


Vector Review

·

Unit Vector :F magnitude of

·

Circle/spree : (x-i)+ (y-j)+ (z -k) = R

(i
, j , K) : center

R : radius j
-

complete square to get to standard form

· Projection :

Projec
lar

>a

· Cross product : luxv1 = I/IvIsinG
-

Area of parallelogram

luxVl : Area of triangle

- Angle between vectors

· Dot product : U . V = /utIVICos

- If u . V = 0 Vectors +

Lines and Planes
Line equation :

· Vector form :(t) =

(to+Directional

point

- Parametric Form : X= Xotat y= yo + bt z = zo + Ct

- Parallel lines : directional derivative cross product =

- Intersection : One parametric pair r(t) = S(t)

1) Set parametric x , y ,
z components of the two equal

2) solve for s or t

3) If equations equivalent intersections occur

- collision : Time interval (sandt) are equal at intersection



· Plane equation : a(x-Xo) + b(y-yo) + C(z - z) = 0

·

Normal Vector (a
,
b,

· does through point (Xo , Yo,
zo)

Two planes /1 if normal vectors //

- Two planes1 if normal Vectors +

- Cross product of vectors gives normal vector

Quadratic Surfaces
Draw traces to get idea of shape

· Ellipsoid

· Elliptic Cone
· Hyperbolic Paraboloid [ (like Saddle)

· Elliptic ParaboloidsX

·: Hyperboloid of one sheet u

·G+ = 1 Hyperboloid of two sheets
②

&

X= y or y" = X : Parabola

X - y = C (constant) : hyperbola

· X+ y"= 1 : Cylinder radius 1
, parallel to z-axis

Vector Valued Functions

· Vector value function : r(t) = (X(t)
, y(t) ,

z(t))

-

Correlate x , y ,
z of equations to components of r(t)

- Draw graph
· Finding domain : determine constraints of X , y ,

z components ,
find where they all overlap

· Unit Tangent Vector : T=T



Motion in Space
· Position Vector : r(t) = Sv(t)dt + (4, 2,

·

velocity vector : v(t) = r'(t) = Sa(t) + (
, 4,

· Acceleration : a (t) = v'(t)

Ex) v(t) = Sa(t) = (3t- 2t
,

E
,
0) + (c ,

2
, 2)

v() x
= 3 - 2 = 1 - C = 0

v()y = 1 + c = 1 -> c= 0

V(l)z = 0 + c = 1 -> c = 1

V(z) = (3t2 - It
,
E

,
17

r' (t) = (t3 - t2
,

er(t)
,
t) + (2,

2
, 2)

(x = 0(y = 0(z = 2

r(t) = (t3- t
,

en(t)
,
t + 2)

r,

Length of Curve

· Length of curre : L= Sa"IrGildt

If Ir(t)1 = 1 arc length is parameter , Change of value to u then make uper bound t

Ex)(t) = (t2

,
8t2

,
Eti) Arclength as parameter ItL4 ?

r'(t) = (It ,
16t

, Itra]

(v(t)l = I (t)l = Netti = 24t + 1 1)Check if acr length is parameter=

Curve does not use arc length parameter

S(t)= S. z = Rul
,

"

= (12t' - 12) = S 2) If O is false change + to u
, integrate to get s

-

S = (12t"-12) + S+= 12t -> t= 3) solve for t

[F() = <tist
,
Nat

r(t) = ( (s + 1), (S+ 12), (s+ 12)) 4) Plug into original r(t)

1724 Co S= 12-12 - 02s = 180 5) Plug bounds into S equation to get new bounds

· curvature : K==

Limits and Continuity

·

Steps : 1) Test if DNE

2) Try x=a
, y = b and X=y (if same answer try b other wise result DNE)

3) Manipulate equation

im Sinl



Ex) X-axis: y=
y-axis :

-=
O

*y4-baxity 12

-y R

(x -y)) - 3a = 12

a =- 4

O

Partial Derivatives

E= (x)y=()=
Lefttot

Chain Rule

Draw correlation tree

-

Splits mean partial derivative

Ex(z = f(x , y) = x +y) X =et
, y = en(t) find

* 2x . x+ + zy . yz=

↓ ↓

Ifgiven general equation make it F

Ex) Xy + yz + xz = 3 z function of X
,y find

-> DK general

ZeroF = xy+yz+ xz -3=0

~ Fy + Fz · Zy = 0=
equation equi



Directional Derivative and Gradient

Dot Product

Directional Derivative : Duff
,y) ==Fx ,g) · in

unit vector specifying direction

- If given point find vector then take unit vector to geta

Ef
-

Greatest increase : 1vfI

- Ef
-Greatest decrease :Tuf

- Maximum rate ofChange : 1f

-I movement : Point given Efpoint given
= Q

Tangent Plane / Linear Approximation

· Tangent Plane VF : (X-X0
, y-yo ,

z -zo) = Q

Ex) z = xz+y+ xy at 10 , 1 , 1) 1) Find VF and plug in point

F = x + yz + xy - z 2)useF . (X-Xo
, y-yo ,

z-zo) using point

=F = (2x+ y , 2y + x
,
- 1) VF(0,,, 1) = (1

,
2

,
- 1) for (Xo , yo ,

zo(

3) solve equation

| (x - 0 + 2(y - 1) - 1(z - 1) = 0

· %changee

Max and Min problems

1) Find Cp at Ex = 0 and fy = Q

2) Evaluate the Discriminant : D = Exxfyy - Ifxy)
>

D > Q fxx < 0 : Max

D) > Q fxx > 0 : min

DLO Saddle

D= 0 Inconclusive



Lagrange Multipliers

-f = xg
- Constraint

1) Break into X
, y , z components

2) Get components equal then solve for X
, y ,

or z

3) Plug Solve component into g(x , y,
z)

