


13.1- 12.Y Review of Vectors

4. Find the area of the triangle with vertices at P(2,2,1), Q(1,~1,2), and R(0, 1,~1) PG < -I) ‘3) 1>

A VS PR - 1, '| '2>

b, 210 Areo of +ranale : 1IAxB) b
(é 3 : p& PR | 1-1 :I-nz‘ \
D245 {641, -(a+2), 1-6> = <7 -4, -5>
5 Y
2

Waum\¢7+u>< J%uus (0 - 3o
A - £|PGxPR|- 2 3.

- SIRFEH]
B ¢ AB = <1l 0>

1. The area of the triangle with vertices (2,1,1), (1,2,1), (1,1,2) is
Al: ()0, 1>

AT -
03 AnxAC = [ DSl ol [-]55 ]+ 15
2

C. V2 <l ) |>

p. ¥ 'Iz\ABxACJ -2 (e - Bp

E. 2

- SI6E| # ]

o 7O Ve ¢ f 2+ for whicl 8 vor a (2 2\ . —Bx 9 are . . iculs
1. ’frl(n two values of & for which the vectors (z Al 3) and (1, C;l 2) are perpendicular B i |A| I Bl COSG
A 2,-3 B 7 x'-Sx+6 =0
B. -2,3 (X -33(X '2)=®
C. 0,2 X=3 X=
D. 0,3



13.9 Lines and Plunes in Space

* SAE|# |

1. A line [ passes through the point (—1,1,2) and is perpendicular to the plane z —2y+2z =

8. At what point does this line intersect with the y-planc?
1) Fnd normal vector
2\) Write line cqu-d:oh
3) Sove fr t

'-I) Solve for points

A
B. (
C. (0,4, 1)
D. (
E. (

 SI9E| # &

2. Find the equation of the plane that passes through the point (1, —1, 2) and is perpen-
dicular to both the planes 2z 4+ y — 2z = 1 and z + 3z = 10.
1) Find Morpal vectors
2) Find Cross Product of Vectors
3) Write

5. 3¢ —y+2=10

- SI9FE#]|

1. Find an equation of the plane that contains the point (1,2, —3) and the line with sym-

metric equations r —2 =y — 1= :T
A brt+y+z=4

B 2r—y+2=-3
C.3r+y—2z=11

D. dr—2y—32=9

E. z+y—22=9

X=Q : Z.Ol-ll -6>

} Two poin\'s on lioe
X=1:<1,0,-4>

7) \lecdor Fromn giwen (oints fo lne points:
<_'; -3/ -3
/(f/

{0,-1, -\>

C(O$5 ‘)(OdUC,""' <_3/-|/ 2>

aLx-x.\-rb(J-a,,‘) +C(2-2.)- 0@
l) -ﬁ: <|)'2, a>

()= ro+ t¥
2) = -1, 1,35 F £0,-2,3

X=t-I Y=1-2¢ 2= 2-2¢
3) 0=¢-I
B t=t = Y-l — z.y (0, U)
e £2,1,-22
Rl ={1,3,0>
'ﬁ.szIT oa |+ €3;9.0 >

3(x-|3»%(5*0- 1 (z-2D=
3% —%J -=2- 9

ROCCS$
1) Find fwe Points on | lire-

l) Fnd povition Veckor fuen point to ke pints
ke coss podict 1o get Vecko Mt defies Plare all
3 points o in

3) Pla()c g -3()(*\)-(5-2) + 2(?4'3‘) =Q —> 3X+y |



- FI9EI#)

1. Find the equation of the plane through the point (0,1,2) perpendicular to the planes

given by 2 —y+2z=1and 3z + 2z = —4

A y+2:=10 ) Find formal Veckors of planes

L 2r—4y—-32=-10
L y—22=2
L —2x—4y+32=2

2) Take He Coss ploduct

3) Wike N Plave equation

O aow

=

A, -1,2>
A’(B: 1 -2

- FIAFE #|

1. Which of the following pairs of equations describes a pair of orthogonal planes?
Dot prduct=@

:<{3,0,27
< 42,435

A 3z+2y+z -1
=10

C. 2e—y+32z=0andda+4y+2=0

4and x +y — 5:

B. z—y+2z=1and -3z + 3y — 62

D r=yandy==2

E. None of the above.

A) (3,2,1> - €),),-5> = 0

- FRE#]

1. A line  passes through the points A(1,—2,1) and B(2,3,—1). At what point does this
line intersect with the zy-plane?

1) Crate Vector
l) Write line equation
3) solve b ¢

Y) Solve for Coordinades

mUOow e

- FIRFE#]

1. Which of the following pairs of planes are orthogonal to each other?

A z2+10y—2=6, -9z —y— 19z =
B. Sx+8y=-3,y+62=1
r=052+3y, 8z —-6y+2z=-1

D. 8z+5y=-3,9 +6z2=-1

E. 8z+4+5y=-3,y+62=-1

A) 010,15 - {-4,<1,-19> < =9-10 +/4 =@

()=0+rtV

AB= ¢,5,-3>

((D: Q2> + £ Q,5,-2>
X= 1+ €
Ys-2+5¢

|-z+.=o/

2

-2x + Ll(5-13+3,(2-23;®
‘2)(;—'45 +32 =10 — 2x-Yy-32=-)0

Xz

~is

+

Nia

N



- FIBE|#2

© @
i A s e e e D1 LS B (2
) Frd MNormal vecior l (ex l : <LI’ =l [
D Teo+ points giwen in A) P: (2,’/'33 O v ®: X
z=24+4,y=1-t,2=-3 answers C\P (zl-’)c3 (D ; \/ ®; \/

.,.:iz+1/.(/:71 3) End equation nat
T=241ty=—1- m s | and 2 B

T=243ty=
T=244ty=2—t,

MmO Qw»

||5.6 Quadtic Surfaces |
" SAFE #2

2. Identify the surface defined by the equation x? + y* + 2z — 22 = 0. X'+ :’t‘ 2'r2z2 =0 & a\A\Of(’, OF 6(305
X'yt - (2'-22)=0

A. Ellipse

B. Hyperboloid of one sheet

xtryt - (222 -1) = -
C. Ellipsoid -X’—st r(2-D =)

D. Hyperboloid of two sheets ijm‘old of '}'U)O smb

E. Paraboloid

- FHE #a&

3 ;. .9 P o . 1 -
2. Identify the surface 22 + 322 = 4x + 2y* through completing the square. 2" —Ux+ 4 - 231 + 32 = (2]

2
A. Cone (2)( - Z) - Z:’ +32 =0
g Y4
B. Ellipsoid Y4 v
C. Parabolic hyperboloid
D. Hyperboloid of one sheet ijf/u)lmd OF OﬂC 6W+
E. Hyperboloid of two sheets

- SIBEI#]

B i Date o gt a0l o0 o o8
1. Identify the surface defined by Yy —dx+z 4. xt- Ux +__ - jt+?-\,___ y

A. hyperboloid of one sheet

B. hyperbolic paraboloid

x-2)-ytez
] ¢ 8

C. hyperboloid of two sheets

D. ellipsoid ijf/h)'()'d O'F Om SM+

E. cone



- FREI#2

3. What does the equation 2? — 2y + 2% = —1 represent as surface in R*?

>

elliptic paraboloid

hyperboloid of one sheet

». hyperboloid of two sheets

hyperbolic paraboloid

=

elliptic cone

"FBFEH# &

2. Which of the following equations produces a surface that is NOT shown here?

|41 Vecor - Valved Fonctions |
* OLAE| HY

'Y1+Zj"-27-=|

nge(bolo:d of +wo Sheets

A4

A) Hyper. of too Seets o
B) Ellipssia 0

O Hyprdolic pocsb =
D‘)H%ﬁ one Sreet §
E) fawioo ©

NeedsS Practice

4. Identify the surface that does not contain the curve

7(t) = (cost, — cost,sint)

A. Plane: z+y=10
B. Circular cylinder: g2 + 2% =1

D. Circular cylinder: 2% +y* =1

22 92 )
E. Ellipsoid: '—; + L; +22=1

F. Circular cylinder: 2% + 2% =1

"OMEIHS

4. Find a vector function that represents the curve of intersection of the cylinder y* + 2% = 1 and

the plane = + 2y + 2 = 1.

et

1t sin, Cos

2) solve e x

A. r(t) =< 1—2cost — 2sint, cost, sint >, 0 < ¢ < 27
B. r(t) =< 1—2cost —sint, cost, sint >, 0 < ¢ < 27
C. r(t) =< 1—cost — 2sint, cost, sint >, 0 < { < 27
D. r(t) =< 1 —cost —sint, 2cost, sint >, 0 < { < 27

E. r(t) =< 1 — cost +sint, cost, 2sint >, 0 < ¢ < 27

l) %4 eqtions
for xy,2

et Y
C. Ellipsoid: ?+ El +2°=1 2) Jest

B) (st +ointe =l Y

.) Costt (5t

—_— =

2 2

D) e +cost # |

‘lj’-r 2%= )

Vovriabks eque |

Sn® + (5= |

Xz -2t - (ot +)
or

Xz | -2cost - Sint

B

A) Cost -cost = @

+5in%t =\

v



-FYFE# R

2. On which of the following types of quadric surface does the following parametrized curve

r(t) = (tsin(t), 3¢%, —t cos(t))

lie? l) SKetcn

A. cone 2) Determice. Wnoet convibures
B. sphere 1o fadS

C. ellipsoid, but not a sphere 3) Evalvate -ﬁnal qmﬁm for
D. paraboloid shope

E. None of the above.

P

A
~
O & © |«
R
o 24 s o

O o
-

v | -’

X= toin(t) } Radis
= -t cos(¥)

Y=3t* — Pacmbola

- FloEI# 4

4. Let (a,b,¢) be the point of intersection of the space curve #(t) =< V2t,12 + 1,1 — 4t >
with the surface z* + 2y — z = 0. What is the value of a® + 2b?

