, +./6
Relative maxima: (+ /6, 6./3)
Relative minimum: (0, 0)
Inflection points. (+1.5626, 6.2527)
No asymptotes.

f(x) =

f(x) =

y

(v6.6v3)\ 10+ AWE6v3)
8t

ot

6 -4 -2 |00 4 6

Intercepts: (0, 0), (4, 0)
Relative maximum: (3, 27)
Points of inflection: (0, 0), (2, 16)

fx = 1+ x2

_(1+x@2-2x29) _ 2— 2%

f(x)

1+x2 1+ x2
o (1 + x3)2(—4x) — (2 — 2392(1 + x)2x
T = 1+ x2)4
—4x(1 + x3) — 4x(2 — 2x?)

- 1+ x?3
_ Tl 4¢

1+ x?33
_ X -3
T+ x2)3

Domain: all real numbers
Intercept: (0, 0)

Asymptote: y = 0

Relative maxima: (1, 1), (—1, —1)
Points of inflection: (0, 0),

(a2} 2)

y

N oW
n
t

(v3.2)
:(1, 1) /
0.0

. ‘_ ;) :1_ Fis

24

-1+
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86.

88.

92.

96.

98.

f(x) = x4/5
4 4
£x) = 2x-1/5 =
() X 55/
”, — _i —6/5 — _ 4
0 = = 55% 25x6/5

Domain: (— oo, o)

Range: [0, co)

Intercept: (0, 0)

Relative minimum: (0, 0)

Concave downward on (—oo, 0) and (0, co)

y=(3x-2)p3
dy = 3(3x? — 2)3(6x) dx
= 18x(3x? — 2)2dx

C=153%x+ 500, x=125
dC = 0.5x ¥3dx = $0.02

E = 225t + 7.5t2 — 2.5t3,
(a) 80

O0<t< 45

0 45
0

(b) E(t) = 0fort =3
E(3) = 67.5

p = 85 — 0.125x
Ap = [85 — 0.125(8)] — [85 — 0.125(7)] = —$0.13
dp = —0.125dx = —$0.13

(sincedx=Ax=8-7=1)

=N W A
| ; | |
t

3 -2 00 1 2 3

2—X
0 y=17T5
_x+59=)-@2=-x1) =7
dy = X+ 57 dx = x+ 5)2dx
94. P = 0.003x2 + 0.019x — 1200, x = 750

dP = (0.006x + 0.019) dx = $4.52



