


Exam 1 (1-14)
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1 DE and mathematical models
· Differential Equation : any equation that contains derivatives

·

Satisfying DE :

If given a general solution manipulate it to

address the derivatives

· Solve for constant

· Write solution in y= form

Ex) Find all solutions of y"ty'-zy= 0 in form of y= e
* (r is some constant

y = erx

y = very

y= rerx

Plug in : y" +y -

zy = 0

re+ rex-2(er) = Q
(r+2)(r-1) = 0

er (ri+ r - 2)= 0 -> er=0 for any X sor+ u- 2 = 0 ->
v=2 and v= 1

Solutions : y = e
<

and yex
Note : Any constant Multiple is also a solution
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2 Integrals as General and particular solutions

· General solution : Contains "C" :- infinitely many solutions

Ex) y = x+ c

· Particular solution : Equation that doesn't have Variable representing a constant

Ex) y(0) = a y(x) = xi + 2 so y = x + 2

Ex)=y(0) = 10

X = ItanO -> dX = 2 SecOdO

Trig sub : 0 = tan"(E)

y = S++
=dx -> y =Sitti

+1) 2seido -> y=S - y = Stdo = 20 + c

y = tan" (E) + C General Solution



y(0) = 10 -> 10 = Stan " (0) + c -+ C= 10 ->

y = Etan"(*)+ 10 Particular solution

Trig Sub :

a- X-> X= aSinG 1) Determine which sub is correct

a+ x -> X = atanG 2) solve for X
,

&X,
O

X - a -> X= a sect 3) Plug &X and x into equation and manipulate

4) Plug in for O

Higher order :

a(t) = v'(t) = r"(t)

Ja(t) = v(t) = r'(t)

SSa(t) = Sv(t) = r(t)

opeField andSolution Curves

Ex) = y
-Y

Through y (0)=y, slopeisex
, moving left

1 I

11 or right slopes Stay the same......FF "I 1) where are slopes zero ly=y
long curve y= 0

Through y(0)= y z

2) above y= 0 - y > 0 -> y =y > 0 (positive slope : higher you go Steeper

the Slope)

Guess solution : exponential , maybe yoex or y= -ex

Ex) = y- X
slopes depend on X and y

2) Above it : Y > X -> y-X > 0 so yo (positive slopes aboveB
1)Start where y = 0 y = y -X = 0 -> on curve y= X

Notice : if y (0) < O
,

as X + 00
, y -> -c

Ex) y= y-Sinx
-Y

1) y= 0 On curve y= Sinx

2) Above y = Sinx y > O (gine-> y'ind

-

- ----
-

3) Below y = Snx y'20 lyde -> y'de

-
- ->X

-
-

If y fixed and move X-right

I

y fixed and move X-left
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4 Separable Equations

separable equations ->We can always cleanly separate X and y

integrate both sides to solve

Ex)- xy = 0

1) Rewrite:= Xy

2) separate by dividing or multiplying : TJdy = Xdx

3)Integrate both sides : Stidy : Sxdx

enly) = Ex + C Implicit form of Solution

· Often can solve for y explicity
recall :In a = b => a= e

*

Inly1 = X*
+ C becomes : 1y) = exi+

· Recall : ea+= ea et

(y) = ext =eStart e is constant call it C

e become (DIC 22 2.7

and C isSome #.

(y) = xe"x
# often easy to find D12 we're given y(Xo) = yo some #X some # = some #

· Drop 11 DK C can be of any sign Which is therefore a constant

and can be called (

y = Ce*
Explicit form of solution

1.5 Linear First-order Equations
+A Integration factor : I = e

Sp(x)dX

Y

Ex) xy+ by = X y(1) = 2

1) Rewrite : y+
= 1 (make coefficient of y' ,

1)

2) Identify p(x) and Q(x) : P(x)= = Q(x)= 1
-Choose C = Q

3) Integrating factor : [ = eSP(X)dxSedxencX

4) Multiply equation by Integrating factor : x* (y' + *y) = 1(x
3 )

or multiply right side by I
x3y + 3xy

= X 3 left side =yI then integrate-

5) Determine the reverse of the product Rulely) : * (X*

y * -> [= x ->y = xy
This C depends on

6) Integrate both Sides : (xY *x = (x 3
-> Xy

= + x" + c initial condition

y
= πx +

7) solve for C using inital condition : y()= 2 = E + -> c=

So y = #* +



Application: = (concentration in) Howrate in) - (conc
.

