
 

1 What is the aim of the theory

Suppose X complex analytic variety

f a propermorphism which is smooth over D D Eo

unit disc

Then find the relation between theX t teHtcXo foot to

We know the answer to this in some cases For ex if f was smooth

proper over D then Rifa21 are localsystems on D smooth

roperbasechanged thus Hicxt HicXo

Morespecifically we want to understand

a Relation between the stalks Riffa 2 o fa 2 o

b themonodromy action onCrify2 t

2 Sheaves on a Disk

Let X be a complex analytic variety Let a C X be a basepoint
Then we have an equivalenceof the following categories
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ITCX 2
Moreover under thisequivalence HOCK F Fa

sheaves on a disc

Pzpn The following categories are equivalent

wsthosaeesf.sn teo ga
s triple Cfo It d

toAd is a local consisting of QCITCAd vector

system spaces to Ft with the action being
trivial on Fody an equivariant

map x to 7 F't

Given a sheaf 7 on A whose restriction to AAis a local system
we set fo stalkof Fat O

Ft stalkof f at t 40

thema d given any ut Fo choose an open nbd U 30 S t

w E HEU F
we define aCup Im u in Hofuf 7 f'T

F

Easy to see that this incl of the choiceof U

Conversely given CFo Fit d first get a localsystem on

A using It Then glue this with the stalk at 0 toget a sheaf on A

2 Now we realize the triple CFo Ft d geometrically
Let It be an universal coveringspace of D



Define It 151803 give a topology such that

a I
open

D

basis of
b
nopen nbd s of OC I are of the foam fcu U an open
nbd of OED

Then we may extend f 5 318 to a continuous map
p I D Thus have a Comm diagram

Ny
03 D D

T J I

Il th lpv
o D Dbt

i t

Let 7be a sheaf on D Then we have a natural map
p't I ftp.f Ia b471Da

Gulling thisbackalong i gives a map of sheaves on

3
i pay i'Ja Ftp Ft

ft naturally it 5 equivariant
The upshot is Fo Ftnaturallyliveon 03 there is an

equivariant map a Fo Ft



Nearby cycles and Vanishing Cycles

Given any spaceY we define two abelian categories

askyXB triple Io Fy d
I 1
Sheaves onY with an action of IT DY

x Fo Fry an equivariantmap

bSIX121 7 a sheaf ly onY with an action of it CDG

2m_k The notation YXD YxD'dhave theirorigins in a suitable
product topos

We also have the following functors
Sh xD b ShCy xD

spa

Il FoFy a In
Spkto In d To

we can upgrade this entire picture at the level of derived

categories Thus we have D y xD

Versions of spadyga
DT y DIY

the desired



Hence beginning with any FEDCYxD A we getobjects
Sp't f j F EDCYXD.TN amorphism

lsptf

sjf.DEa

The vanishing cyclecomplexof F is the cone

spat IF OICF to in D y xDa n

RIK a OICF as constructed above is not unique For a more

precise construction see SGA7 I Cxp XIII Section 1 4

Note that OICF by construction has an action of ITCDT there

is a long exact sequence in cohomology

Ill y sp't INicy FF In Y ICH
equivariant for theaction of ITCDT

Now Let TC ITCDT be the oriented generator WedefineVarCT
tobethe inducedmap OICF FF coming from

spot jtf ICFI SFFED

ft Ko ft I ft 1 to
spot Ff't ECD SPYCD

VarCT



Having discussed an abstract set up let us give concrete

examples of Sh YXD

Z.li eofamozphism

Suppose X
amorphism we want to define thenearby

cycles vanishing cycles functor

Rt DtcX a DtcXoxD A

ROI D x a DtcXo 9A
Wehave a diagram

Xo X IX

H lb lb
VV

Xo X I X

Ove 8

o I I

s took



Define RTCF EF i IIHF i PF 25 5 7
Thus

sparyCF itF

FryCt ith p F
Also written as 124g F

Thus we have a long exact sequence of cohomology gps on Xo

In Ko Fo IN Xo RuhiCH IN Xo RICH

Leza suppose f is proper Then Milko RbiCA I th'tXt N

Pf A consequenceof the proper base change thm

Thus when f is proper we have a simpler long exact sequence

Hicks A nicht a thicko RoICN

Thusjustifying the name

vanishing cycles

Question how to think about RYAN

Ans

Suppose F A then to understand the change in cohomology



one needs to understand 124pA For anypoint a CXo The
11

Tajyd Stalks of the qM
fth cohomology RajaAnoare canonically the 9th cohomology of
a Milnor Ball

In fact if f is smooth at No then R
g
A f 0 for i f0dg i so it is

A

4Relationshipwihonology

Now we summarize the results in SGA 7 II Exp XIV SectionY

As before we have a diagram

i j a

Xo X G X

H tp t p
i t

Xo x xx

Suppose It is smooth Then

oIIPRYy 1eiTgIrkxainDbCXo.Q

On It by the Holo Poincare lemma we have an is o

I 9 Otra This give a morphism
trivially

Jirga RIAG This would have been an



iso if we had R'on the night
None we claim

Jadzia 5 RJgQ This is trivially tone on It
Tocheck this on Xo We need to show that 1292 5244 0 Are Xo
08 equivalently that any seeXohas a basis of Stein neighbourhoods
This follows fromthe fact that X is defined by the
complement of one equation

Thus for any local system Von X

liai.rtaacp.tvzrynv.J
Infact more is true There exists a subcomplexof EFI Ifa Cpbv
for which this iso holds

HI quasiunipotentsection finite determination

Let 7 be asheaf on IT Let F be its image in It An element
f cHO ITI is said tobeof finite determination if

he generators of IT D
the spanof flint ne 1N is a finite dimensional space

I
there exists a polynomial PCT such that PCT f o

Moreover f is said to be quasi unipotent if PCT TCM DN

I e Il free



locally free
Forany sheaf 7 on Xobtained as a restriction ofsheaf on An

we can also talk of sections ohh moderate growth along Xo
Thus in particular we have

Singh arty 6 sectionsof Ettore which are
images of sections of Jyoti with moderate growth
quasi unipotent finite determinants Then

Three 4pm
9 six to 124yd