1) e+ equal and Solve for €

2Py £ bode ivto (ve

3) cicotate  aii2b

B oW

- > o

> Yt +1=0
(4¢+2t) (2t +1) = @

2(2%+1) +1 26+1) =0
(2641)' =@ -1

2t*+ 2t +2 - [+ 4t=0

(&= L%, 5y, 3>

a+b = ¥ -3

Spical = Cone o po/abotmd
To dedrmine, dest Quadac Surfice—
equatiors
Cone : X'ty =2
'bmbo\ordi %’f.l‘:a



-OME 1 #9

9. The domain of the vector function r(t) =< V& — 4t + 3,6, In (t/* = 1) >is: X = (¢*-Ye+3d E-DE-1) +>0

A t>1 1) Fnd comains of each

B.t>3 = e3* —o0<t <00 t=3
C.l<t<3 DTG e overlap “j

D. t is any real number Z2=00m (t'/5_|) + =3

E. None of the above

14.2-3 (alculus of lector - Valed Funclions 4 Moton in space

" OREI#2

2. If L is the tangent line to the curve ¥(t) = (2t — 1, 2, t* — 2) at (3,4,2), find the point
where L intersects the xy-plane.
A (2,1,0)
(1,2,0)
(2.-2,0) N
L (2.2,0) Think of V @ fie Siope
- (0

.0,0)

ra:): Fo + V‘t

26+ ()t ) Solve for +
G- BU2 ) 2e-1-3 2) Solve for the Gerivetve and g in t 4o
t= |
e ge+ v

D) (@Y= {2, 2, 167 - 3) Wite e cqutan using 7 and giwn point
f(1y=42,4,4> = v H) Solve for points

3) Lit)- 3y,2> + £4,4,uY = (263 Yol | Uesa )
Ht+2=Q x=2(-h)> Y= UG-y
t--lh X=12 y= &

1) (2,2,0)

SBE| #3

1 =
3. Let v= / (Ef +26%7 + (t — 3/,2)12> dt. Compute |V|. V=
Jo

O o w»

=
'\‘\S I
S



- SIFEIF3

3. Suppose the trajectories of two particles are given by

ri(t) = (t+1,2t72 2%,
ra(t) = (26,82 + 1,82 — 2t + 22 4 1),

Find the angle between their tangent vectors at their point of collision.

=3E]

5o aw

ISIE RN E R

ClY=41, 2
()= 42, 2¢, 2t-a>

()= () —2 2t=t+] — ¢

=40, >
) (N=1{z2,2 0>

0,,73> {2,2,07 - {irvr - {4+4 (ose

Y = 4{z cos®

= = 050

> 6Ny

" SIbE|#5

5. Find the equation of the line that passes through the point (1, 2, 1) and that is parallel
to the vector tangent to the curve 7(t) = (12 + 3t + 2, e cost, In(t + 1)) at (2, 1, 0).

A z=14+3t,y=2+t,z=1+¢

. x=342t y=el(cost —sint), 2 = o5

B =
C. =142t y =24 t, 2=
D.z2=2+4+3,y=14+t, 2=t

E 2=2+43t,y=1+2t, z2=-3t

()= (26 +> -sintet+ etest, =l
L£43t+2=2  ecoslod= | ¥
t(t+3):=0

t=0 t:=-3

((0):-V=1<(2,1,1>

T_U:\ = 0,2, + tl3), 1>« <3t+\) ta2, o1 >



||H,3 Motion in Spuce |
"SHEI #o

6. A particle has acceleration a = (6t — 2, —1/t, 0). It is known that the velocity at time
t=1is v(l) = (1,1,1) and that the position vector at time ¢ = 1 is r(1) = (0,0,3). Find
the magnitude of the position vector at time ¢ = 2.

A. V16 +1n4
B. /16 + (In2)?
C. v/32+ (In2)?

D. 4

E. /324 (nd)?

VEDE fol.(h: <3t‘-2(:} ".'E' ,0> +d{c, e, 7
Wy =3 -2L =1 — C=0
iy = 1 +C=1 —> c=@
ViD= O0+C =1 —> C=\|

VY= { B¢ €, 1>

AR (t’-t’, Lole)  t> + L¢, ¢,

Cx:@ ¢:0 (-2
(=L, pn(e) , t+3>
()= &4, ), U>

lr2)) = {324y

SIFE #20

20. The position function of a Space Shuttle is r(t) = (t*, —t,6), ¢ > 0. The International
Space Station has coordinates (16, —5,6). In order to dock the Space Shuttle with the
Spac tion the captain plans to turn off the engine so that the Space Shuttle coasts
into the Space Station. At what time should the captain turn off the engines? Assume
there are no other forces acting on the Space Shuttle other than the force of the engine.

1) Fino Velociy and  acceleation

2) Determice tme i+ Wil ke to ge+ fom
Corent Position  fo  desired (gp with Simpiest ¢

3) Rk ook what 15 grater Hbn £ fan dest

i et Wwith Velocty and  position
?j Note : Velocity is how Many units  yoo
D. 4 ove  pes geccnd

E 0

(Y= (47 -+, 6>
VIS = {2¢, -1, 0>
ae>=42,0,0>

At £=5 shp wil Coasr
past Statie~ on Y-anis

If t=0 a:¢,0,0>
Won+ Mowve af all

¥ =4 VW= 48,-1,0>

(W= {le, ~4,6>

¥ t=2 wD-<Y,-1,0>
D=4y -2,6>

fls) = {25,~5, 6> ~ t 25
ble Wil coast past 10 X-diwaion

Nor good DJc ouer next
Second Wil Move 8 units
ON X-Oxis

3 seconds fe(Maining

3-U)={12,-3,0> =0
o =i, -5,6>



FI9EI#3

3. Find the angle 6 between the velocity and acceleration at ¢t = 1 for the position vector
r(t) = (cost, t2/2, —sint).

A O=7/3
B. 6=1/6
C.0=-7/6
D. §=-7/3
E. 0 = 51/6

V&)= C(-%ink, t  -Cost> VY= <-sinl), |, -tosti))
GlE) = C-Cost, ), sint > al): d-os0), 1, s (YD
V-a = |vllal cos®
CoslYsml) *1 - snldeost) = YA T (056

7:=030 — Q- T

"FURE I#o

6. A small metal ball is thrown vertically upward with a speed of 19.6m/s, rises to a \ .
meximum height, and then falls, eventually striking the ground. How high does the ball ) Zore jmb o fnd e 10043 vector set £t=0 Sole

rise measured from its point of release? (Recall that the gravitational acceleration is

9.8m/s) fr C

A 16m

G oom D Sole br ¢

D. 24m

E. 12m 3\ $C+ V=0 Solve 6(6

a:=€o0,0, -G%>
V=40,0,-48t> + {0,0,C> = 146
V= {0,0,-98t+146> —> +t=2

(= €00, ‘Yitts 6t > i r)= 46

- SRFE#3

3. A particle has position F(t) with acceleration &(t) = ¢ 7+ 3t*K and the initial conditions
V(0) = T+ 5+ K and #(0) = 0. Then F(1) =

BT aw

a=4t,0,3t*> V)= €1,),1> (oY =40,0,0>
V=431, 0, P >+ (¢, ¢,

= athe), ), 20>
() =4Bt7+¢, €, Ft'-t>

(=T, 0, 314>



FIBE| #6

6. A traveling particle has position vector at time ¢ given by 7(t) =< tcost,tsint,9 — > >.
Find its speed at t = 1.

A Ver
B. 5

C. 3w
D. V6
E. tan(1)

VEY = -dsint+ tost | tewost +Sint | -26 >

V)= -sin0)+ ws (1), oSl rsinl) , -2
TN E Jfﬁ:nim - 250y s ) +cost (V] + [ es0) + 2eost)sinlY rsint () T +4

- [ = (8

MLl' 1.5 Leﬂgfh of Corues / Corvetve

Acc leagin L= 571wy de

SHE | #5

5. A particle travels with position vector r(f) = (3¢, 4sint, 4cost), t > 0. Find o > 0 such
that during the interval of time from 0 to a the particle has traveled a distance 20.

BYow e
o o

(&)= <3, Yeost, ~Usint >

Iren= {916 =5

L: 20 = Jo 50t = Bk=20
o= Y

FI9E| #5

5. Find the length of the curve r(t) = (sint — tcost,cost + tsint), 0 < ¢ < 27,
A n?

B. 7%/2

C. 2n?

D. 47

E. 27

(') = (@{H‘:Sm{: - (oSt -S)p(t/+ tcost +§;n{>



~

M 7,2 Y
L= 57 ¢ = 36157 = T -y

- FOFE#H 3

3. Calculate the ar length of r(t) = (3sin(2t), 4, 3cos(2t)) for 0 < ¢ < 7/3.

A
B. 27

('Y € @sin2e, 0, 662¢>
I0' )= {6802 + X 26 - 6

L- Somé = 27

- JIBFE # 2

2. The arclength of the curve ©(t) = 2t T+ ¢ 7+ (Int) K for 1 <t<2is

A.

5
-
3
C.44+1n2
D. 3+In2
E. 5+In2

(') {2, 26, €7
| )= N Yryerrm = 26+ %

flarts thanel’ s Uuna -1 = 330

“

Curvatue
SKE|#Y

1,1
4. Letr(t) =<t, ;t°, ir‘ >, find (1) (namely, the curvature at t=1).

