FREE BOUNDARY REGULARITY FOR ALMOST MINIMIZERS
OF THE PARABOLIC SIGNORINI PROBLEM

SEONGMIN JEON AND ARSHAK PETROSYAN

ABSTRACT. In this paper, we study the regularity of the “regular” part of the
free boundary for almost minimizers in the parabolic Signorini problem with
zero thin obstacle. This work is a continuation of our earlier research on the
regularity of almost minimizers. We first establish the Weiss-type monotonicity
formula by comparing almost minimizers with parabolically homogeneous
replacements and utilizing conformal self-similar coordinates. Subsequently, by
deriving the Almgren-type frequency formula and applying the epiperimetric
inequality, we obtain the optimal growth near regular free boundary points
and achieve the regularity of the regular set.
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1. INTRODUCTION

1.1. Solutions of parabolic Signorini problem. Let (2 be a domain in R™, n > 2,
and A be a smooth (n — 1)-dimensional manifold that divides € into two parts:
QN = QT UQ™. For T > 0, we set Qp := Q x (0,7, My = M x (0,T] (the
thin space), and (0Q)r := 0Q x (0,T]. Let also ¢ : M1 — R (the thin obstacle),
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o : Q x {0} = R (the initial value), and g : (02)7 — R (the boundary value) be
prescribed functions satisfying the compatibility conditions: ¢ > ¢ on M x {0},
g>pon (MNIN) x (0,T], and g = ¢y on 9N x {0}.

We then say that a function u € W,"°(Qr) (see Subsection 2.1 for notations) is a
solution of the parabolic thin obstacle (or Signorini) problem in Qrp, if it satisfies
the variational inequality

VuV (v —u) + du(v —u) >0 for any v € K,
Qr

u €K, O € L*(Qr), u(-,0) = g on €,

where A = {v € W' (Qr) : v > @ on My, v=gon (Q)r}. It is known that the
solution u satisfies

Au— 0w =01in Qp \ M7,
u> @, Oprtu+ 0y—u >0, (u—)(Oy+u+ d,—u) =0 on Mr,
u =g on (0Q)r,
u(+,0) = o on Q x {0},

+ are the outer unit normal to

to be understood in a certain weak sense, where v
QF on A .

In the study of the above problem, the main interests are

o the regularity of the solution w,
o the regularity and structure of the free boundary

T(u) =0y {(z,t) € Mrp : u(x,t) > p(z,t)}.

A comprehensive examination of both regularity of the solution and the properties
of the free boundary was conducted in [DGPT17] by the second author, Danielli,
Garofalo and To, under the condition that the thin manifold 4 is flat (cf. refer to
[AS24] for the variable coefficients parabolic Signorini problem). Specifically, they
established a generalized frequency formula, and employed it to achieve the optimal
H3/2:3/4 regularity of the solution and classified the free boundary points according
to their frequency limits. [DGPT17] dealt with two special types of subsets of the
free boundary: the regular set and the singular set.

The regular set is defined as the set of the free boundary points with minimal
frequency 3/2. Similarly to the elliptic Signorini problem [ACS08,CSS08,PSU12|,
[DGPT17] showed that there is a cone of spatial direction in which u — ¢ is
monotone. Combining this with the fact that the blowups at regular points are time
independent, they obtained the Lipschitz regularity of the regular set in the space
variables. Moreover, by applying the parabolic boundary Harnack principles with
thin Lipschitz complement, they proved that the regular set is given locally as a
graph with H*%/2 regular gradient.

The singular set corresponds to the free boundary points with frequency 2m,
m € N, which have the characterization that the coincidence set {u = ¢} has
zero H"-density in the thin manifold #7. Following the approach in [GP09] by
the second author and Garofalo, [DGPT17] established Weiss- and Monneau-type
monotonicity formulas and applied the parabolic version of the Whitney’s extension
theorem to achieve the C! structure of the singular set.
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1.2. Almost minimizers. In this paper we investigate the almost minimizers con-
cerning the parabolic Signori problem described above. It serves as a continuation
of [JP23], where the authors previously explored the regularity of almost minimizers.
For technical reasons, we consider two different notions of almost minimizers: “un-
weighted” almost minimizers and “weighted” almost minimizers. We first introduce
unweighted almost minimizers, which correspond to those studied in [JP23].

We let ¢ be the thin obstacle on Q. Given ro > 0, we say that 1 : [0,79) — [0, 00)
is a gauge function or a modulus of continuity if 7 is monotone nondecreasing and
1(04) = 0. Here and henceforth we use notations from Subsection 2.1.

Definition 1.1 (unweighted version). Let zp = (zo,t0) € Q1. We say that a
function u € W21’1(Q1) satisfies the unweighted almost parabolic Signorini property
at zo if u > ¢ on Q) and for any parabolic cylinder Q,(z9) € Q1 with 0 < r < rq,
we have
| a4 220 < @) [
Qr(20) Qr(20)

for any v € Wy °(Q,(20)) with v > @ on Q’.(2) and v—u € L2(to—r2, to; Wy '* (B,(20))).

We say that u € W21’1(Q1) is an unweighted almost minimizer for the parabolic
Signorini problem in Q1 if u > ¢ on Q) and u satisfies the almost parabolic Signorini
property at every zp € Q1.

Next, we define the weighted version of almost minimizers. To this aim, we
observe that if u is a solution of the parabolic Signorini problem in the strip S,
then
(1.1) / [(—O)|Vul + (—- Vu - 260u)(u — w)] G dedt < / ()| V|G dadt

Sl Sl
for every proper competitor w. This motivates the following definition of weighted
almost minimizers.

Definition 1.2 (weighted version). Let zg = (zg,to) € Q}. We say that a function
u € F,, satisfies the weighted almost parabolic Signorini property at zy if u > ¢ on
S1 and

/ (=)t — OVl
Sr(t0)\S,(to)
+ (=(z = m) - Vu — 2(t — to)Opu) (u — w)| G, dadt

< (1+7(r) / (to — 1) V|G, dvdt
Sy (to)\S,(to)

(1.2)

—i—n(r)/ (u — w)?Gy dudt + |l e+,
S, (t0)\ S, (to) ’

forany 0 < p < r < 1o with —1 < tg—r?, and w € L?(tg—1?,to—p*; WL2(R", G,,))
with w > @ on S](to) \ S, (to) and u —w € L*(to — 17, 1o — P2 Wy (R, G.,)).

We say that a function u € F is a weighted almost minimizer for the parabolic
Signori problem on QY if u > ¢ on S} and u satisfies the weighted almost parabolic
Signorini property at every zp € Q.

1
r

The readers might be intrigued by the presence of the exponential term ||u||%, e~
20
in (1.2). We incorporated this term since we discovered that solutions of some
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perturbed parabolic Signorini problems exhibit characteristics of almost minimizers,
with the inclusion of the exponential error, see Appendix B.

Definition 1.3. We say that a function v € & is an almost minimizer for the
parabolic Signori problem in @y if it is both an unweighted almost minimizer in Q4
and a weighted almost minimizer on Q.

The notion of a weighted almost minimizer is crucial for establishing monotonicity
formulas, which are significant ingredients in our analysis of the free boundary. We
will verify in Appendix B that solutions of some perturbed parabolic Signorini
problems, multiplied by a standard cutoff function, satisfy the weighted almost
parabolic Signorini property.

For background information and relevant literature concerning almost minimizers,
we refer to [JP23] and references therein.

The time-independent almost minimizers for the Signorini problem were com-
prehensively treated by the authors in [JP21]. This paper extends specific results
from the elliptic to the parabolic setting by employing similar energy methods.
However, the parabolic case presents significant new challenges compared to the
elliptic setting, primarily because we have to work with energy functionals involving
singular weights.

1.3. Main results. This paper focuses on the local regularity results for free
boundaries. Thus we assume that the domain Q7 C R™ x R is the parabolic cylinder
1. Given the technical nature of the problem, we specifically examine the scenario
where the thin space M1 is Q) (flat thin space), the thin obstacle ¢ is identically
zero (zero thin obstacle), and the gauge function n(r) = r® for some 0 < o < 1 with
ro = 1.

Our first central result of this paper concerns the Weiss-type monotonicity formula.

Theorem A. Fix kg >2,0<d6<2and0<e<a<1. Forz € F(u)ﬂQ’l/Q,
let u € F,, satisfy the weighted almost parabolic Signorini property at zy. For

0 < K < Ko, we set
2 . —
gzoe Tr ),

where a = a(k,a) > 0 and b = b(k,e) > 0 are as in Theorem 3.3. Then
Wi a.e6(r,u, 20) is nondecreasing in r for 0 < r < ro = 1o(ko,€).

Wn,a,aﬁ(ra u, ZO)

[e3
ar
(&

= 2ere (/ (2(to — 8)|Vul® = k(1 — br¥)u?) G, dadt + |Ju
r Sr(to)

Since almost minimizers do not satisfy a partial differential equations, we prove
Theorem A by comparing them with appropriate homogeneous replacements, as
done in the elliptic counterpart [JP21]. However, in our parabolic case, we encounter
new technical challenges, making the proof significantly more complicated. This
is mainly due to the formulation of the Weiss-type energy, which is defined in the
unbounded strip and involves the singular weight. It turns out that we have to
employ conformal self-similar coordinates.

By making use of the above one-parameter family of Weiss-type monotonicity
formulas, we derive the Almgren-type frequency formula. For caloric functions, the
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monotonicity of the following frequency was established in [Po0o96]:
r2 fR"x{to—Tz} |Vul|*G,,dx
fR"x{to—r2} uzGZde .

Recently, its averaged version was considered in [DGPT17] for the study of the para-
bolic Signorini problem. Regarding almost minimizers, we show that a modification
of those quantities is monotone. To describe it, we denote

1

Jss 00y 20 — DIV + [ully e

Ns(r,u, z9) == TE .
fST(tU)u %o

Theorem B (Almgren-type monotonicity formula). Let kg, d, €, «, 29, u, and b be as

r— N(r,u,z) =

in Theorem A. Then NHO,E75(r,u, 20) == min{ﬁth(r, u, 20), Ko} s nondecreasing
in 0 <r<ry=ro(ko,e). Moreover, if u is even-symmetric in x,-variable, then we
have either R R

Nios(0+,u,20)' =3/2  or  Nyy.5(0+,u,20) > 2.

In contrast to the Almgren frequency utilized for solutions to the parabolic
Signorini problem [DGPT17], the Almgren-type frequencies we work with for almost
minimizers include the extra exponential term Hu||§}zo e~ vr~%. Yet, we will show that
this term is unsubstantial (see Lemma 4.5) and derive the same minimal frequency
and frequency gap as presented in [DGPT17] (see Lemma 4.6).

Next, we consider the subset of the free boundary

R(u) ={z €T(u) N Q5 : ]/\\TND,g(O—&—,u,zo) = 3/2 for some ko > 2, 0 < 4§ < 2},
the set of all free boundary points with the minimal frequency 3/2, known as the
reqular set.

Theorem C (Optimal growth near regular free boundary). Fiz ko > 2. Suppose
that an even-symmetric funtion uw € %, satisfies the almost parabolic Signorini
property at zo € R(u). Then,

/ WG, dadt < C(ko,n, a)||ul3, 72,
Sr(to) ’

for 0 <r <ryg=ro(ko,n,a).

In the elliptic counterpart [JP21], an analogous result was derived using the
epiperimetric inequality. Regarding the parabolic Signorini problem, Shi [Shi20]
obtained a similar result by introducing the parabolic epiperimetric inequality. In our
case, we adopt similar approaches. It is worth noting that while the application of
these inequalities is rather immediate or standard in [Shi20,JP21], it is considerably
more complicated for the parabolic almost minimizers (see Lemmas 5.3-5.4).

Finally, the main result concerning the regularity of the regular set is as follows.

Theorem D (Regularity of the regular set). Let u € F be a symmetric almost
minimizer for the parabolic Signorini problem in Q1. Then R (u) can be represented
locally as an (n — 2)-dimensional graph of a function, which has Holder continuous
spatial derivatives.

From the monotonicity of ]’\\7,%,5’5 and limy—0(1 — br¥) = 1, we see that the limit
ﬁn075(0+,u, z0) = lim, 0 ]VNO’E,[;(T, u, z0) exists and its value is independent of €.
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1.3.1. Proofs of Theorems A-D. Although we do not provide formal proofs of
Theorems A-D in the main body of the paper, they can be deduced from the
combination of results there. To be more precise,

Theorem A is contained in Theorem 3.3.

Theorem B follows by combining Theorem 3.4 and Lemma 4.6.
The statement of Theorem C is contained in that of Lemma 5.4.
The statement of Theorem D is contained in that of Theorem 7.8.

O O O O

2. NOTATION AND PRELIMINARIES

2.1. Notation. We use the following notations throughout the paper.
For a function u, a set Q@ C R™*! a constant ¢ € (0,1), and a point zq = (0, o),
we denote

QT(ZO) = By(z0) x (to — %, o]
r.p(20) = Bre(z0) X (to — 7 %ty — p?]
0, Q, (20) = ( (o) X [to — r2, to]) U (B,.(xo) x {to — 7‘2}) : parabolic boundary
)

S, (to X (to — p, to]
QO =0n{z, =0}

UQZJ[’LL
Q

Uzg,r = UQr(20) :][ u
Qr(zo)

120l = (Jzo|* + \t0|)1/2 : parabolic norm
[(u) = dgr{(2',t) € Q) : u(2',0,t) = 0} : free boundary
Given ! = k ++ with £ € NU {0} and 0 < v < 1, we use standard notations for
parabolic Holder spaces of functions H5/2. For 1 < q < 0o, we denote W,»* and
qu’l by standard parabolic Sobolev spaces of functions. We refer to [DGPT17, JP23]

for detailed definition.
We denote the backward heat kernel by

. 2
oy = | () /250, 1<
’ 0, t>0,
and write its translations

Gzo = G( — X, — to).

