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1. (8 Points) What is the derivative of f(x) = xe + log17(x)?

© A f ′(x) = xe +
ln(17)

x
.

√
B f ′(x) = exe−1 +

1

ln(17)x
.

© C f ′(x) = xe +
1

ln(17)x
.

© D f ′(x) = exe−1 +
ln(17)

x

© E f ′(x) = exe−1 +
log17(x)

ln(17)
.

This follows from the power rule and the differentiation rule for logarithmic functions.
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2. (8 Points) What is the derivative of f(x) =
sin(x)

ex + x2
?

√
A

ex cos(x)− ex sin(x) + x2 cos(x)− 2x sin(x)

(ex + x2)2
.

© B
−ex cos(x) + ex sin(x)− x2 cos(x) + 2x sin(x)

(ex + x2)2
.

© C
cos(x)

ex + 2x
.

© D
ex cos(x) + ex sin(x) + x2 cos(x) + 2x sin(x)

(ex + x2)2
.

© E
−ex − 2x

(ex + x2)2
.

This follows from the quotient rule, the power rule, and that d
dx

sin(x) = cos(x) and
d
dx
ex = ex.
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3. (8 Points) What is the derivative of f(x) = x3 cos(x)ex.

© A −3x2 sin(x)ex.

© B 3x2 cos(x)ex − x3 sin(x)ex.

© C
(
(x3 + 3x2) cos(x) + x3 sin(x)

)
ex.

© D x3 cos(x)ex.
√

E
(
(x3 + 3x2) cos(x)− x3 sin(x)

)
ex.

This follows from two uses of the product rule.

d

dx
(x3 cos(x)ex) =x3

d

dx
(cos(x)ex) + 3x2 cos(x)ex

=x3(cos(x)ex − sin(x)ex) + 3x2 cos(x)ex

=
(
(x3 + 3x2) cos(x)− x3 sin(x)

)
ex
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4. (8 Points) What is the derivative of the function f(x) = arctan

(
1

x2

)
?

© A f ′(x) =
−2

x
√
x4 − 1

.

© B f ′(x) =
−2

x
√
x4 + 1

.

© C f ′(x) =
−2

x3 + x
.

√
D f ′(x) =

−2x

x4 + 1
.

© E f ′(x) =
−2

x
√
x4 − x2

.

This follows from the chain rule, the power rule, and that d
dx

arctan(x) = 1
x2+1

.

d

dx
arctan

(
1

x2

)
=

1(
1
x2

)2
+ 1

−2

x3

=
−2

x−1 + x3

=
−2x

x4 + 1
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5. (8 Points) A ball is thrown upwards on the surface of the moon and its position above the
moon’s surface given in metres by p(t) = −0.8t2 + 16t+ 2 where the time t is measured
in seconds. What is the maximum height in metres that the ball achieves and after how
many seconds does it achieve this height?

© A It reaches its maximum height of 78m after 10 seconds.

© B It reaches its maximum height of 81.28m after 12 seconds.

© C It reaches its maximum height of 82m after 8 seconds.
√

D It reaches its maximum height of 82m after 10 seconds.

© E It reaches its maximum height of 78m after 8 seconds.

We can either solve for the vertex of the parabola or compute the derivative to find the
maximum and when it occurs; let’s do the former. We have

−0.8t2 + 16t+ 2 = −0.8(t2 − 20t) + 2 = −0.8((t− 10)2 − 100) + 2 = −0.8(t− 10)2 + 82

and hence the maximum is 82 metres and it occurs at t = 10 seconds.
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6. (8 Points) Find
dy

dx
for the relation

tan(y) + 2y = x.

© A
dy

dx
=

x

sec2(y) + 1
ln(2)

2y
.

© B
dy

dx
= sec(y) tan(y) + ln(2)2y.

© C
dy

dx
=

1

sec(y) tan(y) + ln(2)2y
.

© D
dy

dx
=

1

sec2(y) + 1
ln(2)

2y
.

√
E

dy

dx
=

1

sec2(y) + ln(2)2y
.

We use implicit differentiation, the chain rule, and the facts that d
dx

tan(x) = sec2(x)
and d

dx
2x = ln(2)2x and thus we obtain

1 =
d

dx
x =

d

dx
(tan(y) + 2y) = sec2(y)

dy

dx
+ ln(2)2y

dy

dx
=
dy

dx

(
sec2(y) + ln(2)2y

)
and hence that

dy

dx
=

1

sec2(y) + ln(2)2y
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7. (8 Points) A 10 foot ladder is leaning against a vertical wall when Charlotte begins
pulling the foot of the ladder away from the wall at a rate of 2 feet per second. Assuming
the foot of the ladder never leaves the ground and that the top of the ladder always
touches the wall, how fast is the top of the ladder sliding down the wall when the foot
of the ladder is 6 feet from the wall?

© A 2 feet per second downwards.
√

B 1.5 feet per second downwards.

© C 0.75 feet per second downwards.

© D 0.375 feet per second downwards.

© E 0.125 feet per second downwards.