Al
B 1
3

Pl

g X
3

. =
3

F Y3

3
[l I Ll Yl
=T = TP

)= ), 8, >
lr' ()= N 1+e2¢ Y £t 3
f“ UZ\ = L0, ), &>

V26 Y 2
RINp ‘;e o }: (t-chZb,»l> = (-t‘, 26,717 = (6
ir'l*>= 303 e G5 G
K= & "33 3



“FIAEI #Y

4. Compute the curvature of the curve r(t) = (2sint, 1,2 cost) at t = 7/4.

A 1/4
B. 2

@, 179
D. V2
E. 3/V2

("= (2cost, 0, -23in6>

|l = mos‘{—.* Usin® £ = X
T= ( tosk, 0, -Sint>
T=4-s0k | 0, Cost™>

IT(=1

k=&

FIREI#Y

4. If #/(t) =< 1,5t%,4t >, find £(0) (i.e., the curvature at t=0).

HOQ®E

("= 40, bt u>

(=<0, 10,07

0'x0 |8 e ) = o, 0, 0>
|- fevle =Y

IF')’= 64

h-% - %

19.] Functons of Seveal Vandoles

- OMEI#7F

7. The'level curves of f(z,y) = VaZ + 1 — 2y are "ljl e 1,
- 1
llﬁ -xt=

Hypeioole-s

. hyperbolas
. ellipses
. sometimes lines and sometimes parabolas

. sometimes parabolas and sometimes hyperbolas

mC Qw»

. parabolas

H‘L]perbo\as* x’-j‘;c.,
pwabo|a5= \‘j=x o x-_j’



- SIBEVHS
5. The level curves of f(z,y) = Va?+ 4y? + 4 — x are X= 1X1+‘13‘ 4

£ 1 1
A. hyperbolas 1) sek cquat zere 3 X =% ""t‘ffq —7 -Y= ({37
B. el 2) Meni pulsie  equedion e B HECL L NS S,
. ellipses o eric A ~

5 o (x1) = X"+ ug*- 4 (x+2'= Xy + 4

C. parabolas 3)I 0 docont give guetc 1
d 1

D. sometimes lines and sometimes ellipses :"::*:‘ :\‘fj«u-* X + ZX +rl=X l+ ((3‘ +"‘ Y + "X r‘l: X‘*Pq31+ q
E. circles wmee

Uy - ‘{3‘ —7 x=yt
Porabs Jas
- FIREI#7F

1 1 -
7. The level curves of f(z,y) =va?+y>+ 1+ are X=X +Y + 1

Y- -

(x+1Y= X'y +i

Xex+) = x4y’ +l

A. hyperbolas

B. ellipses y’ = X
C. sometimes lines and sometimes ellipses

D. circles Pa(abo IO' S
E. parabolas

9.2 Linifs and ©nt.ny ity
- FYE |47

solux) o Sin (Ux*+ $5*) Sin (12%7)
M~ = X B
sin(4z? + 8y%) X-axis x ° y X‘ + % 3x
7. Assuming that (r,«/l)li!zn 0 ZTo exists, what is its value? | Sn L'J\) lo
y— AKS ¢ 2 )
A 1/4 - J
If sin lok for Aoy
B. -4
C. -1/4 5o (41(x+24)) _ sim Uw
i el
E 4
8. If tl_:!‘l ~3a (x'+y?)
" ot =3a(a® + 7)) -yt 12 X 3al 3 |2
)00 22 4 y? - Xtayt
then the number a must be equal to o
x2egt) (x*-9%) 20 (559Y) o
__ - — -

A O g

4 (x'-:j’)'3a=n
a--Y

R
-
S



- SIFEI#6

6. Consider the limits

I, Jim =l 1 = i e
= lim ———= and = lim ——.
(@9)=(00) /22 + 42 (z,y)—(0,0) 1 + e*~¥

Which one of the following statements is true?

A.T=3andII=1

B. both I and II do not exist
C. I does not exist and I = %
D. I does not exist and II =1
E. I=1landIll=1
e’ N
I) A -2  15-16 I) Te S %

{Gr+( 5
3(-5)-2(-8) -I1S+1.0
Vo (s s

DNE

9.3 Partal Derivatives
" SUEIH S

8.1 f(a,y :)zwz—%: then fr,(1,2,3) is equal to _rx _ Tzu_z—' | = (9,_25'/(
fy = 2 (9)(29) (y-2Y"
= -32 (,jx_%)‘ilz
A -5 ‘rx,’{’ ‘31 ('3/2\ (—I\ ‘j’-?YSI‘ + (‘3) (31'1)&:
¢ o faam < -6 + (D0
f: ji g -q -2 = _”

- SUFEH#H+

7. If f(x,y) = xsin(zy?), compute fy. (7, 1).
£ xyx Gslxft) = 2x'y Con ()
fye qu Cosly') - Sin (7(3‘\ 27y
_8 fo) = Y- los(n) - Sn(w)2T
—6m g - l'lTr

moaws
|
[
3



- FAEI#3 |

I S —|
8. If f(z,y) = In(a? + y' +2), compute f,,(2,1). Fx= Xryg¥rx

- Ay Xt
A 47 -ij e sy
B. —4/7
C. ~10/49 f s 4w e
D. —16/49 @Y T g2y 4a
E. 12/49

- FYFE#HG6

6. Let f(x,y) = "t *sin(ray). Find (;—f(l 1);
Oz .
fun = sinlme + T eos (M e

A -7

B. em = -Te
C. —erm

D. —en?

E. —e

9.4 Chain Rule
. SRE(#9

9. Let 2 = ¢/ cosf, r = 1251, 0 = V5 + . The partial derivative 7 is

ﬁ = Ze'es"ZY'KS

25‘51759 7
"€ T v e Ntwsd
. 5100
= er (Nbeosd - =22

- FUFEHZF

7. The temperature at the point (x, y) is given by T(x,y) = . Find the rate of change of
the temperature with respect to time ¢ at ¢ — 2 along the path: r(t) = {,%) of a moving
particle.

A48
B. 60
C. 64
D. 70
E. 80

-
\ y ;_r; ¥y Xx=& y-€
b s - Tex'+ Ty y
= BX’"\\j(l\* X* (2t)
3t 2(2¢)
306e) * $(1)
Y + 32 =30

"

£, Sin (Trxd)e"’"’" + Tycos LTI'X35 e

= eend tet) " 2s + e'tosh - It

x+39-3



- OBFEH#D

5. Suppose that = is defined as a fanction of - and y by the equation

F= )(+3J4—1? ‘Cps(x:j Z)

_ %

cos(ayz) = x + 3y + 22.

)
Use implicit differentiation to find the valie of (0, 1). x
ay' -

.o F3= 3+ xzsin(xyz)
; 1/3 F:j*FZ' %j S )] Fz= 3\1-3)(5(\—\()(3;\

—2/3

-3/5 =< -

v

I

"
Nlo

 FBRE| #10 4

10. If [ is a differentiable function of 2 and y and g is a differentiable function of u and v ~ -V
and g(u,v) = f((u+20)* + 1,¢™ — 1), use the table below to find the value of g,(—1,0). j NpL —w
v

foy) (1,0) = w=-1 v=0

(u+2v)3+ I =X = -1+1=0 x\urrg for x
ard
;; e4v-o = 5 = -l=0 3
C. 23 3\1 ('1103 = ‘Fx Xy + ‘FJ > Yv
[1;‘ 4;7‘ 29X r 7y,
Xv = 6lur2v)? pug o> —> 6
Yoo et pog L0> = -]

Gy 1,03 =5 (0 ~7¢) =

- FBFE#5

5. For the level surface 3y?z + z2% = 10 find 22 + £ at (1,-1,2).

oz T oy
=3y*2+ x2*-10 = F
F 2+ 16:=0 \21*
Fx“’FZ‘ZK :®
4
Al 5 ZL+[3310— b%}( %%330
B 2 2. T —
= Ix | Byhexz 7
L4
('f F5+ F!.FJ =®
I_)1 7 oz =D
"5 652+3J+Zx2 ~35 =
g 2 27 -er  _ 2_ _n
=7 3y T o3ylerxr 34 1=
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*SHEIF#I0

10. The direction in which f(z,y) = 2%y + ¢"siny + 15 increases most rapidly at (1, 0) is:

(Note: Give your answer in the form of a unit vector.

Ai

B.j

e Lyl
. =1 —_—
vzt
1 2

D. —i+—j
Vi Ve
2 3

E —i+—j
V13 B

v=<2><j +

V = <2x3+ \lje,‘jsmb ) X"+ Snj-xefh Cosje"3>
Via= €O, [+1> = 0,3>

mo (E

- SHFE#9

8. Find the direction in which f(z,y,2) =

(4,1,1)?
1

A =51
7

B %(1 —5,-1)
7

C L {(-1,5 1)

A 25, -1
1

D. (15

A G

B =51
7

- FI9E %9

©

the vector

. {=8,~3)
(3,2)

. (2,3)

. —{0,8)
L (1,-1)

LTS 0,131

<

- —

/‘7 vl

v
— yz decreases most rapidly at the point
y —_—

V:<s, Ty, D

Ve = $1, -5, 41D

V= Y+ xy'e™ xe X'ye® >

Vo = { 3¢ [ge® , 2e°+ 125>

=
v 4

{208, [Ye>

X/ i) =l
|v|‘<ﬁ?,6—?, h-+>

. Let f(x,y) = ye™, then the direction of steepest descent at (2,3) is in the direction of



‘FI4FEH Y
4. Find the maximum rate of change of f(z,y) = m at the point (—2,1).
A. 3/V2
B. VB
C. V10/2
D. 1/4
E. 5/v/2

F(x.3\= (7-x‘—3")‘h a

Fx:iﬁ-x"-ﬂz)—ﬁ- () - Toogr - (7-9-1

fy= i(?—xz—j‘)—”’-(-zﬁ S ey T &
wl- {2-% - (F-8-&

- SRFEH#T

7. Find the directional derivative of f(z,y) = ze”’ +¢™ at the point (0,0) in the direction

of the vector 3i — 4j

moawe

D-v-uw .
w-¢3, 52
- (efe e 2yxe® v e¥I)

Ve = {€+€°, 0+ > =43,1>
6 4 _ =
S

D=4z, (%, 3> = £-3

. FISE| 4|

11. Find the divectional derivative of the function f(z,y,2) = ay + 1%z at (1,2,3) in the
direction toward the point (3, 1,5)

V= 2%, kg2, YO Us (=, 3 }
ve {2,7),22 D= {2,35¢5, -3,

Yi,2,3) = <2, B) 0>




- FISFEHY

4. Find the directional derivative of f(x,y) = v/42% + 3y at (2,3) in the direction of 7 — 2

AECRITE

SNEENP

1.6 —EW Place and Linear Ap{)mx,Mohon

_2

> A7, &>
€ . =& - lo -
ST ) 03 )



||5.—+ Mox and Min  Poplems
- SI9E |#1

12. The function f(x,y) = 6% + 3y* — 16 attains its local minimum at:

fx: Nx =

A (6,3)

B. (3.0) | _

C. (0,0) ‘Fj < 63 0

D. (6,0) ) |
E. (6,-3) fxx=12 ﬁﬁ =6

D>@ Fxx>0

- FREI#10

10. Consider the function f(z,y) = ry* — 2z — 122 on R?. Among its critical points, this
function has

A. an absolute maximum and an absolute minimum.

. four critical points

B

C. two local minima.
D. two saddle points.
E

J. a local maximum and a saddle point.

©)
Oz gi-i-x =0 — x=g"l = O K(yN=0
®£3=“|31X =0 3:0 \5=1’l
[
(&)
X=-1 %X=0
7cxx= =) D= ‘|23‘— 43‘
‘F:U= 1231 D(o,‘A = Q0 wcendusive
xg= 3y Do = -12-4 £ @ s
Dio-d = =11 -9 4@ Saddig

- FAEI# 1

11. Consider the function d(z,y) = /@@ —2)2+ (y — 22+ 4 on the rectangular domain
[=2,2] x [-1,1], that is, =2 < 2 < 2 and —1 < y < 1. On its domain:

. it has a local maximum at (0,0).