Given zp = (zg,tp) € Q) and 0 <1 < 1, we let

1/2
”uHWzl’O(Sr(to),Gzo) = [/S - (v + (to — t)|Vul?) G, dxdt} ,
0

1/2
||“||W;’1(sr(to),czo) = [/ . (u? + (to — t) ([Vul® + (9u)?)) G, dxdt] .
to
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We say that u € F., if u € Wy ' (R x (=1, t0), G, )Wy (By X (=1, 1)) N L>® (R™ x
(—1,tp)). We define the associated norm by

Hu”gzo = ||UHW21’1(R"x(—l,to),GZO) + ||U||W§'1(Bl><(—1,t0)) =+ ||UHL°°(R"><(—1,t0))-
In addition, we say that u € & if u € &, for every zo € Q) and

[ullg = sup Il @ (=1,t0),6.0) T [Wlwzr gy + [elloe sy < 00
ZOGQl
2.2. Preliminaries. The following regularity result for unweighted almost mini-

mizers was proved in [JP23].

Theorem 2.1. Let u be an unweighted almost minimizer for the parabolic Signorini
problem in Q1. Then

(1) we Ho/2(Qy) for every 0 < o < 1;
(2) Vu € H?P/2(QE U Q) for some B = B(n,a) > 0.

Moreover, the authors showed in [JP23] that if w is an almost caloric function,
then a stronger result than (2) in Theorem 2.1 holds:

Vu € HY24(Q,).

Here, an almost caloric function essentially is an unweighted almost minimizer
without the obstacle condition; we refer to [JP23, Definitions 2.1-2.2] for its precise
definition and [JP23, Theorem 2.8] for its regularity result.

By using Theorem 2.1 and the above Holder continuity of spatial gradients of
almost caloric functions across the thin space @}, we can follow the argument in
[JP21, Lemma 4.7] to derive the following complementarity condition.

Lemma 2.2 (Complementarity condition). Let u be an unweighted almost minimizer
for the parabolic Signorini problem in Q1, even in x,-variable. Then u satisfies the
following complementarity condition

uwdf u=0 onQ}.
In addition, we define

Vu(x’, Tn, t)a Tn Z 07
Vu(a!, —xp,t), x, <0,

V@', zn,t) = {

the even extension of Vu from QF to Q1. If zy € T'(u), then
w(z) =0 and |Vu(z)| = 0.

3. WEISS- AND ALMGREN-TYPE MONOTONICITY FORMULAS

The purpose of this section is to establish monotonicity formulas of Weiss- and
Almgren-type. They will play a crucial role in the analysis of the free boundary.

We first prove the Weiss-type monotonicity formula, which represents one of
the most technical aspects of this paper. In its elliptic counterpart [JP21], the
authors derived the formula by comparing almost minimizers and homogeneous
replacements, inspired by the approach in [Wei99]. In the current parabolic case, we
compare almost minimizers and parabolically homogeneous replacements, and utilize
conformal self-similar coordinates. For its proof, we need the following auxiliary
results.



8 SEONGMIN JEON AND ARSHAK PETROSYAN

Lemma 3.1. Fiz kg >2and0<e<a<l. For0<rk <kgand0<p<r, let

) eor” ) (1 —bre)es”
O(r) := ‘I’p,n,a(ﬂ = ma U(r) = ‘I’p,mno,a,a(r) = W
with
8(k+1) - 128(ko + 1)

« €
Then, there is a small constant ro = ro(ko,€) = ) < 0 such that for0<p<r<

- 2/e
Ko
ro with p/r < 1/\/5,
(3.1) d'(r) <0,

(I)/(r) (2‘% +2- 6/4) bq)(r)TZHJrlJrs
(3.2) 1T=,0 v'(r) > — r2et2 — p2et2 )
14 re , 2(5 + 1),’,,2K+1
(33) T R¥0+ e e ®() 20,
, 2t B 2k+14e
54) Y(r) At L @2 -e/8)b0(n)r .

1o p2eE2 22 r2rt2 — 22

Proof. We first prove (3.1). By using 0 < € < «, we simply compute

o'(r) = (aaro‘ (2 + 2)7"2““‘) o(r)

- p2et2 2k r

<0, r<ro(e).

For (3.2), we note r28t2 — p2r+2 > (1 - (p/r)z) P22 > 2r25F2 and get

2(r)

(T2/€+2 o p2n+2) (I)/(T) _ ((r25+2 o p2n+2) aoﬂ,a o (2% + 2)T2/§+2) .

> (1/2aar® — (2K 4 2)) ®(r)r2e+1,
Moreover, using r2¢+2 — p2r+2 > %r2”+2 again along with ber® > aar® > (1 —
bre)aar®, we find
(T2/{+2 _ p2n+2) \I//(T’)
= (r*"t2 — p?" ) (—bers ' @(r) + (1 — br¥)@'(r))
)
= ((7“2'“'2 - p2”+2) (—ber® + (1 — brf)aar®) — (1 — br®)(2x + 2)7"2"”‘2) —Y)
< (1/2(=ber® + (1 = br¥)aar®) — (1 — br®)(2k + 2)) ®(r)r2 -+,
Thus, we have
(r2e 2 _ p2nt2) ( ®'(r) _ \If’(r))
1—ra
1
/2aar2a 25+ 27"
1—ro 1—r>

(e

> (1/2@0&“0‘ - (2k+2)+

+1/2ber® —1/2(1 — brf)aor® + (2 +2) — (26 + 2>br€) D(r)r2ntt

2 2
> — <(2n +2—¢/2)br° + 1H +ar°‘) O(r)r2tt
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> — (26 + 2 — £/4) bre®(r)r2
where the last inequality follows from 2£%2 < 16(x + 1) < be/8 and r® < re.

1—ro
et2 _ p2et2 > %7"2“*2 once again to obtain

Regarding (3.3), we use r

1+7re 2(k + 1)r2rtt
1 — o @ (T) T2n+2 _ p2n+2 (I)(’f’)

_ (1 +r* (aar"‘ 2(k + 1)7"2“"’2) N 2(k + 1)r2”+2) ®(r)

1_ o T p2et2 p2r+2 P2at2 _ p2nt+2 r

= ((1 +r*)aar® — Ar+ 1)T2R+2+a> o(r)

r2n+2 _ p2n+2 (1 _ T&)T
> (14 7r%)ac — 8(k + 1)) (I_CI;SA))THX > 0.

Finally, we prove (3.4).

O'(r)  2(k+ 1)r2ett
2k+2 2k+2
(r =) <_ 1o g2t _ p2et2 v(r)

ax 2K+2 242y .0, 2E+2 9ii0 e 2K+2 o(r)
Y - ke (1= br¥) (26 + 2 Rad U2
( 1,ra(T p )r +1—7ﬂar (1-=br%)(2k+2)r .
> (— 1 aa —r® + (26 + 2)br8> <I>(T)r2”+1 > (2k+2—¢/8) brE<I>(r)r2”+1,
—r
where the last step follows from %% < 16(x + 1) < be/8 and r* < r°. O

As previously mentioned, we will make use of conformal self-similar coordinates.
Given constants 0 < r < 1 and k¥ > 0 and a function u defined in S,., we define

(3.5) Uy, ) = Up(y,7) = e/ %u (26_7/2y, —e_T> . (y,7) e R" x (—2Inr, 00).

In addition, we let

(3.6) w(z,t) i= <\/?)Ku (/_7:5,—7«2) . (2,1 €S,

be the parabolically xk-homogeneous replacement of u in S,.. From its construction,
it is easily seen that w satisfies the homogeneity

(3.7) kw —x - Vw — 2tw = 0.
Then, @(y, ) := e/ ?w (26*7/21/7 —e’T) satisfies
(3.8) o;w(y,7) =0 for (y,7) € R" x (—21nr, c0),

which implies that w(y) = w(y,7) is independent of T-variable. This, along with
the fact that w(z, —r?) = u(z, —r?) for x € R", yields

(3.9 w(y) =u(y,—2Inr), yeR"
Lemma 3.2. Let u € Fy. Then, for k >0 and 0 < p<r <1,
(3.10)

/ (ku — x - Vu — 2tosu)(u — w)G
S:\S,

2k+2

= P n/2 _/ (ﬂ(y, —2In p) - a(yv —2In T))2€7‘y‘2 dy + (H + 1) / (u - w)zGa
7T n Sr\Sp
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where U and w are as in (3.5) and (3.6), respectively. In particular,

(3.11) / (ku — 2 - Vu — 2t0u)(u — w)G = (k + 1)/ (u —w)?G.
S Sr
Proof. By using (3.7) and (3.9), we obtain (3.10):

/ (ku — x - Vu — 2tosu) (v — w)G dzdt
8r\S,
/ (u—w)—z-V(u—w)—2t0(u—w))(u—w)Gdedt
8r\S,

% / (2h(u— )2 — 2 - V(1 — w)?2) — 20y ((u — w)2))G dadt

= 3 / O-((u— @)Z)ef‘y‘zef('”l)" dydr
7Tn/ R x(—2Inr,—21np)

_ L / (u— @)ch_ly‘zpz""|r2 dy

/2 R*»x{—21lnp}

1 ~
p R :_/2 / (u— w)26_|y|26_(”+1)T dydr
™ R?Xx(—21n7,—21np)

p21<a+2 2
== / (U(y, —21n p) — Uy, —2Inr))2e ¥ dy + (k + 1) / (u —w)?G.

™ n Sr\Sp

Moreover, (3.11) follows from (3.10) by taking p — 0 with the observation
: 2k42(~ _ o~ _ 2 < 1i 2Kk+2 —K —K - 2 —
lim o™ (uly, ~21n p) —Uly, ~2Inr))" < lim o™ (07" + r7)ullee(s,))" = 0.
O

We now prove the Weiss-type monotonicity formula with the help of Lemmas 3.1
and 3.2. We note that for any x > 0, the weighted almost parabolic Signorini
property (1.2) is equivalent to

/ [2(1 —n(r))(to — L‘)|Vu|2 — ku?
Sr(to)\Sp(to)
+ 2(ku — (z — ) - Vu — 2(t — to)Opu) (u — w)| G, dadt
< / 201+ 7(r) (fo — 8)| Vool — rw?
Sr(to)\Sp(to)

1

+ (k+2n(r)) (u — w)Q]GZ0 dxdt + 2\|u||§20 e T,

(3.12)

Theorem 3.3 (Weiss-type monotonicity formula). Fiz ko > 2, 0 < 6 < 2 and
0 <e < a< 1. Suppose that for zg = (xg,to) € Q’I/Q, u € F,, satisfies the weighted
almost parabolic Signorini property at zy. For 0 < k < kg, set

Wn,a,a,&,p(ra Uu, ZO)

eaT“
= 2ty — t)|Vul? — k(1 — br¥)u?) G, drdt
r2RF2 _ p2nt2 (/S (t0)\S (ta) ( ) Gz,

1 _5
+lullg, e )
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where constants a,b are as in Lemma 3.1

- 8(k+1) - 128(ko + 1)
a € '
(i) For0<p<r<ry=ro(ko,e)= TOQ(Z) with p/r < 1//2,
Fo

d
(313) 7WK,Q,6,5,P(T) U7ZO)

dr
(4/{ + 2)T2n+1p2m+2 _ _ 5 7|y‘2
- 7Tn/2(7“2”+2 o ,D2K+2)2 R" ('U,(y, _2 ln p) - 'U,(y’ _2 ln 7')) e dy?

where U = Uy, is as in (3.5).
(ii) When p =0, for Wi qe6 = Wiae50 and 0 <r < rg =ro(ko, o, €) = ”:fj’f),

0

d

(3.14)

WK,,Ot,E,(S (T, u, ZO)

S K
= 9p2r+3—c/2

/S (ku — (z — o) - Vu — 2(t — t9)Opu)uG., | -

Although we work with W, . 5 throughout most of this paper, the monotonicity
of Wi a.e,5, Will be used when we establish the rotation estimate in Lemma 6.1.

Proof. The proof is divided into several steps.