Let’s let h denote the height of the ladder on the wall and ` denote the distance from
the wall to the foot of the ladder. We are given that d`

dt
= 2 and by the chain rule have

dh

dt
=
dh

d`

d`

dt
= 2

dh

d`

and moreover since h2 + `2 = 100 so that h =
√

100− `2 we have that dh
d`

= −`√
100−`2 ;

putting all of this together we get at ` = 6 that

dh

dt
= 2

−6√
100− 36

= −12

8
= −3

2
.

Since this value is negative the height of the ladder is decreasing and hence is moving
downward, and it is moving at 1.5 feet per second.
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8. (8 Points) What are the maximum and minimum values of the function f(x) = x4 − 8x2

on the interval [−1, 3].

√
A The maximum value is 9 and the minimum value is -16.

© B The maximum value is 0 and the minimum value is -16.

© C The maximum value is 9 and the minimum value is -7.

© D The maximum value is 0 and the minimum value is -7.

© E The maximum value is 128 and the minimum value is -16.

We compute f ′(x) = 4x3 − 16x = 4x(x2 − 4) = 4x(x − 2)(x + 2) so the critical points
within (−1, 3) are 0 and 2. We compute the function values at the critical points and
the end points: f(−1) = −7, f(0) = 0, f(2) = 16−32 = −16, f(3) = 81−72 = 9. Since
the maximum and minimum must be among these values, the maximum value is 9 and
the minimum value is −16.

Page 9



Name: PUID:

9. An example of a curve called a Lemniscate of Gerono is given by the equation

x4 − x2 + y2 = 0.

Here is the graph of this curve:

(i) (6 Points) On the graph above, without doing any computations, draw the tan-

gent lines at the two points on the curve x4 − x2 + y2 = 0 where
dy

dx
= −2.

(Note: Your line drawing does not have to be precise! It just needs to give some
indication of where these points occur.)

The correct tangent lines are indicated above.
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(Note: this is a continuation of Problem 9.)

(ii) (6 Points) Compute
dy

dx
for the curve x4 − x2 + y2 = 0.

We implicitly differentiate and obtain

4x3 − 2x+ 2y
dy

dx
= 0

which can be rearranged to
dy

dx
=
x− 2x3

y

(iii) (4 Points) Find all points on the curve x4 − x2 + y2 = 0 where
dy

dx
= 0.

We solve

0 =
dy

dx
=
x− 2x3

y

so we much solve x−2x3 = 0 which has solutions x = 0, 1√
2
,− 1√

2
. If x = 0 we solve

0 = 04 − 02 + y2 = y2

which has the solution y = 0; the value dy
dx

is undefined as (0, 0) so it is NOT one
of our desired points.

For x = ± 1√
2

we solve

0 =

(
± 1√

2

)4

−
(
± 1√

2

)2

+ y2 =
1

4
− 1

2
+ y2

so that y2 = 1
4

and hence that y = ±1
2
.

As such, we obtain the four points
(
± 1√

2
,±1

2

)
as precisely those where dy

dx
= 0.
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10. An empty spherical balloon is being blown up at a rate of
36π

5
cubic metres per second.

Recall that if r is the radius of a sphere, the volume of that sphere is V =
4π

3
r3 and the

surface area of that sphere is A = 4πr2.

(i) (3 Points) Compute
dV

dr
. Show your work and write your answer on the line below.

dV

dr
= 4πr2

Here we use the power rule.

(ii) (3 Points) Compute
dA

dr
. Show your work and write your answer on the line below.

dA

dr
= 8πr.

Again we use the power rule.
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(Note: this is a continuation of Problem 10.)

(iii) (2 Points) What is the radius of the balloon after 5 seconds? Show your work and
write your answer on the line below.

The balloon’s radius is 3 metres.

Since the balloon was empty to start with, after 5 seconds the volume of the balloon
is 5dV

dt
= 536π

5
= 36π. We solve for the radius with the volume formula

36π = V =
4

3
πr3

so that r3 = 27 and hence that r = 3.
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(Note: this is a continuation of Problem 10.)

(iv) (4 Points) How fast is the radius of the balloon changing after 5 seconds? Show
your work and write your answer on the line below.

The balloon’s radius is changing at a rate of 1
5
metres per second.

We have that
dV

dt
=
dV

dr

dr

dt

and we know dV
dt

= 36π
5

, that r = 3 at t = 5 seconds and that dV
dr

= 4πr2 and hence
that dV

dr
= 36π at r = 3. Putting all of this together we obtain

36π

5
= 36π

dr

dt

so that dr
dt

= 1
5

at t = 5 seconds.
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(Note: this is a continuation of Problem 10.)

(v) (4 Points) How fast is the surface area of the balloon changing after 5 seconds?
Show your work and write your answer on the line below.

The balloon’s surface area is changing at a rate of 24π
5

metres squared
per second.

We have that
dA

dt
=
dA

dr

dr

dt
.

At t = 5 seconds we have r = 3 and dA
dr

= 8πr so that dA
dr

= 24π at t = 5 seconds.
Moreover, we know from the previous part that dr

dt
= 1

5
at t = 5 seconds and

therefore at t = 5 seconds we have

dA

dt
=

24π

5
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(This page may be used for scratch work but work done here will not be graded.)
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