. it has an absolute maximum value of 5 and an absolute minimum value of 2.

A
B
C. it has a local minimum with value 2.
D. it is a linear function.

B

. it has an absolute minimum value of v/5 and an absolute maximum value of /29.

il fio 2014 <o A=t }(,LZ)MOF bownds

\C:j: 23-‘{:0 3:1

(2,0 (2,0), (0,1, (0, -1)
) d 4

= W =

«

Min:  fux >@/ D >0
D=f~<x-(33 = ((,‘3)1

> (0,0)

Fxy=Q
ot (0,0)

C

AS)

£ (1,0), (9 1), (0,-1)



- FAFE+#9

8. Consider the function

1, 1, .
flz,y) = 1.'1:'l +xy + 11/" on R?

Then the function

A. has one saddle point and two local minima.

B. has 4 critical points.

C. has an absolute maximum and absolute minimum.

D. is always positive and hence has absolute minimum of 0.

E. has one local maximum and two local minima.

-r,u x’-rj O — J;_x’

J
‘Fj :J)* x =0 — L_x’\jq'x = -xax=0

§ 0:0), 611), (0,0)

fax = 3x° D=4xij‘ -

1C:13= 3y° Duy:9-1-2 >0 Lix =3 >0 min

frg=) DE,N=41=8>0  $Hx=3> >0 Mo
Do) = —I <0 Saddle

- SIBFE #49

1
9. The points P = (0,1) and Q = ( ,—= | are critical points of the function

f(x,y) = 22 — 32%y — o° + 3y.
Classify each as a relative maximum, relative minimum, or saddle point.

A. f has a relative minimum at P and a relative maximum at @
B. f has a relative maximum at P and a saddle point at ¢

C. f has a saddle point at P and a relative minimum at ()

D. f has relative maxima at P and @

E. f has relative minima at P and @

f« = bx* - 6Xj D=(I2x—€j) (‘63> - (—6)(3‘

‘Fj = =¥’ '3314'3 Dl.q\\= '6(,‘6\ = 3 ‘v(xxl.o)l): -b p5 Max
Fax = 12 - by Dir, %)= (% -&) (@) (&Y

fyy= -6y S (2y - (%) Q: 5 adte
LXJ = -bx



FI%FE#‘-r

7. Let f(x,y) = (22 + y?)e”. The function has

£y = eX(zx) + e (xuyt) =@ P 0,0) , (40)
-Fn: 236“ 0 Y0 — e(2x+ x*)=0
X=Q %X= -0

A. alocal max. and a local min. point

B. two local max. points . L .

C. alocal max. and a saddle point f«x =¢ (j# L+lix + %) D= 2e (e‘)(bﬁ 2ryx + X‘) - (2e)

D, “bee loesl ok, paints

E. a local min. and a saddle point ij = 2e™ Do) >0 +xx 2@ min
fyy = 2e” Di-ze) 20  saddle

12. Classify the critical points (2,2) and (—3,0) of g(z,y) if D= 3)“‘ 335 - 3{31

32,2 =0, 9,(2,2) = 0, 922(2,2) = =2, gy(2,2) = 2, g0, (2,2) = —1 2 (1Y - 3 >0

9:(=3,0) =0, g,(=3,0) =0, gua(—3,0) = 0, gy(—3,0) = =6, g(—3,0) = =3

G2 @ Max (22)

D;Sxyjjj’jxj‘
@(’63'(.'3)\ : -4 40 Saddie (—‘;’,o)

. A local maximum at (2,2) and a saddle point at (—3,0)
. A local minimum at (2,2) and a saddle point at (—3,0)
2)

. A local maximum at (2,2) and a local minimum at (—3,0)

v

. A local minimum at (2,2) and a local maximum at (—3,0)

H O Qw >

S

. A saddle point at (2,2) and a local minimum at (—3,0)

1154 Loglange, Maltp iecs]

"OIDEZH )

1. Find the maximum of 2z + y on the circle 2 + y* = 10.

A. 3v5

B. 7
C. V30
D. 2v10

E. 52

F= ZX+5 3=X1+32_,O VF=4{2,\> vs;(lezj>
(Z, D A<ZX/ ZJ>
O 2:42x @)= key B R+E = 5@
O=A2x- 0= A2y -|
Afiz Ry Fop< -4 -7 = -5F
2x —ZJ
X=2
L gey) = Uysy™-10=0 )
gz @ (F &), (a8, -Z)



- SMFE#9

9. Let M and m denote the maximum and the minimum values of f(z, y) = ? — 20 +y%+3

in the disk 2% + y* < 1. Find M + m.

=S awx
SR
I~

F= x%2x+ 3’4—3

VF = ('I.x—ll ZJ >

@ 2%x-2= A2 %
2x-~2 “A2x=0Q
2x (1 -A)= A

x=) | f=-|

J J
Je<19) Zg)= _13
Yy=0 Uy =0

y=0
l

&xiy)
J

X=2 |

- SAE 24|

1. The extreme values of f(x,y, 2) = 3z + 2y + 62 with constraint 2* 4 y* + 2> = 4 are

3(},33’ x2ry! -)
75 = {2x, 23\

@ 2= /(2_!-3

Zd-/\l:j =0
24(1-A¥ 0
3:0 A: )

!
Jbxis)

x= x|

A. The maximum of f is 7 and the minimum of f is -14

B. The maximum of f is 14 and the minimum of f is -14

C. The maximum of f is 7 and the minimum of f is -7

D. The maximum of f is 14 and the minimum of f is -7

E. The maximum of f is 28 and the minimum of f is -28

Ve={3,2,6> V= {2x, 29,29
6= A2z

i
A= 22

3= A2x 2=/\ZJ
A=l 2% g
3
= | 2 _ £ 2
Zx ~ 29 T 2@ 77 Zx

JELEIRS (34 )+ g+ (39*) =4

1) Weite equation Ve = AV,

2) SoWe for A and eeF Gations  egaal
o ore opolte~

D) Solie  for X=y frmat und pPlg
into 3()(‘33

d So\e for X or Y fen Pl bace into
Sp Y equetion

53 P\Uﬁ point inks Fix.4)

@ (10), (1,0)
fOoy=1-2+>= 3
FEL0Y: (Y+a+3 = 6

Mem= 6+2=8

We know H~s DIC Srape '3
~ Squee defred by Gosiant
(Fod 10drcaphs of escin)

9.0,
Y +y 4»93‘,1’

fy* =1e 1
Y3 (pg ot 0,0)

X=*7 2%

(5 % &)= feu® = |4 max

.
(-$,%, "3 ~hogm= Wmin



- F13 FE#6

6. Find the minimum value of f(z,y) = 2 + 3y + 2 given that 222 + 5zy + dy* = 28

A -1

0

s

Te = (2,3> Vs = (ux +Sy  Ox +gd) jD‘ISB = 2x%+ 5x (2x) (2= 28
! s 7 [Bx*+10x" = 2%

2= Alixrsy) Trosey ~  (x+3y) %= * |
A = 04_:*;3—) 3(,‘1)053) = Z(,5x¢%’3\) U) 2_) ) (—l)—l>
3= 4 6“’833 |2X‘”53 = 10x + |63
A = G 2 4 ) Flo, 2= 2+ » 3(2)+2= -6

-FI3E2#2

2. The maximum (M) and minimum (m) values of f(x, y) = 2246y subject to the constraint
22+ y? = 10 are

A. M =12and m=—12
B. M =20 and m = —20
C. M =20and m=—12
D. M =12 and m = —20

E. M = 20 and no minimum value.

VF=4{2,6> Vj=<2’</ztj>

> glxg) = X'+ (3x)'-10=0
x2+4x*~ 10 =@
x= |
63, (,3) T 7 Fe3) = 218 -0
FO,3) = 2+1%5 =20



|\6-\ Doudle Tteqmls in Rectangulr Resyons |

FRE2H 2

5dA over the region R = {(z,y) : 1 <2 <2, 0 <y <4}

2
2. Evaluate [ -~
w2+

A. In(33)
8 = -
(arctan(5) — arctan(1.5))

B. -
3
8
3

C. 2 (In(10) — In(3))

D. 8 (5 +lu(2)>

E %(111(5) —In(1.5))

A T S R ey

du= 3x? e (1t -20> ) =

Lhotor-2a7) = $lintoy o]

SIvE2#2

2. Compute the double integral // cos(x +y) dA, where R is the rectangle [0, 7] x [0, 7].

o 0ow

)

J f (os(x+4Ydx dy S j‘ 2 osLquudj J’ ol l dj :i"[s;n () = Sn (3\]%

W= X +

du-x\ > = jv I
b STy = § TSinlg)
U= 'IT+J
dun= )

J:" Sin(Wydu - jo-ws.‘ng)dj
“CoslW) |7 - costy) IV
1+ + (=-1)= =M
FIBE 2#3

B 6 6 +
3. We can approximate the double integral / ! ;Utlyrlz' with a Riemann sum by J‘ 5’ d:d)(
Jo Jo b
partitioning the region D = {(z,y)[0 < 2 < 6,0 <y < 6} into four equal squares. And J’ j‘ 6 1
' ! . 3 wes. | o 3)(3+-\z-jt)ndx: N 3(Bx+ 1% )dx

if we choose the upper right corner of each square as the sample point, which of the
following is the approximated value of the double integral? 3
= Y (2x+0)dx

3
X+ 6% |¢ = 36+26=(08

B. 108

E. 36



[16:2 Dodole Tntegrals over &neml regors |
-SKRE2#2

2. Reverse the order of integration and evaluate the double integral

1 1
/ / 6y/y cos y*dydx.
Jo Ja?