Step 1. Without loss of generality, we assume zp = 0. We write for simplicity
Wi.p = Wi aes,p- Let w be the homogeneous replacement as in (3.6). Note that
we can write

Wi p(r,u) = B(r) / (—20)|VulG — w(r) / kG + B (r)[ul e,

where ®(r) = % and ¥(r) = (1—br5)e2‘112 are as in Lemma 3.1. Then, by

FIRFIC2RTE
using (3.12) and (3.1), we deduce

d
%WH,p(r) u)
= (D/(T)/ (—2t)|Vul?*G — \I/'(r)/ Ku*G + 2r<1>(1")/ 2r?|Vul*G
5:\S, S:\S, R7 X {—72}
— 2r\11(r)/ Ku?G + |Ju||% d (@(7’)6_%7'_5)
Rn x {12} Odr
@’ @’
= (r) / (1 = 7r*)(=2t)|Vu|* — ku?)G + ( () _ W’(r)) / Ku?G
L= Js.\s, 1—re 5r\S,
+ 2r®(r) / 2r?|Vul?G — 2r‘If(r)/ Ku*G
Rr x {12} Rr x {12}
d 1
+ lluly, - (e )
®'(r) @ 2 2
> [(1+7%)(=2t)|Vw|* — kw® — 2(ku — = - Vu — 2tdu)(u — w)
1 —ro¢ ST\Sp

+ (K +2r%) (u — w)?] G + 2|u||?%ei>
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!
+ ( ) _ \Il’(r)> / Ku’G + 27’(13(7’)/ 2r?|Vul*G
L—re S:\S, Rnx {—r2}

d 1
—2r¥ ’G zZ —(®(r)e rr?
) [ el (20 e)

=I+IT+1IT+1IV+YV,
where
' (r)(1+r”

I M/ (—2t)|Vw|2G+2r<I)(r)/ 22| Vul2G,
1 —ro S,:\S, R x{—r2}
@/

II=— (r) / kw?G — 27"\11(7')/ KU’ G,
L =71 Js,\s, R7x {72}
o'(r)

IIT = / [—2(ku — 2 - Vu — 2tdyu) (u — w) + (k + 2r*) (u — w)?] G,
S:\S,

1—r«

IV = ( olr) _ \IJ'(r)) / Ku*G,
1 — ro Sr\sp

28/ (r) |u®e* s d 1 s
V = ﬁ + HU”goa (@(7’)6 T ) .

Step 2. In this step, we estimate the terms I-V. We begin with I and II. By using
the homogeneity of w, we can directly compute
2k+2 _ p2H+2

r
—2t)|Vw|?G = 7/ 2r?|Vul|?G dz,
/ST\SP( IVl (k+ 1)1 Jrn(—r2y IVl

,’,,2n+2 _ p2n+2
/ wG = 72/ u?G dx.
Sr\S, (K; + 1)7’ " R7 x{—7r2}

Combining these equalities with (3.3) and (3.4), we obtain

I = (W + QT@(T)W> / (—2t)\Vw\2G > 07
S

1— o /r2l'i+2 _ p2K,+2 ,

and

Il = (—(I)/(T) - 2T\I/(T)W) /ST\SP kG

1— ro r2n+2 _ p2/{+2

(2K + 2 — g/8) b®(r)r2rtite 9
r2RHE _ 2t KW G.
S:\S,

Next, we estimate I11. Note that

>

o(r)
(r2nt2 — p2nt2)

O (r) = (aar®(r* 2 — p22) — (2K + 2)r2“+2)r
O(r)r2ett

T2n+2 _ p2.‘£+2
O(r)r2ett 1

This, along with (3.10), produces

(I)/(T') 2p2i<a+2 _ _ T
1 — ro < 7-‘-71,/2 /n(u(yv -2 lnp) - U(y, —2 lnr))ze i dy

< (aar® — (26 +2))

IA

—(2k+1)

11l = —
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+(f<;+2—2r0‘)/ (u—w)2G>

Sr\S,

41%_’_ NP (r T2K+1p2.‘-€+2 . " 2
(Fn/2(7)~2m(+g_p2m+2) / ((y, —21In p) — ti(y, —21n 7))~ V" dy

L 2Dk L@ (r)r2tt / (1 — )2
T25+2 _ p2m+2 ST\Sp

Regarding IV, we simply use (3.2) to get

(2K + 2 — g/4) b®(r)r2rtite 5
IV = — r26+2 _ p2~+2 ru”G.
S:\S,

2k4+2 _ p2n+2 2 %T2/{+2 to get

o o_ (264 2)r2H2N (1) o o(r)
D'(r) = <aoz7’ T mer i) > (aar® —4(k + 1)) -

Finally, to deal with V| we recall the inequality r

which yields

Vv 2 -5 1 d
= 67@/(7“) + (b/(T)e—%T—é + (== (r) o tp—9
Jullg, 1-—r* r r
2 1 ®
> (( + r_é) (aar® —4(k + 1)) + ( _ 5) r“5> (7”)6_%
177’0( r r
>0, 0<r<@EL
Ko

Step 8. By combining the results in Step 1 and Step 2, we get

,’,2/@-&-2 _ p2n+2 d
—— o1 3 W,
Syt ar e

> (2k+2—¢/8) nbrs/ w2G+(2/€+1)(I€+1)/ (u —w)*G
SA\S, S,\S,

—(264+2—¢/4) /@brg/ u*G
5,:\S,
4 2 2k+2
SO [ G —2inp) — g2 i) e dy
" n
On the other hand, we take pu = m, which is tailor-made to satisfy
ro(a,€)

1+p= %:Zﬁ, and apply Young’s inequality to have that for 0 < p <71 < =52,
Ko

(2k+2—¢/8) nbrg/ w2G+(2/1—|—1)(/-£+1)/ (u — w)*G
S:\S, 8:\S,

—(264+2—¢/4) ﬁbrg/ u*G
Sr\Sp

> (2k+2—¢/8) Hb?“s/ w2G+(2m+1)(/¢—|—1)/ (u —w)?G
S,\S, S,\S,

— (26 +2—¢/4) Kbr® ((14—/1)/8 s w2G+(1+1/,u)[3 . (u—w)2G>
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1
= —smbrE/ w?G
24 S,:\S,
+(26+1)(k+1)— (26 +2—/4) kbr (1 + 1/u))/ (u—w)*G
5:\S,
> 5k(k + 1)7"5/ w?G + k(K + 1) / (u —w)?G.
S:\S, 5:\S,

By combining the precious two inequalities, we deduce

,,,2&-{-2 _ p2n+2 d

(3.15) W%ij(r’ u)
> 5k(k + 1)r® / w?G + k(K + 1) / (u —w)*G
S:\S, Sr\S,

4 +2 2Kk+2 _ _
+ % / (u(y, —21n p) — u(y, f21n7~))26*|y\2 dy.

This gives (3.13).

Step 4. The purpose of this step is to obtain (3.14). To this aim, we let p = 0, and
observe that (¢ — @w)u =0 on R™ x {—2Inr} and that for any y € R™

. ~ o ~ —(k+1)T . 2 -7\ __
lim |(@(y, 7) — @y, 7))y, 7)e < lim (23w (s,ye ") =0.

T—>00

It then follows that

/ (ku — z - Vu — 2t0u)uG
S,

2
=— / (0- (i — @))iie W’ e~ TD7T dydr
wn R” x(—2Inr,00)
2
=—— / (u— @)(575)67“/'267('{#1)7 dydr
mn/ R x(—2Inr,00)

2 1
+ 7(}22 ) / (uw— ﬁ)ﬂe*‘y‘rze*(”“ﬁ dydt
™ R™ X (—2Inr,00)

= —/ (u —w)(ku — x - Vu — 2t0u)G dxdt + 2(k + 1) / (u — w)uG dxdt
S Sy

=</-e+1>/s<u—w>2G+2<n+1>/S<u—w>wG,

r r

where we used (3.8) in the first step and (3.11) in the last equality. Thus

/ (ku —x - Vu — 2t8tu)uG‘ <2(k+ 1)1“76/2/ (u —w)%G + (K + 1)rs/? / w?G.
S S S,

Therefore, by combining this with (3.15), we conclude that

Epel2 / (ku —x - Vu— 2t8tu)uG‘ < k(K + 1)/ (u —w)*G + K+ 1) 1)?"5/ w?G
2 s, s, 2 s,
r
< hall
~ d(r) erK(r’ v)

This implies (3.14). O
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Next, we deal with the Almgren-type frequency in the parabolic setting. Poon
proved in [Po096] that if w is a caloric function in Sy (i.e., Au — du = 0 in Sy),
then its caloric frequency

P fRnX{tD_T2} \Vu\2GZde
fR"x{to—ﬂ} u?Gyde

N(Ta u, ZO) =

is monotone nondecreasing in r € (0,1). Concerning the parabolic Signorini problem,
[DGPT17] considered its averaged version
2(to — t)|Vu|*G.,
NO(r,u, 20) := Js. e 5 -,
fSr(to) u Gzo
and proved the generalized frequency formula related to N° when z is a free

boundary point. For almost minimizers, we need some modifications on N°. Given
free boundary point zg € T'(u) N Qll/Z’ we let

1
- fsr(to) 2(t0 - t)|Vu|2GZO —+ ||u|‘2gzoe T )

Ns(r,u, z9) =
fST(tO) u?Ga,
We then define the multiplicative modification of Ng
~ 1
Nmma,é(r, u, ZO) = mNts(ra u, ZO)a

where b is as in Theorem 3.3 (or Lemma 3.1), as well as the truncation of ]\7,%5’5

~ 5 ~ rol€
Niye,5(ru, 20) = min{ Ny, ¢ s(r,u, 20), Ko}, 0<71r <ry=ro(ko, €)= 2(/5)‘
ko

When zg = 0, we simply write N°(r,u), Ns(r,u), etc.
As demonstrated in [JP21, Theorem 5.4], the monotonicity of Wy, o . s readily
implies that of the truncated frequency Ny, ¢ s.

Theorem 3.4 (Almgren-type monotonicity formula). Let u, zo, ko, d,€ be as in
Theorem 3.3. Then Ny, - 5(T,u, z0) is nondecreasing in 0 < r < rg = ro(ko,€) =

ro(e)

2/e *
Fo

Proof. We may assume without loss of generality zo = 0. Take 7o = r(ko, &) small
so that 1 —br® > 0. If Ny, s(r,u) < k for some r € (0,ry) and & € (0, ko), then

@

ar _
Wiaes(ryu) = :mﬁ(l — bre) ([S uQG) (Nug,e5(r,u) — k) <O0.

For any 0 < s < r, we have by Theorem 3.3 that W o < s(s,u) < Wy a.5(r,u) <0,
and hence Ny, ¢ 5(s,u) < k, as desired. O

4. ALMGREN RESCALINGS AND BLOWUPS

The main objective of this section is to derive the proper lower bound for the
frequency for almost minimizers at free boundary points. For this purpose, we deal
with so-called Almgren blowups, which become global solutions of the parabolic
Signorini problem. It is known that even-symmetric (in z,-variable) solutions
possess the minimal frequency of 3/2.
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In the study of the Signorini problem (both in elliptic and parabolic settings),
the even symmetry of the solution with respect to the thin space is imperative.
The symmetry ensures that the growth rate of the solution over the “thick” strip
Sy(z0) match that over the “thin” strip S..(z9). This allows us to extract the
information about the behavior of solutions on the thin space using the Almgren-
type monotonicity formula.

In the case of solutions of the parabolic Signorini problem, the symmetry assump-
tion is not resrictive, because if u is a solution then its even symmetrization
u(@', xp,t) +u(z, —xn,, t)

2
is still a solution. However, this property is not available for almost minimizers,
as the even symmetrization can disrupt the almost Signorini property, even in the
time-independent case (see [JPS24, Example 6.1]).

Therefore, in the remainder of this paper, we assume that the almost minimizer
u is even symmetric in x,-variable.

u* (2, t) =

Next, we introduce another type of competitor for u € %, aside from homogeneous
replacement. We say that v is a parabolic Signorini replacement of u in S,.(to) if v is
the solution of a parabolic Signorini problem in S,.(tg) with v = u on R™ x {tq — r?}
and v —u € L2(tg — 12, to; Wy *(R™, G, ).

We remark that the regularity assumption on u € &, is not sufficient to ensure
the existence of its parabolic Signorini replacement. To rectify this issue, we consider
convolutions with mollifiers. For a standard mollifier ¢ = ¢(z) in R™ and a small
constant p > 0, we let ¢, (z) == (1/p)"¢(z/p). We set

(4.1) up(z,t) :=ux*p,(z,t), (z,t)€S.

Then uy, (-, —r%) € W2 (R") for a.e. r € (0,1) and |[u, —ullg,, — 0 as up — 0. By

Theorem A.1, for such r, there exists a unique parabolic Signorini replacement of

Uy, in Sy

Remark 4.1. u, satisfies the almost parabolic Signorini property in S, 0 <r <1,

with a gauge function n(r) = 7*/? and additional additive error C(n, a)|u — u#||§}z .
Indeed, we assume without loss of generality zg = 0. Since v :=u — u, + v, is 21,

valid competitor of v in S,., we have by (1.2) and Young’s inequality

/ (1- rO‘/Q)(—t)|Vuu\2G + (@ - Vuy, — 2t0uy,) (uy — v,)G

= / (1 =72 (=t)|Vu + V(u, — w)|*G + (—x - Vu — 2tdu) (u — v)G
S,
+ (—x - V(uy, —u) — 2ty (u,, — u))(u, —v,)G

< / (1= 1) (=) |Vul?G + (= - Vu — 200yu) (u — v) G
S.