,
use resulting value

to find other two components

4) Plug point into f(x , y ,
z)

Ex)

VF = (3
,

2
,
6) Vg = (2x

, Zy ,
(e) g(x,y , z) = (zy) + y + (3y') = 4

-

3 = x2x2 = x2y 6 = k2z -y +y + 9yx
= 4

x= k = zyk= Y9y" = 16

y = (plug into 0,)

*== -z X = = z = =

Q x = 3y = z (
,
i

,
)-> f(x, y ,z) = 14 max

L (
, -E,*) = f(x,y ,

z) =

- 14 Min
->g(x,y ,z)

OR
1) Set VF = XFG X

, y ,
z components to Zero and Solve (ignore 1)

2) Plug into 6 for CP

3) Plug points into F

Ex)

O

(8x
, 20y) = k(2x , zy)

8x =12x 20y= zy F(0
,
2)= 40

8x - M2x = 0 20y - x2y = 0 F(0
,
-2) = 40

2x(8- x) = 0
zy(10 - x) = 0 F(2, 0) = 16

X = O
y =Q F(-2 ,

0) = 16
x = S 1 = 18

y2 = = 2
X=12

10,2)
,

(0
, -2) (2

,
0)

,
(2

,
0)



Integrals
·

verage value : faug = =() +(x , y)dxdy
↳ Area

·

Always do a sketch

Polar Coordinates

x +y = r da= rdrdO

X= rCos⑦

y = r Sing

Spherical Coordinates

pa = Xi+ y + z" D = Q

z

-GT) max quantiteis

[
X= P cos Sind dV= p'sindpdQdo

·iay = pSinGsind

z = pos &
L

X

Integrals in Mass Calculations

· Moments :

Mx = (Syp(x , y)dA

My = SS Xp(X , y)dA

· Mass : m = SSYi
· Center of mass :

X-coordinate : x= S) XP(X ,y)dA
y-coordinate : i = im SSRyp(x,y)dA
z-coordinate : E = InSnZp(X , y ,

z)dA



· Moment of inertia : I = (Sp(X , y ,
z) d'dA
↳ Distance from axis of rotation

Line integrals of functions and Vector fields

Line integral : Sif(x
, y,

z)ds cisome curve

dS = Ir't & Parameterize : (t)
, actID

· Work : Sa F . rict) de

· Flux : SF - ndS

· n always right of path (look at where line is going to determine if acw or cul

· n = F =.

Fundamental Theorem of line Integrals

Conservative : If F = (P
,
Q) Py = Qx

· Theorem : S
.

F.dr = P(B) - $(A) If F = Ed

(P
,
Q

,
RT = (0x

, Dy ,
0z7

DQ : Py = QX

PR : Pz = Rx

QR : Q2 = Ry
&x =f(x)) Integrate with respect to specific variable

by = f(y)

O = Sum of unique Variable from integrals

&) Iendpot

EX)

Sydnea

a = xy+ x +y

xy+ x +y = 2



Green's Theorem

x+ Qdy = ()(Qx - Py)dA

SF. drdt

·

Always caw if CW have to add () sign to integral

· Area:xdy-ydx
· Flux : (Sp(fx + gy)dA

Curl and divergence
· Curl : CurlF = EXE

corIF =

(ax2
·

divergence : divF = E . F

divF = Gx(x) + 2y(y) + Gz(z)

Surface integrals Flux of surface

· Flux : SSF . nds Parameterize : Flu ,
v)

dS = /ruxrul dud

· If z = f(x,y) : DS : Nzx+ zj dxdy
- Don't add extra Stuff (r

, prsind)

· Area : SS&S

farg : /Find Fluxar:

WithVectors :

J) F · (ru)dA Need to check if Orientation is correct : plug in bounds to see if direction is correct

17

n = VSL
surface shape bounded by



Stokes Theorem Flux of curl of Vector field

· /ScurF . ndS= F. dr

Divergence Theorem

#ndS = /S divFdV J-Divergence timeaobject

Surface :

depending on how

manySurfaces Object

has
, might need to

do multiple and

add

·

If surface inside another

- Normal Vectors point in opposite directions (out and in

- Subtract interior integral from exterior



Line Integrals

Scalar : SFDS = SFIrCt/

Tangent: SF . TDS = SF . r' (t) or Sfex + gdy = JJgX-fy dA

· Work
,

circulation
, flow

,
Curl

· closed loop

· caw +, CW-

Vector : Ofdy-gdx = f)+x +gydA
· Flux, normal, divergence
Must be closed

·

CCW +

Surface integrals

Scalar : /SFdS Vector : JSF . nds

DS = Iruxrul n = ruxrv forientation matters)

dS = #Ex+ Zy n=S

·Surface integral or surface area &S : Area

· Stoke's Theorem : (ScurF . ndS = SF .dr

· Flux of the curl
=

· If CorF = O OFdr= Q

· Divergence Theorem : (SF . ndS = SSS divFdV

· Flux

· If divF = O Stop