A. sinl NDrauws Pictirer Dased 00 Dounds (@
o st
B. 2sinl DEwWate f Bound sikh o So G’G =)
C. 3sinl Needed
o 5|
. 3cos1
E. 2cos1—2 3 Loggetc
- SUFEH IO
10. Evaluate the integral // 2msin(s) dA where D is the region in the zy-plane bounded %)
Reihe psmtl, = = ol = s ij
> X
T
A2
B. 7
C. 4
D. 8r
E /2

-FHE#H3

3. Evaluate I = [”‘/')7 f,/h ycos(x?)dxdy by switching the order of integration.
A I=0
B.I=2

2
2
™
C.I=—
4
_ sin(4n?)
o
E I=1

= (%
st 50 Jo Yeosx*)dy dx
Sum CosLx‘){‘éj‘\:;jdx |
kA yw
5, Teos(x) 2 0 = TS, wstu)-

W= X* du=2x

FAFE#H]

9. By changing the order of integration, compute

1 pVia?
/ / V1 —y2dydx
Jo Jo

.0

. w/4
. 1/3
. 2/3

e
I

L'('-a')ds

' (5
5 X6Fcosst Idj dy
W=yt
dU;Zj

3sin 1))

x bycesy* dy
3 S,,l cos(w)duw

&

5(, j: 2msio () dydx
Sﬁ

,  XZm Sin(x*) dx
u= Xt do= 2x

R T
T, Soyow = “Teswoly = T = 2w

Sin (4T
Y
sy=
>

)
-y dxdy

y-3gl = 1-3- %



"FIRE2# 4

4. Change the order of integration and evaluate

1 1 .
[ [ owe
Jo Sy

5:)1 S:‘ e’ dx d}j

e—1)

S}
(e—1) du-"ﬂj‘

=0 aw >

L oyer w35, etdus Ble-D)

6.3 DOUD\C Iﬂ%&m\s in lar Coordinates

"OIEZH# xe

3. Evaluate

|
'
X VI 1 =
/” / 3V 4y dyde " 73 S‘.‘T” 5’ 0
0 Jz T
using polar coordinates v 1"];1 o 3¢ drde
DD stecn vsong A = j‘-m 3\| . T
Ty e 2
bounds
E . ©
AT 2) Convet bounds 0cre | 2=UWS
2
n and  eguarion
B3 A Fe0c
&5 3) Tnsegmaie
D. I
4
E =
12
11. Evaluate the double integral o
/ / 2 A,
JJp
where D is the region bounded by the z-axis and the curve y = /1 — 2.
T f 7 X
T 1
m | T
A. 8m(e—1 rt
e L J,, 2”0t S, 5, et dudo
B. 2nr(e —1) -
C. 4n(e—1) W=r* du= 2r < _S‘, (e = l\
D. m(e—1) I _“.(e_l\)
E

. 16m(e — 1)



8. Let D be the region in the first quadrant between the circles 22 +y? = 1 and 22 +y* = 4.

Evaluate the integral
//yuuruz“ h

FBEZ #D

X= (osd

\/: (%in0
o585 0

ST/lj ()"

i j‘ ‘ Cosp sin@ drdo

——~n  drdo

levey

0£0<™r

5111( g)d(j -S‘ .| @
,  ((0s@ em T cud\).: W =72
W= $in0
do= (o0

5. Which of the following integrals represents the volume of a solid under z = x% 4+ * and

above the region 2% + y? = 49?7

/ S dr do
0
T/2 49
B. / / % dr df
/ / 3 dr df
D. 2/ / i
o Jo
49
E. 1/ / rdr df

2 dr df

\QU'Rme‘lmavub

"OKMELH#S

5. Consider the tetrahedron E with vertices (0,0,0), (1,0,0), (0,2,0),

e

as an iterated integral in the order dz dy dzx.

1 p2-2c p-3z-3y-3
/ / / xdzdydx
Jo Jo Jo
1 p2-20 p-3z+3y+3
/ / / rdzdydx
0 Jo o
1 p2-20 p-3z-3y+3
C. / / / rdzdydx
Jo Jo 0
1 2-20  p3z+3y-3
/ / / xdzdydx
Jo Jo Jo
1 p2-2z 3z-3y-3
/ / / vdzdydx
Jo Jo Jo

<

=

o

=

X4gt= 7= Xiytez =44

0 rez

J.,Hjn ?r’drde

), (0,0,3). Express

)
x ¥

Jo X d2dydx

[

2 z
3
=2x+1 =
DX ) Yy 0 x

23y = -3x43
)

0% 2<3-3x-3)Y

-Ix+2

ey ¢
D_j_



" QUFE#IL
12. Compute the triple integral

///, 3ydv,

where F is a region under the plane z +y + z = 2 in the first octant

B. 2
C.6
D. 3
E. 1

T leds

1,29
S, So 33(1"“3) dxdj
bxy - 2yxt =342 |:'3
&l2-9) - 3y (2) - 34 (2-9)

'2.’_63‘ - %J (‘l“i&og‘) - 6yts 3y

3_ 3 _ 12 128" 347
33 l23+|15 _;2,_.:_1'4.
123-69*~ 6y 6y* - Ty bg*+ 347

:
by - 26 -3¢+ 25 T8 - a2 3y o
390 -3yt le s Rk - 2

-FlYEZ#Y

4. Let D be the solid region bounded by the planes: Y= X

r=0, z=0, y==z, and z4+y+z=2

Which of following iterated integrals is equal to [[[ f(z,y, z) dV for all continuous func- 1
b

tions f defined on D.

AL L f g, 2)dzdyda

B fy Jo T o g, 2)dzdyde 0L x ¢)

C Iy f Jzdyde ‘ SI_KSH‘-D

D. Jy 2)dzdyda S“ n . .ﬂ(x'sl;)da% e
E 5 dzdydx

‘FISFEH]

9. Which of the following integrals represents the volume of the solid in the first octant
that is bounded on the side by the surface #2 + 4? = 4 and on the top by the surface
2 P 2 =47

w

k]
2 2 4—z?—y?
A /// iz de dy
B dz dy d:
[L7 v o gl

2 pViA-2? 4-z2-y?
¢ // / dz dy de
Jo Jy o
2 VAT paty?
D // / dz dy de
Jo Jo o
4t paeatog
A A
JoJo Jo

wxt-4"

x+y= 2
Yor-=

O0Lys2-RX

I3 dege

32
1% =2x 22-2y

6z 7""'_'}



CFIRE2HT

1 a2t gy
7. Rewrite the iterated integral / / / f(x,y. z) dzdydz by changing the order of in-

0 0 0
tegration to first with respect to x, then z, and then y.

1opy g1

A / / / flx,y,z) dedzdy
Jo Jo Sy
2t oyl

B / / flx,y, z) dedzdy
o Jo Jo

1oy g1
C. / / / f(x,y, z) dedzdy
o Jo Jo

1 1 1
D‘///f(-hy,:)tl:u[zt]y
ho by I
E

./Il./j/d/”‘ flx,y.2) dedzdy

&
I~
x
I~

(%
"

(€3
(LN

521 anoedy

6.5 TTripe Iotegeals in Cqlin dcical

and  Spneccal Coordinades

"SAE2$#6

6. The triple integral
(3 pVI—a? oty
/ / / 8(a? + y?)dz dy dx
Josdo o

when converted to cylindrical coordinates becomes

w3 pr
Al / / /br‘d:rlrr}ﬂ
Jo Jo Jo

/ 8 zdz dr do
Jo

8r2dz dr df

I

/ 8r?zdz dr do
0 Jo

/

8r%dz dr do
¢

w

=y o

oz

- QUFE #2

13. The integral

V2 V2oaE Bty
2
vy?zdzdyda
/n /7\/27 NerEEr

when converted to cylindrical coordinates becomes

= VI Ve
D. / / / 7 7'z cos fsin® 0 dzdr df
Jo o S
x 2 VAT
/ / / rlzcosfsin’ 0 dz dr df
o Jo Jva

Br

2 VR
'z cosfsin? 0 dzdrdo

ﬁS Th j
My J(E

3 c
Ll f,, 3(c>)dz dcd®

X= (Cosd
X \.j;rs;ne

J

it

3."= teint@

Mgin'0 CosO 2 dzdedr



- FAE2#5

5. Evaluate the integral

2 pVA—a? 2(x2+y?)
/ / / dzdydx
Jo Jo JASx?4y? 2
using cylindrical coordinates.
2m
A S=(W2-1) Thez AT
3 . b [ cdzacde
B. —?(ﬂ— 1) ) r
s s
C. 27(v2—-1) r(nz-¢) = rNz - v
1 z
. 5 _ = > . 8&
D.irr(ﬁ 1) So (IE ¢t We 3(3_( ,o_ S -
E. 2(vZ-1) ™ s& tnk _%E . &r
3 50 T'%@e: e 6 e(r")
[}
()
10. Find the volume of the region bounded below by the surface z = 2 — /4 — 22 — 42 and
above by the surface z = 6 — 2% — y®. (Hint: use cylindrical coordinates) _
Aw \\ ‘(j 1o (eate a  SHerun
B. &7 — .
6 Br 2) Fod inkrgecton pont o 4nd
(% - V3)
E. %Tr (

2- -~
Y-¢* = -{=c"
(~Ure*) = Y-r®
lo-80%+ " = Y-¢*
-1+ =0
(-0 (*-3)=0

6-(‘ =

r=={=

(=22

l S“L‘HS*I 6-v
_ 0L e 0 ] z-l—"\f

2-duxt-g* £ 2 £ 6-x'-y?

2_{u-¢ 6-rt

In
M
I~

(-7+2D'= Y-x* -J‘
Z'-2z+ U+ %'yt = U
2*-2z2 +><l+—:,‘: Q

2k-D =0

r d=dcdo

; r(6-(’-2+ﬁ7)
5 (e Var

W=Y-c*
du=-2¢
° o
jq (e @) = -5l 30 \ Y

z
13 Yo
(E5) ue £ 2
j""m, T _ dom
o 6 -~ 6 - )



SKFE# ¥

8. Suppose E is the region bounded above by the cylinder #” + 2% = 5, below by the plane

= =1, and on the sides by the plancs y = —1 and y = 2. Find ///;1/\'

A4
B. 8
C. 12
D. 16
E. 24

X
[ 7\

1 : Y-xt = ‘i(Hx—'—K’)L =7

- FIREZ#9

9. Let £ be the solid region bounded by two surfaces whose equations in cylindrical coordi
nates are z = 10 — r? and z = 2 4%, Find the volume of .