T

+ Ol — g3, + / (s — 0,)°C

S

<41 [ (OFPG+r [ 0PG+ ulfe

T r

+ Ol — g3, + / (s — 0,)2G

"
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<@ +r“/2>/ (=) Vv [°G + 2r“/2/ (up — )G + ||uu| % e ™
S, Sr

+ O ()|l — w3,

Lemma 4.2. Letu € F,, satisfy the almost parabolic Signorini property at zo € QIl/Z'

Suppose that u has a parabolic Signorini replacement v in Sy (ty). Then there exist
constants rog > 0 and C' > 0, depending only on «, such that if 0 < r < rg,

(12) [ -0V 0)PGey 0 [ (= 0|Vul Gy + Cluly, e,
Sr(to) Sr(to) ’

(4.3) / (u—v)2G, < cra/ (fo — )| Va2 Gay + Cllull3 .
Sr(to) Sr(to) ’
Proof. We may assume without loss of generality zg = 0. By the variational

inequality of v, we have
/ (—2t)VoV(v —u)G + (—z - Vv — 2tdw) (v — u)G < 0.
S

This, combined with the almost Signorini property of u (equation (1.2)), gives

| 9= ope

s,
= / (—t)|Vul?G — / (—t)|Vv]?G + 2/ (—t)V(v —u)Vu@G
s, S, S,

§Ta/ (ft)(\Vu\2+|Vv|2)G+/ (—z - Vu — 2t0pu) (v — u)G

r r

+1"a/ (ufv)2G+||u||g}Oe*% f/ (—x - Vv = 2t0w) (v — u)G

d r

:/ (—3:~V(u—v)—2t8t(u—v))(v—u)G—|—rD‘/ (=) (|Vul* + |Vo|)G
Sr Sr

4o / (u — 0)2G + [ull e .

To compute the first term in the last line, we consider @(y, 7) 1= u (26*%% *677)
and v(y,7) == v (Qefgy, 7677), which correspond to (3.5) with k = 0. Since
u—v=0o0nR"x {-2Ilnr}, we have by Integration by parts
/ (- V(1 — v) — 240, (1 — ) (v — u)G
S,

2 2
-2 / (0:( — ) (7 — W)e= Ve~ dydr
wn/ R X (—2In7,00)

1 ~ o~ “yl2 —r
(44) - _W/ a-,— ((’LL — U)Q) (& Il e dydT
R™Xx(—21Inr,00)

1 -
S T / (it = %)e e dydr
mn R” x(—2Inr,00)

= 7/ (u —v)*G dzxdt.
s,
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It then follows that
(4.5) / (—0)|V(u—v)|? < r / (—)(IVuf> + [Vo]?)G + [ulz, e+

r T

This gives

/ST(—t)NU| ng/ ()| Vul G+2/ ()| V(u — v) PG

S, S

§4/ (—t)|Vu|2G+2r°‘/ (—OIVoG + 2full e,
Sr r

which implies

(4.6) /s (—)|Vv]?G < C’/ (—t)|Vul® + C’||u||§oe’%, r < r(a).

™

By combining this with (4.5), we obtain (4.2).

Regarding (4.3), we use the almost parabolic Signorini property of v and the
parabolic Signorini property of v (i.e., equations (1.2) and (1.1)) to have

/ (—t)|Vul*G + / (—z - Vu — 2t0u)(u — v)G

r r

§/ (ft)|Vv\2G+r°‘/ (ufv)2G+||u||g}Oef%+r°‘/S (ft)(\Vu|2+|Vv|2)G

d r r

2
< / (=t)|Vu|*G — /s (—x - Vv = 2tow)(v — u)G

r T

—|—r°‘/ (u—v)2G+||u\|2%e*%+ra/ (—)(IVul? + VoG,

r T

and thus
/S‘(—x -V(u—v)—=2t0(u —v))(u—v)G

< r“/ (u—v)?G + ||u|‘§06_% + r“/ (=) (IVul® + |Vo]?)G.

r r

This, together with (4.4), gives

/ (ufv)zGSC’ro‘/ (—O)(IVaf? + [VoP)G + CllulZ, e .
Sy

r

Finally, by combining this and (4.6), we conclude (4.3). O

Corollary 4.3. Suppose that w € F,, satisfies the almost Signorini property at
zp € Q/1/2~ For u,, be as in (4.1), let v, be the parabolic Signorini replacement of

uy, in Sp(to). Then there are ro > 0 and C > 0, depending only on c, such that for
0<r<mrg

| =0V = 0)PGey < 0 [ (906, 4 Clul, e
Sr(to) Sr(to) ’
+ Cafm,)llu = w3,

/ (s — 0,)?Cy < Cro2 / V2 Gy + Cllual3, et
S (to) Sy (to) ’

+ Coln,)llu — w3,
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Proof. For the proof, we can use the almost parabolic Signorini property of u,
(Remark 4.1) and follow the argument in Lemma 4.2. O

For zo = (20,t0) € I'(u) N Q] ), and 0 <r < 1/2, consider the Almgren rescaling
of u at zg
u(rz + xo, 7%t + o)

L ) 1/2° (LU,t) € Ql/(?r)'
(ﬁ Js, o) ¥ GZU)

It satisfies the normalization and scaling properties

/ (ufmr)2G =1,
S1
NO(p,u? . 0) = Npr,u,z), p<1/(2r).

20,77

ul  (x,t) =

Z0,T

We will call the limits of ufmr over any sequence r = r; — 0+ Almgren blowups of

u at zp, denoted by u‘%}o. When zy = 0, we simply write u = u()“,r and uf = uéo.

Proposition 4.4 (Existence of Almgren blowups). Let 29 € Q) , N T'(u) be such

that ]/\7',.6075(0+,u, 20) = k < Ko for some 0 < 6 < 2 and kg > 2. Then every sequence

of Almgren rescalings uﬁ),rj , with r; — 0+, contains a subsequence, still denoted by

rj, such that for a function uﬁo,o € W;)’l?)c(sl, G)NCEQTUQY))

loc

ul o ul in Wy (S1,G),

20,75 20,0 2,loc
A A : 1,0/ A+ ’
uzoﬂ“j - U’ZO,O m C(loc (Ql U Ql)

Moreover, Ui,o is a nonzero solution of the parabolic Signorini problem in Sy, even
M Ty

Proof. We may assume without loss of generality zg = 0. From ]?f,<,()7(;(04r7 u) =k <

~

Ko, we have N5(0+,u) = Ny, 5(0+,u) = &, and thus Ns(r;,u) < ko for small r;.
For such rj,

(4.7) /S (=20)|Vu PG = NO(1,uft ) = N%(ry,w) < N(ry,u) < so.

2
Combining this with fSl (uﬁi) G =1, we see that u;f‘j is bounded in W,°(S1, G).

Thus, there is a function ug‘ € W21 ’I%C(Sl, G) such that up to a subsequence

ufj — uf  weakly in Wi’o (51,G).

loc

Moreover, it is easy to see that each u;‘i is an unweighted almost minimizers in
Q1/(2r;) With gauge function n,,(p) = (r;p)* < p®. Thus, for small ¢ > 0 and
K € Q1 N {t < —¢}, we have by Theorem 2.1

Hufjncma/?(K) + ||VU;%HC/W/2(K10K') < C(”aKa0475)“ufj||W2170(le{t§_5})
< C(n,K,a,s)HufjHW;,o(slg).
This, along with the boundedness of {ufj} in Wy°(S1,G), yields

uf = ug i Col((QF U@ N{t < —¢}).

loc
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Taking € N\, 0 and using Cantor’s diagonal argument, we infer that over a subsequence
r=r; \,0
A A i AL0 At
up = up in G (Q U Q).
Now, for each 7}, we take p; > 0 small so that the convolution (uf] Yo, = u;f‘j *Qy, as
in (4.1) satisfies Co(rj, @)||(ut); — w5, — 0 as r; — 0, where Co(r;,a) is as in

Corollary 4.3. We then apply Theorem A.1. By considering S;_. with small € > 0
if necessary, we may assume that there exists the parabolic Signorini replacement
(Vry )p, of (u;“j)w in S;. By Corollary 4.3, (4.7) and the bound Ns(r;,u) < kg, we
have

/S (—t)[V (@A — (vn,)p, PG
<2 / (—OIV (W), = (00 ) )PG 4 2 ), — |2,
S1

< ool /S (=)[V (), PG + Cll(ud ) 137

+C0(a)Co(ry, a)ll(up,); — s lIF,

_ 1
< CT?/Q/S (=O)Vup [°G + Cllugs 5,677 + Ca)Colry, a)|(uil ), — uiy |13,
1

< C/ior;?‘/Q + CNs(rj,u)e " + C(a)Co(rj7a)||(ufj)M — ufJH?%
—0 asr; = 0+.

Similarly, we can obtain
/ (u;f‘7 — (vrj)#j)2G —0 asr; - 0+.
s

These estimates, combined with the bounded of ufj in W21 ’O(Sl, G), implies that
(Vr; )y, is also bounded in W, (81, G) and

ult — (vr;)u, — 0 strongly in W;’O (51, G),

T loc
and hence
(r, ), — uf  weakly in Wi’ﬁc(Su G).
By [DGPT17, Theorem 7.3], we have that uj is a solution of the parabolic Signorini
problem in S; and that (v, ),; is bounded in W2 (Sy,G), which gives (Ur_,-)ZjG —

(ug‘)2 G strongly in L'(S;). This, combined with the observation
2 )2 A 2
2/ (%)MGz/ () 0—2/ (WA = (0,),)°G = 1 s 15— 0+,
5 S S

produces fSl (ug‘)z G = lim,, o4 fsl (Urj)ijG > 1/2, and hence u§' # 0 in S;. This
completes the proof. ' O

In the subsequent lemma, we show that the additional exponential term present
in N is insignificant, as previously mentioned. This enables us to employ the results
established in [DGPT17] while proving a lower bound on Almgren’s frequency for
almost minimizers in Lemma 4.6.
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Lemma 4.5. Suppose u satisfies the almost parabolic Signorini property at zy €
L(u) N Q/1/2‘ If Niy s (04,1, 20) = Kk < Ko for some 0 < § < 2 and ko > 2, then

2(tg — t)|Vu|*G.,
lim N°(7,u, zp) = lim fsr(tO) 5 =k
r—0 r—0 fS'r(tO) u GZO

Proof. Without loss of generality, we may assume zy = 0. From ﬁm075(0+, u) =k <
ko, we have Ns(0+,u) = k, thus it is enough to show

e r°
lim ——2—— =0.
rl—r>r(l) fSr u?2@G 0
To this aim, we assume to the contrary that
et
B w00
Then we have for some sequence r =r; \, 0
_a
Hu”g}oe w 7“]-76 ag . fSrj (72t)|VU|2G )
————— > —  an > K — 2ag.
[ u*G 2 [ u*G 0
g "5

— Vul2G+]lul|? e_%r*y
Fix ¢ € (0, ) and for ¢’ = d +¢/4, consider Ng/ (r,u) = Js. (2201 If -;HGH% .
sy

Then for r = r;,

_ 2 ST
fsrj( 26)|Vul*G [ull,e JTj6 —e/a g Q0 </

fSr- u2@ + fsp 2G 2

N(;/(rj7u): 4+n—2a0.
Thus, we have for any k1 > kg

~ ap —

Ny e50(rj,u) > N (rj,u) > Eorj Iy k- 2aq,
and hence

(4.8) ]/\\f,.;h(;/(O—F,u) = lim min{ﬁnl,s’ts/(rj,u), K1} = K1.

Tj*}O
On the other hand, since Ns(0+,u) = &, there is s9 > 0, independent of ki,
such that Nj(r,u) < 2k for r < so. Moreover, by Theorem 3.4, there is a constant
¢o = co(g) > O such that for any k1 > ko and 0 < 6 < 2, Ny, ¢,5(r, u) is nondecreasing

in0<r< 226/"5. By taking ¢y smaller if necessary, we may assume cg < sg. Note
fq

that if k1 is sufficiently large, then 1 — > 1/2. Moreover, we have

for 0 < r < 2%

Ko

128(I€1+1) . C()(E)E
e K2

J5.(“20IVUPG | Jullg,e !
fSr u?G fST u2G
It then follows that

~ Co 1 Co
N"@17875/ (2/8711) = 6N5' ( 2/E,U>
K1 1 _ 128(mat1) < co ) K

N/ (r,u) = r% < Ny(r,w)r—s/* < 2kr /4,
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—c/4
Co 1/2
<4g ( 2/€> < Cle, H,SO)/{I/ .

Therefore, we have for large x1

T Co 1/2
an,eﬁ’ (2/6,u> S C(E,I{,So)[il/ < K1.
K1

This, along with (4.8), contradicts the monotonicity of ]\7’%&6/ in (O, 2 ) O
K

1

Lemma 4.6. Let u be an almost minimizer for the parabolic Signorini problem in
Q1 and zg € T(u) N Q/1/2- If Nyy s(04,u, z0) = K < Ko for some 0 < ¢ < 2 and
Ko > 2, then

k=3/2 or kK>2.
Proof. Without loss of generality, we may assume zo = 0. Let uj' = lim,., 0 ufj be

an Almgren blowup. Recall that it is a solution of the parabolic Signorini problem
in S;. From Lemma 4.5, we find that for any 0 < p < 1

N(p,up) = lim N°(p,ul) = lim N°(prj,u) = &,

which implies that ' is parabolically homogeneous of degree « in S; (see the proof of
[DGPT17, Theorem 7.3]), and by homogeneity, can be extended to Sy. In addition,

by the Complementarity condition (Lemma 2.2), we have u{'(0) = |[Vug'(0)| = 0,

where Vug is the even extension of Vud' from S; to S;. Thus we can repeat
the proof of [DGPT17, Proposition 8.1] to get & > 1. Then, it follows from
[DGPT17, Proposition 8.5] that either x = 3/2 or k > 2. O

Corollary 4.7. Let u be an almost minimizer for the parabolic Signorini problem
in Q1 and zp € T'(u) N Q/1/2' Then for any ko > 2, € € (0,a] and 0 < § < 2,

W3/2,a,6,5(r7u7 ZO) > 0 fO’f' 0<r< To,
where rq is as in Theorem 35.35.