out (fo of t

= (Elb/gal) (4gal/min) - (ob/gas) (491/min)
Volume of water -

im tank

=2-((
- 4 in

,
6 out ,

net loss of 2

↳ 600-2t (in-out)
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6 substitution Method and Exact Equations Part I

* = flax + by + c) then V= ax + by + C always works

Ex) = (3x - 2y + 5)"

homogeneous if = f(z)

(make substitution V = * then transform

into separable and/or first-order linear

Example : y'(x+ zy) = Sx -

y

1) Manipulate equation to get all variables in E form 4) separate dX with x anddV with

y== V= then integrate
2) Sub in v for

,
find y' ,

sub in for y
zdV= * dx

U= 6 - zv -zvi

V = - au = - z - 4V In + X1 + C

=

-2(1 + 2v)

y= VX V + vx=
-I)ndu = Mn(x) + c

y= V+ vix - Eln(u) = ly(x) + C

3) Isolate v to one side and write vin u = xC

~ x =-v= 5) Unsub W and v

v'X
G 2V - 2v2 6 - zv -zv= -> 6-2 -2)
= 6x2 - 2yx - 2y2 = C

Bernoulli Differential Equation Always want coefficient of y' to = 1

y + P(X)y = Q(x)yLRGesemakethe! S

1) Substitution : V =y'n
2) Solve for y then y'luse product rule)

3)solve for V

4) undo substitution



Example : 2x2y' +Gxy = 14y

1) convert to

5) Use 1st order v' +=
Bernoulli format Y' + =

2)Find y' :
[ = eS-*

= gen(x) = x
-6

V=y
n

= y
-

x
-(v) + jx)=

v = -zy .y X-ov = S=dX

y'=( X ov = - + C

6) undo V-Sub V = z + (x6

onlyintoS ya = = + (x

~ y - = = (x

jo- = 2

Substitution

Max + Nay = 0 and My = Nx ) Exact Differential Equation

Example : (3x+ 2y)dx+by dy = 0 Process for Exact
-

M N

1) Test if exact (My = Nx)

Hy = My
5.: there's a function f(x, y) such that fx = M = 3x+ 2y

2 fy = N = Yxy +by
>

2) Recover - by picking M or N and integrating
->

.. Y is constant

= 3x+ by) -> f= S(3x+2y)dx
um

M = Xi + 2xy) + g(y)

3) Find gly) by taking partial with respect to y
and compare to N /must be equal to N)

fy intby
g'(y) = Gy

=

so g(y) = zy3+ C
,

4) Plug gly) back into f(x
,y)

f(x ,y) = Xi+2y
*
x + zy + C

,

Solution of this exact DE is f(x , y) = C



f(x ,y) = Xi+2y
*
x + zy + C

,

Solution of this exact DE is f(x , y) = C

f(x,y) =X
*

+ 2y
*
x + 2y3 + c

,
= C

x*+ 2y2x + zy" = C

Characteristic Polynomials (For second order DEL Note : Covered in examen but

easier way to do second

order

General rule : y" + ay' + by = Q

↳ solution : y = erx

y" + by + 4y = 0

↓ ↓ ↓Carrydownconsta
a

r + 5r + 4 = Q

(r+ 4)(r+ 1) = 0 solve for r

V= - yr= - 1

y = Ge
"

+ C
,e

Y

eix = cosx + iSinx

If you get v + c = 0 -> V = =i -> 2 = cosx- isinx

So : y,
= Cosx + iSinx

Yz = CoSX-iSin X

y= C
,
(cosx+ isinx) + G(cosx -isinx)

= (2
,

+ 2)cosx + i()
,
-() Sin x

= AcosX + BSinX

If : v= 18 i

Then : A cos(8x) + Bsin(8x)
· Plug in initial condition y and y' solve for A and

B then re-write y -equation



If y is not present

Ex)xy + y = X

Sub : PE
Try it : X + P = X Ist-order in p and X

*+ P = 1 Linear w/ p coefficients on X and/or numbers

I = eS*dy
= eex

= X

X( + * P) = X

x + P = X

(xp) = X -> Xp = Exi + C

p =x + E

Recover y :

P= = 2x +5

y = S(X + -)dx
-

constant

y
= +x+(((x) + 1