A. 32r¢
B. 8r
C. 187
D. 127
E. 167

10-v= 2+t

© 3= 2r" 50” fo : J:If‘ dz0rd6

:(7'

T
o h Y20

2 2
: j; i q(t - %{q‘a dO
- am
= J‘:—W 16 - BT, de = 36 |o
= |6

r=%2 c(0-2-r*-r*) = Gr-r>
—J T ra




- FISE 243

8. Evaluate the triple integral /// 22dV, where V is bounded by z = 2 — 2% — 3 and
JJJv

z=1.
\) D{aw fOUSh Siwten 1o 3(;" ideo~
2) Find infergection 4o find ¢
A w | H
B. i “3
](; :L‘ 3) Set VP and inkgale
E. i+%

=2-r S”j' Sz—flz-ér dzd«d0
4 o |

= ¢* -t
=0 Hlﬂz"f l, ded® = rlu-ucer’-1))ded 0
\[)Su 3--U2«r® drdb

]

%r‘-r"*tfé )o =

T ﬁ_ 1 g— _ ‘11
L & - %5

(3-1+¢)do -

ral t i evaluate it
- )
/ / / 15v/2? + 2 dz dy dx
2o o

™2 pu-v’
o L f,, 15¢* dzdcdo
0 r
T [ 115 (u-c)dedo - 60r- e 23
6

5, 601t dr s 00 3c° lo
2060 - 3(32) = l60-96 - €4
64 eym

Sph:nc,a\ Coordinates

o=
oo
() ‘_
o)<



- OWEZHF
7. Evaluate the triple integral /// 2?4 )r[l where  is the solid region in the first X= pPSim ¢cose

) U} p Sinl Sind
P:= X' j"fll
dV P P"an ¢

octant which is outside the sphere 2%+ + 22 = 1 and inside the sphere 22+

= >
w
B

x'egt s PPOiINt Bostd + Piemtd Hmte

oLPeL M =p (50' 0 050 + sio* @ 00 \)
06 P P sntd
0cpe 2

e (TR
So L J. Pqérn°¢ dpdgde
sp s g | = S5l (22-) = Fsip

55 5\n¢(\ Co5* ¢)

K= cos@
du= - sing
° 2 6z
i -wee - (w-s)N - -E-8)- -3 3 §
Th
INGEE )de - 23
14. Convert the integral to spherical coordinates and compute it:
/2 /\/l—l‘ /\/8—.:2—;/-3 - X=PCD$9 5l‘ﬁ¢
‘, 5 3dzdydx.
S+ y 3: Psrn¢ Db
A 2(V2 -1
B. 8(vV2— 1)
C.10(V2 - 1)r
D. 16(v2 - )7
E. 12(V2-1)r
5) A
=Ty
=7 s \So Jo .So dptom @ dpdpde
% >J 3
P>5~ @ lo : NT 8ind
( 2G
0BT o0cpi(F B cndlo = -3@F(F 1) < HE r36 ~lor lb@T
Lo S 6 16 = low (= -1)



- FIIEZ #6

. . 1 pVI—zE  pfA-zi—y? . .
6. By converting the integral ’11 J va/l ‘T* ’\/u.riu/v) f(z,y,z)dzdydz to spherical coordi-

nates, one obtains the integral
a b pe
/ / / f(psingcosO, psinpsind, pcosp) (/)3 sun;) dpdpdf.
Jo Jo Jo

be
Then — equals
a

1
1/2
. 1/3
S 1/4
1/6

HYUow e

- FE 28+

7. Find the volume of the solid region enclosed by the surface p = 12 cos .

A, 288w

B. 2447/3

C. 3207/3

D. 284w

E. 3187/3
zZ=pco> (§ Xry'rzts 32
pe XTHytezt Xryr2i-nz+% = 28

x‘+j’f (z-¢) = 36

o0c bezm
0<ptileos @ p= s g
oL@ 0 = 2cosg

T = @
" FBE2Z#10

10. Compute the integral
/// el gy

where E is the solid region bounded by the sphere 22 + y? + 22 = 2.

A. 8r(e* 1)
B. 4m(e*V? - 1)
C. 3m(et—1)

D. 8n(e*V? - 1)
E. 47m(e® - 1)

¥ 24 =
P:Q 2 (,)3“
oLpelz J° J 50 be”" psin Bdpdddo

2~

nes ¢

1y
x: 1

AalN o

Z
[

©

%
2

«

13

S:TS:“L p16;n¢ d()d Céde

3

o

1228 STTI‘! Iy

5 Jo o@Poin@ -
W= cos @
Ous= -sing

S,,-" H4de = 228%™

0cPe f“ Gepjp‘sm¢ dpd ¥d6
0L 0 e ‘;:fspt i 'éroﬁ be'om@ - dsing (eF-1)

AGE)) S: Sin® < M) Cosd | =
§7ulet ) - $mleta)

<265 (1-1) = 4(e®

13 \ lZl.o$¢_

3
- g

B W - T G)-E

D)



—_
‘ompute /// 2 dV, where E is hounded by the sphere o + 32 + 22 = 1 and the
E
te planes in the first octa

TI{CDSQS Sl""¢

ocsem L ) { preppreing dpd@pdo
0t 8t h © % p
| cpe
K | 9P Geppomd (50 Lo
5 606¢6m¢ duemg’
"'f,, wow = U-t)‘o:
- F

6.6 _Iﬂ‘k’,gra ’S ﬁ( Macs Calco lation

' FIQEZ#%

on with corners (0,0.0), (1,0,0), (0,2,0), and (0,0,4)

L' J:—u 5:\1512 d%djd)( i JJ (u- -y- -Ux) dﬂdx
L

L 5,, (lbx?-32 - 16y +16xy +u3’+|6)dj -|



- SBFE®IO

10. A lamina with density p(z, y) = 2y occupies the region of the plane bounded by y = 22,

y = L and 2 = 0. The mass of the lamina is equal to 5 Find the y-coordinate of its center
6
of mass.

A
B

c

D

Yero = 6 ”x X' dydx
6x J. 3y° = bx (5- %)= (3x -ax)

' ) ¢ 3
Lx - 2% = X‘-%XSL = -%° %79

"FRE2 H6

6. Wh
(0.2

M= ﬂ P Oy) Sx dj

| d;l(x-l)]
P: Jz‘(x;l)

z

~Ix



3.1 Vector Fields

SME2H# %

8. Let f(x,y,2) = a2 +yP+2" and g(x,y, 2) = 3a-+4y+22/2. I Vf(2,1,—1) is perpendicular

to Vg(a,b,c), then

A c=2
B.c=4
C.¢=6
D.c=8
E. ¢=10

FAE2 #1

9. A potential for the vector field F = (sin(y), z cos(y)) is

A. xcos(y)

D. — cos(ay)

s(ay)
@mny.,‘,\ o1

FISE 24 1)

1L, Let f(a,y,2) = a® + .y +=* — = and let (a,b,¢) be a point where Vf(a,b,¢) = (3,5, 5)
Find the value of a + b —

moa®w >

c.

FISE 24 1)

12. The graph below most closely resembles the gradient vector field of which function?

izl AR
S
A
e

RS
W NS
AN

NN SN
VN Nsdssa

S

v

3 0
SRR
SRR
SISO

A
SN

I flry) = we? (e?, %e3> = e, e

3
L e o
1 # o S sraz—

s ;///.(/

i
7/ 77
77 on

Point : (0,5)

B (r,y) = ye* Lyer, e*> = (e, &>
Cl@n =Y x> = Lo 2 lonEs>
B flry) = 22 F P+ 10 (2%, 2y Q2D

E f(r,y) =y —*— 10

(2x 29D = (-2,2) = (0,10

%‘a’{j

V3=(5, ‘-l, 2D
of- (lx, 55", Yz>>
V[(I,\,—|\= ("‘J 5‘ -4>

V) I8 =0 ° (34,25 4y, 3,71 = 122 -4z
= 24-4=

Q- xcaij

Qx=CO53

% & XCOSJ d_‘j
)= jf)‘ﬂj dx = XSin:j+ 3(5\

P-Q

S (NServative

XS0y + g (4> = xtosydy
S‘Cj\ S /)
AFCXO\; xsiny +C — )6&03+|

vf = (2x+5) X, Yz>- 1>
Hew,O = {larb, a, 4C-1> = L3595

¥ =D
10+b=23
be-7

=5

Ye-i1= -9
Ue?= -y
= -\
C=-i

2=6

Qb -C
5-3+\

=



[+. % Lie Toigaals of Fonctions and Vector Felds

SCO\O( . For regular lines 5‘_ Fds - LFIF'Ml oe
- SMEZHI10

0z M "
10. Evaluate the line integral / ~ds, where Cis the curve = o,y = T with 1 <1 <2
Jco Yy B

Ja
L]
(o= (£ €25 el o = {0 = €T
NG S,llatl'n«T <5 5w [

W= )+t

du: 2 : "|(5>I"Zm)
10. Let € be the eurve (1) = (cos(t), sin(t).1).¢ € [0, 5] and f(z.y.2) = 2y then T h U=sint
2 Y v ‘j' 'l-"pﬂ;siﬁE J H S: (wtant du-.(pst

/_/(m/ r)ds = ° ' r

Je il = o
loh ()= Lok, e, 1> 2 - 3 - &
b3 Ir'e)= >
c v
D. 0
E 1

FI9E 2+ 1

11. Let C be the half circle 2% 4 y* = 4 with 2 > 0 then 5 W

. L ()= e (T¢ >

é: r'le): ¢,
o Ir'@)l=

- FAFEH I

11. Compute the line integral [, (42° 4 y*) ds, where C is the line segment from (0,0) to
(1,2).

A 3V5
B. 0

C. V5
D. 5V5/4
E —s

. =5

F(ED= operr £L1,1> = 4E,26) 0L el

ro= 2> \r'el=Js

! ' 3 ul!
5 ['-Itsi» (_lt?j{—s_ = {?S; e = 5t Ia = 3G
o



\echors:  [F.ede

- OMEL#HA4
O i e st~ e v 0o s ) )= (0,05 +EL 2,6> = {26, 66> ortel

%= 2&€ dx=2
y=66 dy=6

2 fo2ut’- 21667 dE = - @Y

L Pe( - %26 db

OHFE #19

15. Compute the line integral

/F-dr.
o

where F = {zy,z +y) and C is the curve y = 22 from (0,0) to (1,1). r k)= (E) > rdy= &1,26Y

! 1
2 j., (€ tred: L12t> = J 4 2e7 28 B2 -

SIKFEHNR

12. Evaluate the line integral /F‘.df where F(z,y,2) = yT— 2+ ayK

and C is parametrized by 1;(1)*‘\m11‘+u)>/_|‘+/l;mllx o<t<m r'&); {ost, 5int 1>
4 )

” B
A -
. . 50 {eost, -sint 1D -+ LOst -Sint -Sinttost >
@72 ,j:' . L-,r S-,, WU=9int
= (os*t +5incf -Sink(est = I = Jo Sintest du=(ost
E.