Proof. The proof follows by using Lemma 4.6 and repeating the argument in
[JP21, Corollary 6.3]. O

5. GROWTH ESTIMATES

In this section we establish the optimal growth of almost minimizers at free
boundary points (Lemma 5.4).
Given k > 3/2, we define the k-homogeneous rescalings of u at zo = (xg,t9) €

[(u) N Ql1/2 by

u(wo + rz, to + 1r’t)
rli

u207T('r7 t) = ug';?r(x, t) =

s (a:,t) € 5.

Note that ]/\\fﬁoy(;(OJr,u7 20) and Ns(0+,u, ) are independent of a and e.
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Lemma 5.1 (Weak growth estimates). Suppose u satisfies the almost parabolic
Signorini property at zo € T'(u) ﬂQ’l/Q. If Ny, 5(0+,u,20) > & > 1 for some k < Ko,
ko> 2 and 0 < § < 2, then for any 0 <€ < /2 < 1,

/ u?G, drdt < C(no7a||u||§f,zor2n+2—§7

(5.1) Sr(to)

/ 2(to — t)|Vu|2GzO dzdt < C(ko, g)”u”g}zo p2r+2-¢€
S, (to)

for 0 <r <rg=ro(ko,€).

Proof. Without loss of generality we assume zyg = 0. Note that for every ¢ =
28 € (0,q], the condition N, s(0+,u) > k implies that Ny, .s(r,u) > & for
0 <7 < ro(ko,€). Then we also have N, ¢ 5(r,u) > & for such r, and thus

_ earo‘ 5 R ~
(52 Wiaes(nu) = 5 ( /S u G> (1 - bre) (Nﬁo,syg(r, u) — /{) > 0.

_ . (®)
For u, = Ug

— 2~ _ L 2
(5.3) m(r) = /S1 u;G = sl u“Q.

r

, we define

Using
1

ey (ku(re, r2t) — (rx) - Vu(rz,r’t) — 2(r2t)8tu(rx,r2t)) ,

%ur(x,t) =

we can compute

m(r) = 2/31 (2, ) <CZnur(a:,t)> Gla, 1) dudt

2
=~ / u(rx, r’t) (Hu(rx, r?t) — (rz) - Vu(rz, r?t)
S1
—2(r*t)Opu(rz,r°t)) G(, t) dudt
= —% / u(ku — 2 - Vu — 2t0u)G dxdt.
r S

r

By applying Theorem 3.3, we further have

2
r26+3

4r—e/2 ¢
Kk dr

m’(r)| =

Wn,a,s,é(ra U)

/ u(ku —x - Vu — 2t3tu)G‘ <
s

r

This, along with (5.2), gives that for 0 < s <1 <1
" 4 (" __,5d
m(r) = m() < [ 1@< % [ 5 W calpi)do
S - d S
S 45_5/2/ IWK,Q,E,é(pa u) dP S 48_8/2Wn,a,5,5(r7 u)
s dp

In particular, we have
m(r) < m(ro) + 4r~*Wy a.c.5(r0, u).

This implies the first bound. The second one is then derived by utilizing the first
one and the monotonicity Wi ae,5(7, ) < Wi a.e.6(70, u). O
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In the rest of this section, we remove the extra £ > 0 in Lemma 5.1 and obtain
the optimal growth in the case of the least frequency x = 3/2. To this end, we
first derive the polynomial decay estimate of the Weiss-type energy Wi s o c 5-
Following the approach in the elliptic counterpart [JP21], we achieve this decay by
utilizing the epiperimetric inequality. However, it is worth noting that employing the
epiperimetric inequality in our context is considerably more complex and technical.

Before we state the parabolic epiperimetric inequality from [Shi20], we introduce
two types of “standard” Weiss energy functionals that will be used in this section.

ﬁ /Rn ((2t)|Vv(:E,t)2 — z;)v(x,t)2> G(z,t) dx,

1
W??/2(7”a v) = 75/ ((—27?)|V11|2 - ;UQ) G dxdt.

r

V)a(t,v) =

Theorem 5.2 (Epiperimetric Inequality [Shi20]). Let v be a solution of the parabolic
Signorini problem in S1. Then there is a dimensional constant £ € (0,1) such that

V30/2(t/e,v) <(1- 5)‘/30/2(15,1)), —-1<t<0.
Lemma 5.3. Fiz kg > 2 and 0 < § < 2. Suppose u satisfies the almost parabolic
Signorini property at zg € T'(u) N Q/1/2' Then there exists o = o(n,a) > 0 such that
for any € € (0, q],

(54) 0 < W3/2,a,8,§(ra u, 'ZO) < CTmin{a”SS/zl}a 0<r< TO(‘%Oa n, «, 6)
with C = C(ko, n, a,E)Hqu}ZO.

Proof. We split our proof into several steps.

Step 1. We may assume 2z = 0. We suppose that for r € (0,1) a.e., there exists a
parabolic Signorini replacement v of w in S,.. For the simplicity of the presentation,
we will derive (5.4) under this assumption in Step 1-Step 3 and consider the general
case without the existence assumption in Step 4.

By the epiperimetric inequality (Theorem 5.2) and the monotonicity of V30/2

([Shi20, Lemma 2.2]), we get

0 o -
PO (r,v) = / (02 V(tvydt =3 [ (0¥ PV (v de

2 T

- m=0" " em
3 " " 3/21/0 (.m
- Z(l —9 / r2 (=) V5 (e™t, v) dt
m=0 —Im
> 5 m r2 3/2
1 — e s o
- mZ:o ( e ) /_7.2 <_eTn) V3)a(s,v) ds
o0 5 m T2
1-— 2 (
S () i [
m=0 r
(e’ — 1)

N (5/2)(e5/2 + ¢ — 1)‘/3()/2(—7‘2,1}).

Thus
1—n 1—n9
(5.5) W??/2(r,v) S W‘/BO/Q(_T27/U) = 7{/30/2(_7‘27107
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where 7 := € (0,1/e). On the other hand, by differentiating

£
e5/24¢6—1

0
POWy(ryu) = / (—t)2/2VE, (1, u) dt

—r2

with respect to r, we obtain after simplification

rd
(5.6) Vgo/z(—TQa u) = (5/2)W:?/2(7"» u) + §§W§/2(Ta ).
This, along with (5.5), gives
1—n d
6 W) < (=W + (50 r W)

For € = £(a) € (0, ) to be determined later, by applying (3.12) with x = 3/2 and
Lemma 5.1, we have

e 1 o 3
Wt =1 [ awap s+ [ (a-meanivae - S 6

< Omo, @) [[ull, =% + (1 + )W)y (r,v)

(5.8)
+ 715/5 [3/21"0‘1)2 +(3/2 4 2r%) (u —v)?

r

20ulf, .
—2(3/2u—x - Vu — 2t0u) (u — v)|G + —=2¢

7 .

Combining this and (5.7), we obtain

1— d
Wa(r0 < (14 r) (0 = W) + (1) (S57) W ()

+ Tis / [3/2r*v? + (3/2 + 2r*) (u — v)?
Sr
—2(3/2u — - Vu — 2t0yu) (u — v)|G + C(ko, v, u)roE,

which is equivalent to

(5.9)
d (7 — (1= 1)) Wa)o(ru)
%WS/Q(T’U) 2 (14+7r9)(1—mn) r

[ —3/2r%v? — (3/2 + 2r*)(u — v)?

+2(3/2u — x - Vu — 2t0yu)(u — v)|G

Step 2. In this step, we simplify (5.9) by estimating the second term in its right-hand
side. To this aim, we decompose
1
T6 S,
=I1+II+11I.

[—3/2rv* — (3/2+ 2r*)(u — v)* + 2(3/2u — 2 - Vu — 2tdyu)(u — v)|G
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Concerning 1, we use Lemma 4.2 and Lemma 5.1 to get
3/2 + 2r® / 2 C ( / 2 2 1)
II=—— u—v)'G>——(r® =) |Vul|* + ||ul||5. e ™
(5.10) 6 s,,v( ) G s,,v( )IVul” + lullz,
> —C(ko, o, u)ro e L,
Regarding I, from (5.10) and Lemma 5.1 we infer
3r® =
(5.11) 1> —Lﬁ </ u2G—|—/ (u— v)2G> > —C(ko, a,u)r® =1
s s

r

T r

It remains to consider I1I. Following the argument in the proof of Lemma 3.2, we
have for k = 3/2

/S (k(u—v) — 2 V(u—v) = 2td(u — v))(u — v)G dzdt

1 PO
= 2 / 0: (1 —)?)e W e~ (07 dydr
mn R™Xx(—21Inr,00)
> / (i = 5)Pe W e dydr
mn R % (—2Inr,00)
> 0.

This, together with Young’s inequality and (5.10), yields

111 = 7”36/5 (3/2(u —v) —x - V(u—v) —2t0(u —v))(u —v)G

2
(5.12) +76/ (3/2v —x - Vv — 2tow)(u — v)G
Sr
! 3/2 Vo — 249,0)2G — — e
e ST( /2v —x - Vv — 2tow) - 5 S(u—v) )

The second term in the last line is estimated in (5.10). To estimate the first one, we
bring the following computation made in the proof of [DGPT17, Theorem 13.1]

d 2
—w > = 3/2v — - Vv — 2t9,v)2G.
G Woatr) = 5 [ 3120290 =290
It then follows that
1

- T676~/ (3/2v — x - Vv — 2t0;0)?G

r

> 75$W3/2(7‘,’L})
= —rg_lvf)o/2(_r27v) + 5/27"5_1W§)/2(T,U)

_ 5 _ _
e—1y,0 2 e—1 0 a—¢
> —r 1/3/2(—7“ ’u)+72(1+r“)T (VV3/2(7“,u)—C'T +r(I+II+1I1))
N _ (WO, (r,u -
> —Cre el 4 0(rF) (3/2: )> +0(r%) (iwg/z(r, u))

-7 <T61_6~/ (3/2v—z- Vv — 2t8tv)2G> ,

r
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where we applied (5.6) for v in the third line, and used (5.8) in the fourth line and
(5.6), (5.10), (5.11), (5.12) in the last step. This implies

- 1~/ (3/2v — x - Vv — 2t0;v)*G

7,.676
_ _ Wwo r,Uu -
> —Crem 4 00 (3/2( : ) +0() (d W) (r, u>) :

r

r

which, combined with (5.12), gives
_ _ (WY (r,u _
IIT > —C(ko, a,u)r* 271 £ O(r) (3/2()> + O(r°) <$W§/Q(r, u)) )

Now, by taking € = a//3, we conclude

I+ 11+111
WO, (r,u
> _C(’%Ovavu)ra/s_l + O(Ta/3) (3/2()> + O(Ta/3) <;W§J/2(r7 U’)) .
r r

Therefore, (5.9) can be simplified to

da

(5.13) -

WO, (r,u
W§/2(r,u) > <15_nn+0(ra/3)> 3/27“() — C(ko, a,u)r®/31,
Step 3. We consider the Weiss-type energy W3/ o = W3/3 40,1 With ¢ = a and
0 = 1. By Corollary 4.7 and Lemma 5.1,

o 3/2br lull3, _1
WY (ru) =e % Ws g o(ru —7/ u?G — — 2 vyt
(5.14) 3/2( ) 8/2,0(r ) 5 N 75
> fC’o(ng,a,u)ra/z, 0 <r < ro(ko, ).

We recall € (0,1/e) and use (5.13) and (5.14) to get the differential inequality for
T/V?())/2 (r,u):

a/3 a/3
d ., 5n a/3 W??/Q(r, u) + Cor Core/ w31
il > _ _
dTW3/2(r,u)_ (1_n+0(7’ ) " " Cr
WO, (r,u) + C ro/3
> 5n < AL —Cro/3t
r
w9, (r,u
>5 S/ZT( ) _ Clra/S_l,

We take 0 = o(n, ) such that 0 < ¢ < min{57, «/3}, and use the differential
inequality and (5.14) to obtain
d

_ 20 _
el 0 o a/3—o
o {W3/2(r,u)r +a/3—ar ]

—o d g a/3—o—
=r (WW??/Q(T’ u) — ;ng(?“a U)) + 20,7/

>r= 7 Y (5n — O')W??/Q(’I“, u) + Cyre/3=o-1

> —Co(ro, @)l|ulF, 7>~ + Caro, @) ullF,r*/* =
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>0, 0<r<ro(ko,n,a).

This readily gives
W30/2 (T? U) S O(K/Oa n, o, u)rg'
To complete the proof, let € € (0,a] and § € (0,2) be given. Then, by applying

Lemma 5.1 (with € = ¢/4), we conclude that

3/2e97" bre ul|Z e
/2e r WG+ [ ||90 o=yt

rd s, o
min{c,3e/4}
)

Ws3/9.0.e6(r,u) = e WSO/Q(T', u) +

< C(mo,n,a,s)HuH%Or 0 <r <ro(ko,n,a,c).

