QUALIFYING EXAM
August 2024
Math 544

Instructions: There are a total of 8 problems. Problems 1 and 2 are worth 10 points each.
Problems 3-8 are worth 20 points each. For each problem, use the space provided for its
solution including the extra page if needed.

For Legesgue measurable functions f on R" we simply write [, f(2)dz instead of

Jgn fdm. For an interval [a,b] with its Lebesgue measure m we simply write f; f(x)dx
for f[a b] fdm, and similarly for open or half open intervals.

Write your solutions to each problem in clear, concise and correct English. Solutions
must contain full details and should be presented clearly so that the grader can follow your
argument.



Problem 1-(10 pts)

(i) (5 pts) Define, carefully, what it means for a function f : [0, 1] — R to be of bounded
variation (BV).

(ii) (5 pts) Let f and f,, n = 1,2... be in BV][0,1] and suppose that V(f, — f) — 0.
Prove that there is a subsequence f,, such that f;, — f', a.e.



Problem 2—(10 pts) Let {f,} and {g,} be two sequences of real valued measurable
functions defined on the measure space (X, F, u) with the property that

> n{r € X+ fulx) # gn(2)} < oo.

n=1

Prove that Y 2 | (fn, — gn) converges a.e.



Problem 3—(20 pts) Let f € LP(0,00), 1 < p < co. Prove that there exist a sequence
{zn}, xn — 00, such that lim, T PIf(z,)| = 0.



Problem 4—(20 pts) Let f be a nonnegative real valued function on the measure space
(X, F, u) with the property that u{xr € X : 0 < f(z) < 2} < oo and such that

/Efduﬁ (W(E)i, 1<q<o0,

for all sets £ € F. Let 1 < p < oo be the conjugate exponent of q. That is, 1/p+ 1/q = 1.
Prove that f € L"(u) for any 1 <r < p.

Hint: Start by expressing X as the disjoint union of sets depending on the function f.



(Extra page for work on problem 4 as needed.)



Problem 5—(20 pts) Let {f; 521 be a sequence of Lebesgue measurable functions on R".
Assume f; € LP, 0 < p < oo, and that

m{z € R" : |fj(x)] > A} <m{z e R" : | fi(z)| > A},

for all j and all A > 0. Prove that

oo 1 pd
2 Tog(h) . (s 51) <



(Extra page for work on problem 5 as needed.)



Problem 6—(20 pts) For any two sets A and B define A+ B={z+y:z € Aandy € B}
and —A = {—xz: 2z € A}. Let A C R be Lebesgue measurable with 0 < m(A4) < co. Prove
that A — A = A+ (—A) contains and interval of the form (—a, a) for some positive a.

Hint: Define F(x) = m ((x + A) N A). Writing it as a convolution, explore continuity ...



(Extra page for work on problem 6 as needed.)
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Problem 7—(20 pts) Let (X, F, 1) be a finite measure space. The sequence of measurable
functions { f,} is said to be uniformly integrable (UI) if

lim Sup/ | fu|dp = 0.
Ao n S| fal>A}

Prove that {f,} is (UI) if and only if the following two conditions hold: (i) sup,, || fn|1 <
oo and (ii) given € > 0 there is a > 0 such that sup,, [ |fn|dp < €, whenever pu(E) < 4.
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(Extra page for work on problem 7 as needed.)
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Problem 8—(20—pts) Let X = (0,2) and Y = (0, 1) with the Lebesgue measure. Consider
the measurable function F': X x Y — R defined by

zy(a® — y?)
(CL’2 + y2)3

/02 (/olF(x’y)dy> dz 7 /01 </02F($,y)dw> dy

(ii) Explain why Fubini’s Theorem does not apply.

F($7y) =

(i) Verify that
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(Extra page for work on problem 8 as needed.)
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