0 'S:Tl'j:“.db‘='|'r

FI$ FE#|

12. A part
force v

the path

r from (0,0) to (1,1). For which of the following
to 07

D)
tron -~ AL W:S“F.rm&

""""" - ()= C&,6>  ocec )

o C =

s\\«
o

==
B

Slhe

3¢,
»

T



172 (onserwtive \eche Felds £ Fincementa Treoreen of Lie IJ\{‘(:SM\S

" SBFEH?3

3. The vector field F(z,y) = (2ze? + 1,2%") is conservative. Compute the work done by
the field in moving an object along the path C : r(t) = (cos(t),sin(t)), 0 <t < 7.

A -2
B. -1
C. -4
D. -8
E. -6

(&) = (-5in €, Costd
F=ddwste™ 1, <ostte'™>

5:F?-r'dt i

- FAFE#H 1L

12. Compute the line integral [, F

S‘—n— Sint 3 s~
o ~ISntlste™  -gint * Coste®”

T ) T T nt
jo - 1sintoste™™ - So Sint - J., (os’te’
U= sint du=Caot
Ly w Sint

0 + Cost lo + jo Cost (es*t) e
—
- + (Z (_es.v\w\? e s gt \+eSmLﬂ Cos (,t)] lé

-2

«dr, where F = (yz, 2z, xy) and the curve C is parametrized

by r(t) = (%, t, * = 3t), 1 <t < 2.

)= 2k, 3€-3>

Fe (ot 41

3t >

‘5,7 26(£-3 )+ (£5-30) » € (36*-3) = 5,1 6L -2t dt

-3¢t ) - (eu-48) -(1-3) - 1%



"FRFE# 2

13. 1f F = (34 22y)i+ (22— 3y?)j and F = V, find / ¥ f-di*if the curve C is parametrized
fe

as 7(t) = e’ sin(t)i + ' cos(t)], 0 < t < 7

It §-vF wmen: SFers §|_

(oY= (0,1)
§F=(axrxy, Ry-g> ((m)=(0 -e7)

2
o€ = -(-€") = ™

2 | = e ()= e’ + |

§- 3x+x‘5-53

13 Y4 Green's Theorer |

" OHFE#Y

4. Compute
/ (€* +y?) dx + (14zy + y*)dy,
Jo

where C is the boundary of the region bounded by the y-axis and the curve x = y — ¢*
oriented counterclockwise.

moas >
o= R o

SN

X—_j-&’ 0 x £ y-yg? L,deéf Gdj 1 fﬁ(aa_:"?;g)dA

Y=y’ oLye)
y=1 P- ey Q = Mxyry’

30 | 28 _ |y -
x 93 Mj Z\j

Jol njz-ll:f
S Hy’ -3yt <)

uﬂ‘ Iy dxd\\j

J



"FAFE#13

13. Compute fF dr for F = (32 ay), where C' is the curve bounding the rectangle with
f

corners (0, 0), (2, 0), (0. 1), and (2, 1) oriented counterclockwise.

$Fde= § Pdx+Qox = [f 3¢ -3£ gA

Fodgt, xy>  Poy®  G-xy

©" @)

| p2 \ ‘
0;5“ Jo jo (5-2\3) alx dﬂ = Z.S'a lﬂ‘zj)dj = 2 "iﬂ'-y’)\d: -1

(o0 (Qed

FAFE# /4

14. Compute % y? dx + = dy, where the curve C' is the boundary of the half-disk
Jo

R={(z,y): 2 +y* <9 and 2 > 0}

with clockwise orientation.

A0
B. 97/2
C. 971
D. —97/2
E. -3n
= Pl 2P
Y $pox+Qay= [ 2
t / T >)<
-3 // 3 P- 9° Q=x é_‘w.u“"
2P o W o passd S o
) = J % y"ﬂ

T 20O &£ T/

0tre —” (\-23)0\)@3 _ L [:11 Lzro_zrsine)dsrée

M

T ’[5: S: = 5_,,1 YZI’sme] drd@

[

| 'Dvyif L - §5 $20s0el) ]
S £ED - §7 eno)

= - _'ﬁ
30 - 2



- OIBFEHI2

13. Use Green’s Theorem to evaluate / * dy wh C is the boundary of the rectangle

¢
with vertices {(0,0), (2,0). (2.3), (0.3)}, oric

A4
B. 8
C. 12
D. 16
E. 24
©
0 (e3) $ Pax+ Qag = §5(% -22)
P-@ 3 1 3 L 3
0,5y (20> e So -Ya ax dx d& = So x* dj = Uy I =1
b X
0& Xead
0cyed
16. Find [ (2 +y*e")dy — 2ydx where € goes clockwise around the trapezoid with corners

0,0 (0.4), (2,1), (2.3)

A6

B. -18

C. —6e' +18¢
D. 18

E. 27¢! — 18¢2

$Pax+0ay = [ -3y aA
2, L 29
I 3r =
G =(x+yge’d .
N e,3) ”(3)dA = 36)= I8

2 (2,0

-FRFEH 1Y

14. According to Green’s Theorem, which of the following line integrals is NOT equal to the L F-dv = L Pdx + 0d7 = S' %
1

area of the region enclosed by a simple curve C?

We want \beiooies A) g.:;j ‘iﬂllH) = [fi0a

i Coeki = P=
A %/1’1/{1:+,n',4/ o dopie mhsmd . et B\) °=¢)’( ﬁ.(mdA

B /:..»m/ &) Z{.}f ff ) dA
¢ [ v O 6 3I(4-) = A

P
-%dA

.5 [yirsindy BYo 3J5(-1-4)dA = [fe1)dA

3 Jc

E % /{ Ay do — v dy



175 Divergernca € Curl

"SMFEHG Write oot as Variavies
6. Compute curl F(r,1,1), where F = (z + y, yz,sin(z)). 6)& F W P\Vs in aﬂd Solve

a b < | = <CJ- b1)~(Cx ‘Q,_)) b -05 S
- (03, st -0, - 1>

-1,-1,-1) 1
1,-1,-1) ‘(“, ‘,‘l>

- FIAFE#19

15. Given a two-dimensional vector field F(z, y) = {* +

o B i i) compute the
value of the scalar curl of F(x, y) at the point (2,1)

A3

B.1

C. 7B

D. 4/V5

E. 5/V5

Cur\F=<33P‘3-a>K — 7 Deiwed {fom cres  product : |a¢: ?\;<bX'a3>

—x‘o:‘ _ x-y' _ -
= <(|' (g ) Ixteg ) > = K dekrwoes dicection (fixes  Py-Gx # figped)
bx P QAx

lcor F) = )

"OIRFE # I

14. 1f f(2,y,2) = a%yz — oy? + 202 then div(grad(f)) at (1,1,1) is equal to:
A0

1
2
3
4

moaw

vF=wvF

OVDeF = Voo F = Comidug,0ea>- 4,01
V: (3)&32—5"*32" x'2 "y, X'yt Uxz Y

s = (R3%, -x Ux >

diVVvF= 352—3x+‘4x < 352+ax =y



FISFE#1S

15. Find grad(div(F)) - curl(F) for F(z,y,z) = zyi + y=j + 22k at (1, -1,2).

BY o>

F=dxy, Yz, xz >
dNF:VFE (9!,93927'<X5J5?,x%>: 3.,.24,)(
Vv FY= <1, D

O’(IF: 6: 3': a:): <CJ'bz)‘(CX‘a>:3, bx-03>
20-y,-(@-0>,0-x> = (y,-7,-=>

JWWvFY: CorlF = (1> (-, ,-x> = —gT->= 1-p-| = “o~

1416 Surtace Toteqals
- S4E2 HHM

4. Find the area of the part of the plane 3z + 2y + z = 6 that is in the first octant.

A. 3V10
B. 3v14
C. 3v6
D. 3y20
E. 322

W= x V=3 2=6-3u-2v
23374

((£)= {X |, V, 6-3u-2u j(, S, VM dvde = 3

fu=d,0, 3>

(v:4o, 1, -2>

(o XVv*® ||°r1 ::\= lo+3, 3,15 = (3,2, 1>

|rux(v|=ﬁT'{—=ﬁ.T

IYa

=6-3
6 i i

9=3-2«



- SKUFEH l6

16. Let S be the part of the surface 2 = zy+ 1 that lies within the cylinder 2% +y* = 1. Find

the area of the surface S.

5 .
A. \{:W - ,Eﬂ
3 3
B. \/—Eﬂ' - l7r
3 3
L2
C. —mn—=zm
3 3
D. 4ﬁ7r 27T
3 3
E. ¥’/T - E’/‘T

ALl

” sz‘+23‘+| dA
Jj 1 yte X 4] dA LZLNTJIZ u,lh

a1 2T
2) i)

- SHFE#IT

17. Find the surface area of the parametric surface r(u,v) = (u?, uv, u‘7/2) with 0 < u <3,

0<v<l.
A 12
B. 15
c. 18
D. 19
E. 27

I 1xe duav
fu= Qu, v, 0>
N={0, K, V>
fa Xry= lz.; ::\: V) auv; 2>

Jaxv = (vwrme = {vawy =

Ll vz ovee

%V)* 4%y =

Vl+2ul

3+

3
3 : s 27 x>
0 S

£

w = 1+49

Wy

3020 du s Jux

i j:' = drde

W= 1+t
du: 2(

2,

|- 2(5& -

=9



SBFE#15

15. Let S be the parametric surface

Fu,v) = veosui +vsinuj+ 20°K V=Y X= r (OS0
with (u,v) in [0,2] % [0,2]. Then S is part of a W=6 V= roind

. cireular paraboloid

. o 2=3r" = aliryh)

cylinder

S

D. cllipsoid

E. sphere Pambolo:d T 2= X"+37'

-ORFEFH 16

16. Find the surface area of the parametric surface r(u,v) = (u + v) i wj+ uK with (u,v)

in [0, 7] x [0, V3]