Step 4. To close the argument, we need to remove the assumption on the existence
of the parabolic Signorini replacement made in Step 1. To this end, we consider
u, = ux, asin (4.1). Then, for r € (0,1) a.e., the parabolic Signorini replacement
v, of u, in S, exists. We observe that only the following properties of u are used
in Step 1 and Step 2: the almost parabolic Signorini property (equation (1.2)),
Lemma 4.2 and the weak growth estimates with x = 3/2 (Lemma 5.1). We have
already seen in Remark 4.1 and Corollary 4.3 that u,, satisfies analogues of the first
two properties. Moreover, by using the triangle inequality, it is easily seen that w,,
satisfies the following analogue of (5.1) with x = 3/2: for any 0 < & < «/2

Lqécsommwwﬂaﬁ*+owawufwﬁw

/ (=20)|Vu,[*G < Clro, )llupllF,r° =% + Cr, 0)Ju — |5, -

T

Now, with these properties of u, at hand, we can follow the argument in Step 1
and Step 2 with v, and v, in the place of u and v to deduce an analogue of (5.13):

W??/z (r, up.)

r

d 5n X
%ng(rv uy) > <1_77 +O(r /6))

= C(r, 0, k0 [[u = wy||%,

— Clro, )l 13,7/

Taking p — 0, we obtain the differential inequality (5.13) concerning W§/2(r, u) for

r € (0,1) a.e., but with /6 in the place of a/3. Then, (5.4) readily follows by
arguing as in Step 3 with obvious modifications. O

As in [JP21], by using the polynomial decay of Ws/5 4.5 we can improve
Lemma 5.1 when x = 3/2 and derive the optimal growth.

Lemma 5.4 (Optimal growth estimate). Fiz ko > 2. Suppose that u € F,, salisfies
the almost parabolic Signorini property at zo € T'(u) N Q/1/2- Then,

/ W’ G, dadt < Clro,n, a)||ul%. 1%,
Sr(to) 0
/ 2(to — 1)|Vul> Gy dadt < C(ro,n, 0)|[ul3_ r°
Sr(to)

for 0 <r <rg=ro(ko,n, ).
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Proof. We may assume zg = 0. Take ¢ = e(n,a) > 0 small so that 3¢/4 < o for
o =o(n,a) as in Lemma 5.3. Following the computation in the proof of Lemma 5.1
with 6 = 1, we see that for any 0 < s < r < r¢(ko,n, @),

m(r) —m(s)| < 45~/ * W3 0 c1(r).
By Lemma 5.3, we further have
Im(r) —m(s)| < Cs™&/2p3/4,
with C' = C(ko, n, 04)||U||§,r0 Then, by a dyadic argument, we can obtain that
(5.15) Im(r) — m(s)| < Cre/t,
Indeed, let k = 0,1,2,--- , be such that r/2¥*! < s <r/2*. Then,

k
m(r) —m(s)| <Y lm(r/27") = m(r/27)| + |m(r/2*) = m(s)|

j=1
k41 okl

< CZ(T,/2j)—E/2(T/2j—1)3E/4 —C (7“1/423/4) Z 9—i/4
j=1 j=1

< Cre/*,

In particular, we have

m(r) < m(ro) + C’rg/4 < C(f<;0,n,cu)HuH?fr07 0 <r < ro(ko,n, ).
This implies the first bound. The second bound follows from the first one and the
monotonicity W39 o c1(r,u) < Wz q.,1(70,u). O

6. 3/2-HOMOGENEOUS BLOWUPS

In this section, we consider the so-called 3/2-homogeneous blowups of almost
minimizers at free boundary points. They are the limits of 3/2-homogeneous
rescalings, which are well-defined thanks to the optimal growth estimates. We
achieve their uniqueness through controlling the “rotation” of the rescalings.

Concerning the k-homogeneous rescalings, for the rest of this paper, we focus
exclusively on the case k = 3/2. Thus we simply write u,, , = ug/?)

Fix zp = (zo,tg) € T'(u) N Q’1/2 and R > 1, and let rg = r¢(ko, n, @) be as stated
in Lemma 5.4. We have for 0 < r < 7q

1
/ (=20)| Vs, , G = 7/ AUt — 1) Vul’ Gy < Cliosm, o) ull’. R,
Sr SRr(tO) ’

rd

75

1
/ uzomG = —/ u2GZ0 < C(/{Om,a)HuH%rzo RS.
SR SRr(tO)

Thus, for a sequence 1 = 1; — 0+, Uz,,r;, — Uz,,0 Weakly in W;’i%C(SR, G). Moreover,
Uz, 18 an unweighted almost minimizer with a gauge function n,(p) = (rp)* < p®.
Given e > 0 and K € Qg N {t < —¢}, we infer from Theorem 2.1 that there is a

constant C' > 0 such that for any 0 < r < rg,
[tz llgaara iy + [ Vttzg pllcsosrz (gt urny < CHUZOJ"||W21’O(QRﬂ{tS7€})

< CHuzo,r”W;»O(ng)a
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and hence over a sequence r = r; — 0+

Uzg,r; — Uzg,0 in Cllc;c?((Qﬁ U QIR) N {t < _E})'

Now, taking ¢ — 0 and R — oo and using Cantor’s diagonal argument, we can find

a subsequence r = r; — 0+ such that for some wu,, o € Cllo’S(Soio usy)

. 1,0/ o+ /
Uzg,r — Uzp,0 1N Cloc (Soo U Soo)

We call such u,, o a 3/2-homogeneous blowup of u at zp.

Lemma 6.1 (Rotation estimate). Suppose that u satisfies the almost parabolic
Signorini property at zo € T'(u) N Q/1/2- Then there exists o = o(n,«) > 0 such that
for any 0 < s <r <rg=ro(ko,n,a) and —1 <t <0,

/ [tzg r (T, 8) — Uz s (2, 1)|Gay (2, ) da < C(—t)3/4+"r2”

with C' = C(ko, n, OK)HUHQ%O'

Proof. Without loss of generality, we may assume zg = 0. We fix e =, § =1 and
k = 3/2, and simply write W, , = Wy o.c5,. By using (3.13) in Theorem 3.3, we
infer that for R > Ry(ko, @)

W, e—r/2 (3712 ) — Wn’efa/z(el_R/Q, w)
2% + 1 R—2 67(n+1)(r+R) _ ~ o | ‘2
= W / (e—(n—‘rl)r — 6_(K+1)R)2 /]Rn (U(y7 R) - U(y, T)) e dyd’f’
Since k = 3/2, we have for R—6<r < R—2
67(n+1)(r+R) 67(I€+1)(2R72) 5

e
(e~ (st Dr — e=(nt1)R)2 =z (e~ (D) (R=6) — —(n+1)R)2 = (e —1)2

R—6

thus

R—2
/ / @y, R) — iy, r)%e """ dydr
R—6 n
< C(n) (Wﬁ’e—R/2(€37R/2,u) — W,y e—r/2 (elfR/Q,u)) .

To estimate the right-hand side of this previous inequality, we note that by
Lemma 5.3, there is 0 = o(n,a) > 0 such that for W, = W, (i.e., Wa a5,
with k =3/2, e =, d =1 and p = 0) and for R > Ry = Ry(ko,n, @),

0< W,.i(e_R/Q,u) < Ce 2R, Wm(el_R/z,u) >0, WK(eB_R/Q,u) < Qe 20k
with C = C’(/io,n,a)||u||§}o. Then

W, e—r/2 (63_R/2, u)

(3—R/2)a
eae

= —2t)|Vu|? — k(1 — be3~F/Dy )G
e ( [, (0T bt

S T K1 b TG+ e e
S.—r/2
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_ 1 6(r+1) 3-R/2
= ey (¢ Wl

qe(3—R/2)a

- m/s ((=2t)|Vul* = k(1 — be(3R/2)a)u2)G)
e—R/2

< 1
— eG(fH—l) -1

< 06_20R.

(DW= 72, ) — Wia(e™ /2, u) + O Jul3,

Similarly,
W e—nrr2 (617R/2, u)

1 2(k+1 1-R/2
= €2<n+1>_1(€ LG

qe(1-R/2)a

€ — [e%
- W/s ((=2t)|Vu|? = k(1 — be1=R/2) )u2)G>
e—R/2
1
- eQ(n-‘,—l) -1
> —CG_ZUR.

(e2(“+1)W,g(el_R/27 u) = We(e 2 u) + O(B_Q/QR)Hm'fQ’}O)

Thus

/ / iy, R) — iy, )% " dydr < Ce 2R,

and hence by Cauchy-Schwarz inequality

/ / Uy, R) — u(y,r)|e” " dydr < Coe™ %, R > Ry(ko,n,00).

Then, for R > Ry and 3 <17 < 6,

R+1 R
/ ﬂ(y,R+77)*/ Uy, 7)dr|e 1V dy
n R
(6.1) (Retm)— ,
g/’ /|M%R+m—awﬁmﬂ5W|@m
(R+m)—6 n

< Coe~o R+,

We claim that for any k € N, 3 <n <5 and R > Ry,

(6.2) / )

Indeed, we prove it by induction on k € N. (6.2) is true for k = 1 by (6.1). If (6.2)
is true for k — 1, then the induction hypothesis and (6.1) yield

R+1

k
W gy < C —o(R+nj)
e y<Co» e :
i 2

j=1

R+1

/ a(y, R+ kn) —/ iy, ) dr|e V" dy
n R
R+n+1 R
< / u(y, R+n+ (k—1)n) —/ u(y, p)dp| e V" dy
n R+n
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R+n+1 R+1
+// a(y,mdp—/ Ay, ) dr

R+n R

e~V gy

k-1 A Rn+1 R+1 2
< Coy e trmtni) +/ / iy, p) — / (y,7)dr| e dydp
j=1 R+n n R
k R4n+1 k
<y Z e—o(R+nj) 4 / Coe™ P dp < Cy Z e~ (R+nj)
=2 R+n j=1

Now, let S > R > Ry(ko,n,a) + 12 be given. Then we can choose k € N and
1 € (3,5) such that S = R — 12 + nk. By (6.2), we have

[t B~y $)le " dy

</
v

3
<y Z e—o(R—12+4j) +Cp Z e—o(R—12+nj) < C(Iﬁoﬂl, a)Hqu}Oe—aR-
j=1 j=1

R—-11

17(ny—12+3-4)—/ u(y, 7)dr
R—12

e~ dy

R—11
/ u(y,7)dr —u(y, R — 12+ kn) e lul? dy

R—-12

To complete the proof, define ¢ = ro(ko,n, ) = e~ 1/2(Fa(kom0)+12) and Jet
-1 <t<O0and 0 < s < r < 19 be given. By using u,.(x,t) =

(_t)n/zﬂ (2\}6_77 —In(—t) — 2In r), we conclude

u(rz,r?t)
e -

/n (2, ) — s (2, )| G (2, 1) da

(715);{/2 _ ~ I
= /}Rn Uy, — In(—t) — 21In7) — Uy, — In(—t) — 2Ins)|e” ¥ dy
< Oro, ny o)l (~0)*/ 1702, a

Lemma 6.2. Let u, zg,0,79,C be as in Lemma 6.1. Then, for 0 < r < rg and
-1<t<0,

/ U (0, 1) — sy 0(2)|G (2, t) d < C(—t)3/4F772,

In particular, the blowup u., o is unique.

Proof. If u, o is the limit of u,, s;, s; — 0, then the first part of the lemma follows
from Lemma 6.1 by taking s; — 0. For the second part, let u, o be another blowup.
Then we have

/ s 0, 8) = Ty o, 8)|Glars ) dz = 0, —1 <t <0,

thus uz, 0 = Uz,,0- g
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7. REGULARITY OF THE REGULAR SET

In this last section, we prove one of the most crucial results in this paper, the
regularity of the regular set.

Recall that the limit Ny, 5(0+, u, z0) = lim, 04 N, ¢,6(7, ©, 20) is independent
of e.

Definition 7.1 (Regular points). Let u be an almost minimizer for the parabolic
Signorini problem in @;. We say that a free boundary point zp € @ /2 is regular if

o~

Nyo,5(04, u, z0) = 3/2  for some kg > 2 and 0 < § < 2.
We denote the set of all regular points of u by % (u) and call it regular set.

In view of Lemma 4.5, we have at every regular point zg
NO(0+,u, z9) = 3/2.

In addition, regular points have the following characterization.
Remark 7.2. zy is a regular point if and only if

lim N5(0 = inf Ns(0 =3/2.

6% 5( +7U,ZO) Oélg<2 5( +>u720) /
Proof. If 2z is a regular point, then 3/2 = NHO% (04, u, z9) = Ns,(0+,u, zo) for
some Ko > 2 and 0 < dg < 2. This, along with Lemma 4.6 and the fact that § —
N5(0+4, u, z0) is nondecreasing, implies 3/2 < Ny, 5(04,u, 20) < Ng, 5,04, u, 20) =
3/2 for every 6 € (0,0p), which readily gives 3/2 = Ns(0+, u, zg) for any 0 < 6 < do.
Therefore, we get limg_,g N5(0+, u, 29) = infgcs<a Ns(0+,u, z9) = 3/2.
To prove the opposite direction, we fix kg > 2. Take §; > 0 such that N5(0+, u, z9) <
7/4 for § € (0,01). Then, by Lemmas 4.5 and 4.6, 3/2 < N,,s(0+,u, zp) =
NO(0+,u, 20) < Ns(0+,u, z9) for 0 < § < ;. Taking § — 0 yields N°(0+,u, z9) =
3/2. This in turn gives that Ny, s(0+, u, z9) = 3/2 for 0 < 6 < ¢, and we conclude
that z¢ is a regular point. (I

With the monotonicity of the frequency N, xo,e,6 (Theorem 3.4) and the frequency
gap (Lemma 4.6) at hand, we can prove the relative openness of the regular set by
following the argument in [JP21, Corollary 9.5].

Corollary 7.3. The regular set & (u) is a relatively open subset of I'(u).

Lemma 7.4 (Nondegeneracy at regular points). Suppose that u satisfies the almost
parabolic Signorini property at zo = (xg,to) € R (u). Then

1
hminf/ (uzOt)QG’:liminf—/ u*G,, > 0.
» 5 0
S1 Sr(tﬂ)

t—0 t—0

Proof. By using (5.15) and the Weiss-type monotonicity formula, we can employ
the contradiction argument as in [JP21, Lemma 9.2] to prove Lemma 7.4. (I

Proposition 7.5. If u satisfies the almost parabolic Signorini property at zo € % (u),
then

Uy 0(2,1) = 2 Re(a' - ey + i|2,])%?  in S

for some ¢, >0 and e,, € 0B].
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Proof. Without loss of generality, we may assume zy = 0. Let r; — 0+ be a
sequence such that u,; — ug in Cllo’f(sgg USL). Fix R > 1, and consider j large so
that Rr; < 1. For such r;, we take j; > 0 small so that u,; = u* ¢, asin (4.1)
satisfies Co(rj, a)|lu — w5, — 0 as rj — 0, where Co(r;, @) is as in Corollary 4.3.
We let v, be the parabolic Signorini replacement of u,; in Sg, and denote its

2
Uy (zj,rj t)

3/2-homogeneous rescaling by (v, ), (7,t) = ——z-"—. Then, by Corollary 4.3
and Lemma 5.4, we have ’
1
| OV, = @) 6= % [ (019 -u,)PG
Sk T Shr;
2 2 2
<5 (=OIV(up; —vu,)I°G + flu — w15,
j SRr;
<< (Rrj)*/? ()Yt PG+ g, [2ye” ™ + Colrys )l — w13
=5 J S Hj ki llFo 0\"5> killFo
J T
¢ o -+
sﬁQmw”L FﬂWWGHM@e”+%wﬂMhmw@>
J Rrj

—+0 asr; —0.

Similarly, we can obtain

/ (ur, — (Up;)r,)°G =0 asr; = 0.
Sr
Thus (v, ), — uo weakly in Wzl”lgc(SR,G), and hence ug is a solution of the
parabolic Signorini problem in Si. Since R > 1 is arbitrary, we see that ug is the
solution in S.o.

Next, we compare u, and Almgren rescalings u/

. f 2 1/2
_ A _ (72 s, v )
ur = unr A(r), Ar)= e
It follows from Lemma 5.4 and Lemma 7.4 that

0 < liminf A(r) < limsup A(r) < oco.
r—04 r—04
Thus, for a sequence r; — 0+, up = )\ou(j‘ for some constant gy € (0,00). We have
shown in the proof of Lemma 4.6 that u(’? is 3/2-parabolically homogeneous in S;.
Therefore, ug is also 3/2-parabolically homogeneous in S7, which can be extended
to S by applying the unique continuation for caloric function in S. In view of

[DGPT17, Proposition 8.5], we conclude that
uo(xz,t) = cRe(z' - e+ ilzn|)>? in S, ¢>0,e€dB,. O

Lemma 7.6 (Continuous dependence of blowups). Let u € F be an almost mini-
mizer for the parabolic Signorini problem in Q1. If z1, zo € R (u) and ||z1 —22|| < 71,
then

/ izs 0 — sy 0] dSz < Cllz1 — 227,
0B

with 11 = r1(ko, n, ), C = C(ko,n,,u) and v = vy(n,a) > 0.
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Proof. Let rog = ro(ko,n, @) and o = o(n, «) be as in Lemma 6.2. We have for every
0<r<rg

[ es(e) = v (@)l Gla, -1 do
By
g/ s, 0(2) = ey (@ —1)|G(, —1) dar
B,
+/ [Uzy.0(T) = Uzy r(z, —1)|G (2, —1) dx
By

—|—/ [tz r (2, —=1) — Uy (2, —1)|G (2, —1) dx
By

C(n)

20
<Cr® + 372

/ |w(zy + re, t — r?) — u(zo + 12,19 — 7“2)‘ dz.
By

Since (w1 +7x,t; —7?) and (29 +7x,t3 —r?) are contained in Q34 for every x € By,
we have by Theorem 2.1

(s + 1oty —1?) = u(@y + 1oty — 17)| < Cllzr — 2|2

1
By taking r = ||z1 — @Hﬁ (which is possible if 77 < r(), we obtain

_ 1/2
/ uzl,omum,o(:c)G(x,1)dx§0<r2"+”zl & )
By r

20
= — —
C(KQ,TL,O&,U)HZl ZQH 5 Y 40_+3
Now, the lemma follows by the boundedness of G(z, —1) and the homogeneity of
Uz, 0 and ug, o. (]

The following lemma follows from Proposition 7.5 and Lemma 7.6 by repeating
the argument in [GPS16, Lemma 7.5].

Lemma 7.7. Let u € & be an almost minimizer for the parabolic Signorini problem
in Q1, and zp € R(u) N Q’1/4. Then there exist p > 0, depending on zy, and v =

v(n, @) > 0 such that Q/,(20)L'(u) C % (u) and if uz, o(x) = ¢z, Re(a’-e., +ilz, |)*/2
is the unique 3/2-parabolically homogeneous blowup at z; € Q)(20) NT(u), j = 1,2,
then

|CZ1 - CZQ| < C0|Zl - 22‘77
|ezl - e22| < CO|Z1 - Z2|’y
with a constant Cy depending on zg.

We are now ready to prove the central result in this paper, the regularity of the
regular set.

Theorem 7.8 (Regularity of the regular set). Let u € F be an almost minimizer
for the parabolic Signorini problem in Q1. If zo = (xo,t0) € R(u) N Q’1/4, there
exists p > 0, depending on zy, such that possibly after a rotation in R"~1, one has
Q) (20) NT(u) C R(u), and

Qp(20) NT(u) = {(¢,t) € Q},(20) : Tn—1 = g(z", 1)},

for a function g with Vg € C7/? for some v = v(n, ) € (0,1).
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Proof. Since the proof of this theorem follows the lines of [JP21, Theorem 9.7], we
shall provide only the outline of the proof.

Since % (u) is relatively open in I'(u), we have Q5,(20) N T'(u) C % (u) for small
p > 0. We claim that for any € > 0, there exists r. > 0 such that for any
Z € Q,(20) NI'(u) and 0 < 7 < 7, there holds

(71) ||’LL§7T - uf,o‘lcl,O(E)

Indeed, towards a contradiction, suppose there are sequences r; — 0 and z; €
Q),(20) NT'(u) such that for some g9 > 0

<eE.

Hufjﬂ“j - ufjﬁ”gu}(@) 2 €o.

Up to a subsequence, we have z; — Zo € @,(20) NT'(u). We can argue as in the
beginning of Section 6 to deduce that over another subsequence

(7.2) uz, ry = w  in CHO(QF)
for some w € Cl’o(af). Moreover, we have by Lemma 6.2 that for any s € (—1,0)
Uz, — uz;0 — 0 in LY(By x (—1,8)),
which implies by using Cantor’s diagonal argument
Uz — Uz 0 — 0 ae in Q.
On the other hand, from Lemma 7.7, we find
Uz, 0 = Uz, ID Cl’o(af).

The previous two convergences, combined with (7.2), imply w = uz, o and contradict
our assumption.
Next, for a given € > 0 and a unit vector e € R"~!, define the cone

6(e)={2' eR" ™ : 2’ -e>elal|}.

By utilizing Lemma 7.7, the estimate (7.1) and the complementarity condition
(Lemma 2.2), we can follows Steps 2-3 in the proof of [JP21, Theorem 9.7] to
obtain the following: for any € > 0, there is . > 0 such that for any z = (Z,?) €
Q) (20) NT'(u), we have

T+ (6e(ez) N By,) C {u(-,0,%) > 0},
T — (6-(ez) N By_) C {u(-,0,7) = 0}.

Finally, by using these inclusions and Lemma 7.7, we can repeat the arguments in
Steps 4-5 in [JP21, Theorem 9.7] to conclude the theorem. O

APPENDIX A. EXISTENCE OF WEAK SOLUTIONS

In this section, we prove the existence and uniqueness of the weak solution to the
parabolic Signorini problem in S;, provided that the initial datum belongs to W2 .

Theorem A.1l. If oo € W2 (R"), then there exists a unique weak solution of
oww—Av=0 inSUST,

(A1) v>0, d+v+9,~-v>0, v(@+v+09,~v)=0 onS],
v(-,—1) =9y onR",

where v is the outer unit normal to Si on Sj.
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Proof. For the change of coordinates
Uy, 7) =0 (2e"Fy,—7), (y,7) € R x [0,00),
(A.1) is equivalent to
0-0+%-Vo— A0 =0 in (R}TUR") x (0,00),
>0, 0,49+0,-0>0, ©(0,+0+09,-0)=0 onR"!x(0,00),
9(-,0) =@p on R”,
where @o(y) = ¢0(2y). Note that ¥ is a weak solution of the above equation if and
only if it satisfies for a.e. 7 € (0,00) the variational inequality

1
0, o(w — d)e1v” 4 % Vi(w—)e W + V5.V ((w - a)e—|y|2) >0,
Rn
which is equivalent to
1
O, i(w — v)e 1 4+ 1V V(w - #)e v >0,
R7Z
for any w € L2(O,oo;W1’2(R”,e"y|2)) with w = o on R™ x {0}, w > 0 on
R ! x (0,00) and w — ¥ € L?(0, oo; Wol’Q(R”,e_W'Z)). In addition, for a(v,v) :=
i fRn Vo - Ve lvl’ dy, the coercivity

a(v,v) +C v2e v’ > a/ (Vo> + 02)6_‘3"2
R’n n

is satisfied. Therefore, the existence and the uniqueness of the weak solution v
follow from [DL76, Chapter 1, Theorem 5.1]. O

APPENDIX B. EXAMPLES OF ALMOST MINIMIZERS

In this section, we provide examples of solutions to certain equations that satisfy
almost parabolic Signorini properties, both the unweighted and the weighted versions.
These examples rely on the following technical lemma. For £ € (0,1), we write

2 p(20) = Bye (o) % (to — 12,10 — p?].
Lemma B.1. For e =1/3 and a point 2o = (xo,t9) € Q}, suppose that a function
we W (Q1) N L3 (—1,to; WH2(By, G.,)) satisfies the following property: for any
¢ o(20) € Quja, and v € L*(to — 12, tg — p*; W3 (B,=(20), G,)) with v > 0 on
i’p(zo) NQY and v —u € L (ty — r%, 79 — p?; W01’2(Brs (z0),G2,))
(B.1)
(1= Cr®)(to — t)|Vul®> + ((zo — 2) - Vu+ 2(to — t)Jyu)(u — v)) Gz,
Qs ,(20)
|zo — x|
to—t

(u— v>2) G,

where C' > 0 are constants, independent of zg, p and r. Let ¢ € C§°(R™) be a cutoff
function satisfying

0<9¢<1, ¢=1 onBi suppt C By,
Then there ezists a constant rq > 0 such that u := uy) satisfies the weighted almost

parabolic Signorini property (1.2) at zg for 0 < p < r < rg, with a gauge function
n(r) = Cro/3,

< / ((1—|—C’rm)(t0—t)|V112+Crm
Qs ,(20)
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Remark B.2. Since our main objective in this paper is the free boundary I'(u), in
Lemma B.1, we can make the assumption that ||u||W21,1(Q1/2) > 0. Otherwise, we
have u = 0 in @Q; /2 and there is no free boundary on Q) /2 Moreover, the condition
(B.1) only concerns u within Q5. ,(z0) and Q. ,(20) C Q1/2, which allows us to
freely modify the value of v in @1 \ Q1/2. Therefore, we may assume that for some
dimensional constant C' > 0

lullwzrgu < Cllullwsiq, .-

Proof. Step 1. Without loss of generality, we may assume zp = 0. (B.1) can be
rewritten as

(B.2) (1=Cr*)I+1I < (14+Cre)III + Cre®IV,
where
I= / (—t)|Vul’G, II= / (—x - Vu — 2tou)(u — v)G,
Qs Q5.
2
117 = / (—t)|Vo*’G, 1V = ﬂ(u —0)2G.
Q% Q:, 1

For 0 < p <r <1, let we L*(—r?, —p* WH(R?,G)) with w > 0 on S]\ S, and
o —w € L?(—r?, —p?% W&’Q(R", @)). By approximation, we may assume that w has
a bounded support. We consider dilations of

Ur(@) = bre(@) =¥ (=),
and define
(B.3)  w(x,t) :=u(x,t) + o (z)(w(z, t) — u(z,t)), (x,t) € Be x (=1, —p?).

Then v —u € L2(—r2, —p%; Wy?(Bye,G)) and v = u+w — % = w > 0 on Q5,NQ1.
Thus v is a valid competitor for u, and hence (B.2) holds for such v. In the below
we estimate and rewrite I, 11, I1] and IV in terms of u and w.

Step 2. We first deal with I. We compute
(B.4)
(—t)|Va*’G :/ (—)|Vu + uVy|2G

S-\S, By x(—r2,—p?)

= (—t)|Vul*G

Bix(—72,—p?)
+ / (=) (0* = 1)|Vul* + 2uyVu - Vi + *|VY|*) G
(B1\B1/2) X (—=12%,—p?)

:/ (ft)|Vu|QG+/ (—t)|Vul2G
Q: (B1\Bye)x(~r,—p?)