A 4m
B. 2
C. 21v3
D. V3
E. 3«7

(U, (ury, v, u>

TG
(u:<|,0,|> j \{—B—dvdu = 317

0
fv=0,1,07 w v
y ol
faxvu= 1o b= Gy 1D
taxval= 3
17. part of the sphere 2 + y* + 2% = 1 above the plane z = % Compute the
al
//’lz:%/s
Aom
B.x
C. o
D. Tr
E. 87
0cbc2T 0t @ e
ol L | 3= ek
Y ="z =CD$¢

U=9¢ v=06
((6,8): (Prsosnd, psnésind, peesd>
rg = (pcosews(é, psm6<0$¢ -pan(b
re < <- PsneSm¢ pcosesma, o>

oxco = |* € ]

o e le 1T {of-ce (af- ), ae- b

= {-Ce, cd, ac- b3

* {Peososiotd, Psino s’ ) D@ sinficcs + Pomr0sing CosP >



= (plcosesﬂW , PZSrnOS/'fn‘ﬁ J;st;n¢w§¢ 7
lro x rol- fp"tos’es;n’ﬂ + P'sin'® sl + p'sn P wsW
plon'@ + plont Geos'y
p! S0 (sit@ + cos*@)

Py = Pein @ = Bin L

az= cs50n

2T pm3 -
U S o= -Sow
'QL fo 910061u Sinu dudv = I3 i jo Costu Sinu dudv

v w

FIAFE e

16. Find the surface area of the parametric surface
r(u,v) = (Qu+3v, 3u+v,2), 0<u<2 0<v<l
A 3V2
B. 14
C 4
D. 12

E. 4V2

rU'— (2) 3/ O>
= (3,1, 07
3 o

fxrv 2|5 1 o |® (0,0,2:9>= €0,0,-7>

Ifux(v\=m=’f

2

Jo L 7 dvdu = 1Y
W v

"FISFE#H 17

17. Find the surface area of the surface with parametric equations

r=u+v, y=u—-v, z=2v, 0<u<l 0<v<1

moaw >
<
2

S = | |
rLu;V\ (u+\/, w-Vv, av > JD L mdudd = 6=
fw= 4 ,1,07
ru=LI)—|‘J.>

TR IR ERNE I Ji (N PR

Jraxeval= {12

| - T ‘h
-ugﬂj.-z ooy = "_32_ L a’|, (.8L_|) .



Vectors

- SHFEHIS

18. The flux of the vector field f(r y,2) =xT+ (x+y) T+ 2K across the surface of the plane

2 +y+ 2z =1 in the first octant, oriented upward, is equal to:
K For surfece integml Make
j Z=0 ond Ve flov traw
B. 3
2
C. =
g N E as
D. 3
1
3
F=00 xey, 2> 6= x+y+ 2= I
N=wv6= 0, 1> 22 1-%y > K

I
j j, QX) Rey, 1%y > - L0101 d\'jd)(
° e ]
B 5Tkl = B Ged0ex) dx
Y i

Sol(-x‘ﬂ)dx = 'jx’-c—x‘,‘ = 3

- FHFE#R

17. Let S be the part of the plane y + z = 10 that lies inside the cylinder 2%+ y2 = 1.
Compute // F -ndS for F(z,y,z) = (x,1 —y + €*, y — ) with S oriented by the
S

M normal.
A. 2em

B

C.
D. 7w
E 1-4rn

= > yr2-0 6=yt2-10
. ﬂ:V6:<0’|,|>
< PY

IS Fnds
F-f\"ii@ = I(wlLy) =TT

Circie omton = 11‘("

0+ |-j-»e‘+:j—c1 =)



FRFEHG

18. If S is that part of the paraboloid z = 2? + y* with z < 4, and 7 is the downward

pointing unit normal, and F(z,y, 2) = i + yj + 2K, then F.itdS =
JJS

—67
4m
—4m

moaw e

F=¢ay,® T Hexby* o
S = 4X4gh 2D /
vS- (IX,ZS"I >

Aver

jj (x|3,2> ('Zx, 231 -ufag
_S) 2x‘+23’-(x’+3‘\ dS
[§ xeyds = 575 ¢ -core

R T S

|1+ Otoe’'s Treoem

OUFE#H I8

18. Use Stokes’ Theorem to evaluate the integral / ydz + zdy + xdz, where C is the in- ﬁ Cor I - nds = é F -dr
) s (3

tersection of the surfaces 22 + y*> = 1 and x +y + 2 = 5. C is oriented counterclockwise
when viewed from above.

A -8r
B. —6m
C. -m
D
E

=37
—97 F=dy,2,x> N=C1y0,1>

CU(‘F = | 9x 33 oz

Y 2 X ]: (0-‘)-\) _|> = (‘l/";"§




ﬁc\xF-ﬁds S JS-:'; as ﬁd5=A(m= Tcet= T =T ﬂWF'ﬁdS = T

-FI9FE# 9

19. Let F = (y + zcos(x)) i+ (—x + zsin(y)) j + (zye?) k, compute J,SCO(F RS = §F'df
// (V% F)-ndsS, 2:0= x'...d’_bg
JJS
where S is the part of the graph of z = f(z,y) = e* (2% + y* — 36) below the xy-plane )= (6('05{-’/ 6oint,0>
with downward pointing normal. ()= (-beost  -GsinG 0>
= (- , j0C
A. T27
; (') = (bt ~Bcos € ,0>
B. 367 2T 117'
C. 0 .L Forsbo Sbsiote +aeceste = T2T
D. —367
E. -T2

-ORFEHA

19. Let S be the part of the circular paraboloid z = 2 + y* below the plane z = 4 with &Fdr
upward orientation. Let F(z,y, 2) = 227+ y2k. Compute // curl F-ii dS.  Hint: You
e rUZ\=L7L¢'£, 2sn% U

2m 2 ' _

may need to use one or both of these integrals: / (cost)*dt = 7 and / (sint)?dt = . f Lt\' (‘%n’el 2cost |0 >
Jo Jo

F&)= (o, cosk,B5int>

32 &F,d( —l.;z st = 6T

167

A.
B.
C. 8
D.
E.

]

4
27
SeweF-Rds:  F=¢o, xz, y2> Wsr V=0
Cluv)= (ucosy, usm\/ u? > 0ered
_,,’:\ fu= <C0§\/ 5.n\l 2u? 0£0¢ 2T
fv= Lusw ucosv 0>
fuxvv=a b C

= (bf-ce, -(aF -, 0e-baY

d ¢ f

= (0- 2u'cosV, - (0+2%inv) | Uees?V + Usinty >
LleosV ) -2utsinv, U
CocF=]ax 3y a=

0 xz Y2 —_<%xo 2
= (u? uCos\IOu’>

(l[’—b(ces N, O u> - (-Zui(,cs\/, -luzau'nv, wu>
2oV + 2UPcos Vv + O + W
= -2udces N 2u3cos’ V + WP
jw -2utces NF 2u3cos’ Vo WP
\']

=——
©



9 ' e
“FuScosV + YU Costv + U J,
EED sV + TldY +

joT 5oV + 3Fcostv 4
)N b+ g+ = 6T
" FI9FEH 9

19. Evaluate the integral // curlF - d§ using Stoke’s Theorem, where F= 7;1/7+.1',7+.1:y:1?
JJs

-
and S is the part of the sphere 2 + y? + 2% = 4 that lies above the zy-planes, oriented § F . dF
upward.

A 27
C. 87

D. -8
E. 4w

4 N )= L2rest, 2508, 0>
; d) C (Y= (-2t 2eost 0>

F:L-a) )(/ KS'%>:— d‘?a‘n‘b) ‘20556 'O>

2T
So Yo't + Yeos?t = BT

119 D\Wﬂmce, Treoreon

- SMFE#WQ
19. Evaluate the flux integral // F - dS, where F(z,y, 2) = (32y°, v cos(z), 2°) and S is the J FdS = SSS di\)F dV
Js

complete boundary surface of the solid region bounded by the cylinder y* + 22 = 2 and

3. S is oriented by the outward normal. duF= 33)7- + O+ d2°

the planes = 1 and z

=0 aw >
=
3

o

3N =6
am(6) = 27

T3 rl e
[T Fvwes = 305
o \ ()
o x



"FAFEH# 13

18. Consider F = ﬁ where r = (z, y, z) and |r| = (2* + 4* + 222, Which one of the
following is true
(i) JF - dris independent of path.
(ii) [f¢F-ndS =0 for any closed surface S that encloses the origin.
(iti) div(F) = 0.
. None of the above.
. Only (i) and (ii).
. Only (i) and (iii)
. Only (ii) and (iii).
. All of the above.

‘FAFE #20

20. Compute

m o aQw >

//F~lu]5
JJs

the net outward flux of the vector field F = (z 4y, y — 2, 2y + 2) ] S,
which is the boundary of the solid bounded by 2 =0,y =0, y + 2 wnd z = 1—a?
A -32/5
B. —32/15
C. —16/5
D. 32/15
E. 32/5
A

2=2-Y z=-xt
duF= 2 -y = |-x*

N VAT T

i 6-22 d=dx
bz~ 32|
6-6x* - 2(1-2¢+ x*)
J6-6¢-%+3x-2x
6x - 20- 3x+ X - 5% |
(6-2-2+1-%)-(-6+3+3-1+®)

16
< 151 | - 6

ulE v

OBFE# 0

20. Suppose F(z y,2) = 22y T+ 2
solid enclosed by the cylinder

(2* +y*)z K and S is the boundary surface of the
= 1 and the planes z = —1 and z = 1. S is a closed
surface oriented by the outward normal. Calculate the flux integral // F-dS.

s



F=(2xyY) yx*, -2x-29'
OnF = 3‘\5’ +Ix - Xyt = grext

> 2= J—: S:-rrjb‘ juxt drded?
L 57 @ drdedz < [§+ ded= = f¥wdz = grleN =T

AL
-FRFE#70

20. Let F = (zy? +1,y22 — 2, 222 + ). Use the Divergence Theorem to evaluate / / F.dS
JJs

where S is the boundary surface of the solid

E={(z,y.2)[a*+y* +2<4,2>0,y >0, 2 >0}

with an outward orientation

m oo w >
]

] dv = \'5 2‘*""P
T2 T2
/>( E" J JIJ Psm¢dpd¢d6

)< ”SP Sing

X oy, - 2
J 2 5m¢ =3 (o r:
Z(-1):
57/‘ % lG‘n