TP

+ / (=) (¥* = 1)|Vu* + 2uypVu - Vi + u*|Vy|?) G.
(B1\B1/2) X (—=12%,—p?)
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To estimate the last two terms, we claim that for t € (=72, —p?) with r < ro = 7(n)
small, we have

€ 1
(B.5) G(z,t) < et for |z] >1/2 and G(z,t) < em ™ for |z] > 57"5.

Indeed, if |2| > 1/2, then we easily have

=2 1
e 4t eT6t 1

o = o =

which gives the first estimate. For the second one, we define

G(z,t) <

)

_r2e
e~ 32s

., 2
Cr(3)~*w, 0<s<rs

2e

- i - €
Then (. (%) = <227 < 1 and L¢.(s) = 2% <T2 s) >0,0<s <72

PR 253 T2 16n
which gives ((s) <1 for 0 < s <2 Thus, if |2| > 2r¢ and ¢ € (—r?,0), then
611?725 2e 2¢

G(.’[,t) < n/2 = Cr(_t)eﬁr < eﬁr

— (=)

By using the claim (B.5), we obtain

(=t) (¥* = 1)|Vul]* + 2uyVu - VY + u*|VY|?) G

/(Bl\Bl/z)X(—Tzv—Pz)

< C(n)/ (Vul® + )G
(B1\B1/2)x(=12,—p?)

< Ol 5.

__1_
e 17r2’7

(Q1)
and

1
(—1)|Vu?G < C(n)||ul|? ., e 3m2=7E
\/(BI\BTE)X(TQ,pZ) Wy Q)

Combining these estimates with (B.4) yields

1> /s,,,\sp(twu' G = Cn)ulfyrr g, e =

Step 3. To estimate IT, we observe that u = U in Q5. ,, & = 0 in (R™\ By)x (=12, —p?),
and

(B.6) r G (x,t) < rcew”

for (z,t) € (By \ By,<) % (=12, —p?) with r < ro small. By using (B.3), (B.6) and
Young’s inequality, we deduce

2

R 1 1
< r7fe 16r2-2 < g 327272

Il = Yr(—z - Vu — 2tou)(u — w)G
Q5.

:/ (— - Vi — 2t0,3) (@ — w)G
Q

£
TP

+ / (¢7 - 1)(—3) -Vu — 2t6t17)(17 — U))G
(Bye\By ) x(~12,—p?)
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- / (—a - Vi — 20,00 (i — )G
S-\S,

_ / (— - Vi — 240,) (i — )G
(B1\Bre)x(=12,—p?)

T / (r — 1)(—2 - VU — 2t0,0) (W — w)G
(Bre\By,)x(=17.=p?)

V

> -/ST\SP(—:C~Vﬂ—2t3tﬂ)(ﬂ—w)G—r5/ (T wpC

(BI\B%Ta)X(_T27_p2)

—r° / (—x -V — 2t0,u)*G
(BI\By )X (=12, ~p?)

> / (—z - Vu — 2tou)(u — w)G —r° / (@ —w)?G
Sr\sp ST\SP

Nl e T

Step 4. Before we estimate 11, we prove
C V4 2w — 3G
(B7‘5\B%TE)X(_T27_p2)

< C(n)r4765/

(w — )G + C(n)r>~1e / (—0)(Vwl? + [Va[2)G.
ST\SP

S,:\S,
To this end, we apply the Log-Sobolev Ineuqality. [EP08, Lemma 1.2] can be
rewritten as (by letting g(y) := f (J%))

log (914>/ g°G(,1) < —4t/ IVg|*G(-,t), where o := G(-t),
n RTL

{lg|>0}

for every t < 0 and g € W, °(R",G(-,t)). We plug in g = 9,0 (w(-,t) — U(-, 1)),
1 <i < n, for each t € (—r?, —p?). Then, by using

1 2e
g < / G(z,t)de < e32" / de <es=" |
BTE\BL/V-E BTE\BlTE
2 2

where the second inequality holds due to (B.5), we have

/ |8zi7/}r|2(w_ﬂ)2G
Rnx{t}

128t _ o
<[ O )+ V- PG
r Rn x {t}
< C(Zs)t TE/ (w—0)*G + 7/ (IVw]* + |Val*)@
" T R {t} T2 JRnx {1}
C(n)t? C(n)(—t)

= w7ﬂ2G+7/ —t)(|Vw|* + |Va*)G.
o @ SR [ vl )

By integrating in t € (—r%, —p?) and summing for 1 < i < n, we derive (B.7).
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Now, by using (B.3), (B.6), (B.7) and Young’s inequality, we have

11— / ()Y + Vb (w — T) + Vu — 1, V> G
Q

&
P

<a+ml;«ﬂﬁwm%

e
TP

+Q+1)/ [V (w =) + (1= ,) VG
r (BTE\B%TE)M—H,—p?)

<(+r) [ HvuPe
5:\S,
4

e /(BTS\BETE) X(—12,—p?)

<(1+7° +Cr2*55)/ (4)|Vw|2c:+0r2*5€/ (—t)|Val*G
S,:\S, S,:\S,

+ (VY (w = )| + |Vu|*)G
4-7¢ ~\2 2 T
+Cr /ST\SP(wu) G+C||u||W21,1(Ql)e .

Step 5. It remains to consider IV. By using the equality VG = 57 G and applying
the integrations by parts and Young’s inequality, we get

2
/ ﬂ(af w)*G
s.\s, —t

= / —2z(u — w)*VG = / [2n(u — w)? + 4z - V(i — w) (i — w)]G
S-\S,

S,\S,
1 2
< 2n/ (a—w)20+7/ B G vt o (—0)|V (@ — w)|?G.
S:\S, 2 Jsn\s, —t 5:\S,
This gives
2
Ivs/ G _wra<e [ @-wrerc [ oma-w)ie.
S\S, SA\S, S:\S,

Step 6. By combining (B.2) with the estimates for I-IV and recalling € = 1/3, we
obtain

/S‘\S [(1—Cra/3)(—t)|Vﬁ|2—|—(—33.Va_2tata)(a_w)}G

< / [+ Cro ) (=0T + Cro (i = w)?] G + Cllully g, 7.
S:\S,
Finally, since Cllul[y11(q,) < C’||uHW21,1(Ql/2) < Cllally;pr(q,) by Remark B.2, we
have for small ro > 0
Cliullyyr 1 (guye” 7 < Il gne *. 0<r <ro.
This completes the proof. ([

Now we are ready to introduce some examples of almost minimizers, with the
help of Lemma B.1.
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Ezample B.3. Given 0 < o < 1, let A be a variable coefficient matrix satisfying
|A(z,t) — I] < C(|z|> + [t))*/2. Let u € W, (Q1) be a solution of the parabolic
A-Signorini problem in (4
—div(AVu) + du =0 in QF,
u>0, (AVu,v")+ (AVu,v™) >0,
u((AVu,vt) + (AVu,v7)) =0 on Q},

where v* = TFe,,. We interpret this in the weak sense that u satisfies for a.e.
t € (—1,0) the variational inequality

(B.8) /B (AVu, V(u — w)) + dpu(u — w) <0,

for any w € Wh2(B;) with w = v on dB; and w > 0 on B}. Then
(i) u satisfies the unweighted almost parabolic Signorini property at 0 with a
gauge function n(r) = Cr®.
(ii) @ = uw satisfies the weighted almost parabolic Signorini property at 0 with
a gauge function n(r) = Cr®/3,

Proof. We first treat (i). For any 0 < r < 1, let w € W,"°(Q,) be such that w = u
on 9,Q, and w > 0 on Q... By extending w = v in Q1 \ @y, we get from (B.8) that

/‘MVmVW—w»+@Mu—M§0.

s

Thus
/ |Vu|? + dyu(u — w)

"

:/’mvmvw—w»+@Mu—w

r

+/ (Vu, Vw) + ((A — I)Vu, Vw) + (I — A)Vu, Vu)

r

1 1
< 5/ (|Vul|* + |[Vw|?) + 5/ (r_"|(A — DVul* + r(’|Vw|2)
1
+ 5/ (r=|(I — A)Vul> + r%|Vul?)
Qr
< 1+ Cre

/(Wmﬁwvw%

"

- 2
This gives the unweighted almost parabolic Signorini property of u at 0.

To prove the weighted property (ii), we observe that w also satisfies for a.e.
t € (—1,0) the following variational inequality

(B.9)
/ [(—2t)(AVu, V(u —v)) — (z, AVu)(u — v) + (—2t)Ou(u — v)]G(-, t) <0,
B
for any competitor v € Wy*(By,G) with v = u on dB; and v > 0 on B}. In fact,
z|2
this follows by inserting w = u + (v — u)e% in (B.8) and multiplying ﬁ in
both sides. To prove (B.1) for zp = 0, which readily implies (ii) by Lemma B.1,
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we fix ¢ = 1/3. Then, for any 0 < p < r < 1 and v € W,"%( 7.p» G) such that
v—u € L*(—r% —p* Wy ?(B,-)) and v > 0 on Q5., N Q7, we extend v = u in

(By \ Bys) x (=%, —p?) and use (B.9) to obtain

/ (=20)(AV, V(1 — 0))G — (@, AV (u — )G + (=20)du(u — v)G < 0,
Q

€
Tp

Using 2Vu - V(u — v) > |Vu|? — |Vv|?, |Vu - V(u —v)| < 3/2|Vu|? + |Vv|?, and

|A—1I] <Cr** in Q5. ,, we get

/ (=2t)(AVu,V(u—v))G
Q

€
TP

/Qi,p

>(1- Crm)/

Qo

Combining the above two estimates yields

1- Crm)/Q

(=2t)Vu-V(u—v)G + /QE (—=2t)((A—I)Vu,V(u—v))G

(—8)|Vul2G — (1 +c7~m)/Qé (1) V26,

(—t)|Vul*G + / (—x - Vu — 2tou)(u —v)G

f',p Qi,p
< (1+C’rm)/ (ft)|Vv|2G+/ (x, (A= 1)Vu)(u—v)G.
Q5. Q5.
Finally, by estimating the last term with Young’s inequality
2
/ (2, (A — D)Vu)(u — v)G < Cree / (—OIvul2G + 2 - v,
@, s, -t
we conclude (B.1) for zg = 0. O

Ezample B.4. Let u be a solution of the parabolic Signorini problem for the Laplacian
with drift with the velocity field b € L>(—1,0; LP(By)), p > n:
—Au+b(z,t) - Vu+du=0 inQi
—0p,u>0, u>0 udy,u=0 onQ},

even in x,-variable. We understand this in the weak sense that u satisfies the
variational inequality: for any —1 < ¢ <0,

/ Vu-V(v—u)+ bz, t) Vulv —u) + du(v —u) >0,
By x{t}

for any competitor v € W12(By) such that v > 0 on Bj and v = u on dB;. Then

(i) u is an unweighted almost minimizer for the parabolic Signorini problem in
Q1 with a gauge function n(r) = Cr'="/?,

(ii) @ = uw is a weighted almost minimizer for the parabolic Signorini problem
in @} with a gauge function n(r) = Crz(1-n/p),

Proof. Since (i) is proved in [JP21, Example A.1] for more general case with variable
coefficients, it is sufficient to prove (ii). For this purpose, as in Example B.3, we
prove (B.1) for every zg € Q). Indeed, without loss of generality we may assume
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that zp = 0. By the similar argument as in Example B.3, u also satisfies for a.e.
t € (—1,0) the variational inequality

/ [(—2t)Vu - V(u—v) 4+ (=2 - Vu — 2t0u)(u — v)
By x{—t}

+ (—2t)b- Vu(u — v)]G <0
for any v € W12(By,G(+,t)) with v = u on dB; and v > 0 on Bj. For ¢ = 1/3 and

0<p<r<lletve W) ¢ »» G) besuch that v—u € L*(—r?, —p?; Wy 2(B,-,G))

and v > 0 on Q5 ,NQ}. Extending v to By x (—r%,—p?) by v = w on (B \ Bye) x
(—r%, —p?) and using the above variational inequality, we get

/QE (—=t)|Vul* + (=2 - Vu — 2tdu)(u —v)) G

< / (=) Vul® + (=2t)Vu - V(v — u) + (=2t)b - Vu(v — u)) G
Q

2

:/Q (—(=1)|Vul +(—2t)Vu-Vv)G+/ (—2t) /Brib-Vu(v—u)dedt

2
< /

where M := sup{||b(-,?)| r(B,) : =1 <t < 0} and p* = p%pQ. For v =1—n/p, we
have by Sobolev’s inequality,

10 = )G 2| e () < Crpr IV (0 = W)G2) 23,2
T
< Or (V0 = WG 22,0y + (0 =) TG 12s)) -

p
7p2
(=t)IVu*G + / (=2)M[|VuGY 2| 12 (8,0 | (v = )GV Loe (5, dt,

€ —r2
rp r

Thus

2

-P
[, (CROMIVAG 2 s 0 = )G s

—r2
2

—pP
< Crm/ ) (—2t>||VUG1/2||L2(BTs)(HV(U - U)G1/2HL2(BTE)
xT
=0 TG g, ) dt

2
co [ o (varsver)aron [
Q. Qs (—1)

(v —u)*G,
where constants C' > 0 depend only on n,p and M. Therefore,

/ (1= CrY) (=) Vul?G + (2 - Vu — 260yu) (u — v)C
Q

€
P

2
g/ (14 Cre) (t)|vu|2G+Or”(|‘T|t)(vu)QG.
Qs -

This completes the proof. ([l
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