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denstes  dhe area  undey  the arqok (,f :f fr aexzh.
Geal: Dewebp o siwilar notton  for Volume under o Sucface.
Consider 2:flxy)  whith O defined on the rectangle

R={(¥.~j)eﬂfz| a¢x<¢h c sgsdi
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Fvst, we divide R inh gub el We divide fhe tniervel
Cab) wh m subinkrvals Cxiy, ] eack of widdh ax=®-a)/m,
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D‘ \r\\d’“\ 43 = (d—c)/n. ,Dh'\l‘ﬁ ‘his 3\\703 uS Sub re(-{'&lglef

Rig = 0o, %D x B, 9 =T0d | g2 23, ey <k,

each with aree  AA F Ax4Y gy Sl
}:[t---_.- §
Wi ret-de L
431-3}44#—---- < (x‘-))\j‘é)
B
C $reece=—=-
— SRS SN N S S G- S SN
o 4, X b
i



Date: _Ll29/18 Lecture 11 _ Page 2 of &

Next, we cChecse a Sample pont in each Ry, call it g, y%).
Then we coan  approvimete  The pavt of S lyvg above eadh Ry
by ¢ smal rectagular box  with base Rij and e

(Alin 4 usiy reciengles) The  volune T E:t: f(xa,gtj).
Fxd, yu*) AA.
This we can apprxiwale the wslme o S by
Ve ?‘f\ 7?—. {(x5,9%,) aA.

As  m,n hegame lorge, our agproxineXion gets beter. Tin fack,
V= mr\\:‘r\m—"u ;Z‘ %—\ fss, 34D AA.

Se  we éefi ne  Yhe deonble \'Y\ieara\ over R b be

; 53 Pl ys) AA
I fup s = dm 2 T TORg) 44,
!F thuy L't exists, Tf Fhe Limik deoes exisy, we say

*\'&\' % %) \n%\;g-b\e.

Rewace Twis  defintton for e doudle wiegral & valid even whew
P U allowed 4y ke e, When -f(x,:.,)z O, we interpet Hae deuble
‘nr\%re\ 08 the Volume of He solid thet lres ghowe R and below

When c_\\,oos'\w} ¢ sSamPle Punt (x:'f,‘j}';}, W may &g well

mabe iV stmple ond  abiong duste e upper gt band  Comer (i )45)

Ex1 Estnale tau Vobwma of the Solid fhat (s aboe the
Sguare R=[0,21x[0,2] and below the elipic par aboleid

2= lo-x*-2" We 4 equal squares and  Sample upper vight
Corner o eack S%ml\;‘-\ (1)

So\uhor\ //éé/ %/ “C'f, AA=)  and wmen=1
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S\ N 2 K5

Ve 2 2 fiu,y) A

i=v Dd=

< F00AR = LO, A + £l,1)aR + J2,2) AR
=130+ 3 1el) F 4N = 3y,

Note Cesld  alse use Fhiy wethed  witkh  medpoints as Sample
PANS. We dongte X as tha midpurt of [y, v.] and
9y o5t midpant  of [yie, 4y

Btm\ez BEvaluate tha '\r\\gm\ .[fﬁ S‘\ﬂj‘ dA  Wepe
R=Co,u) 200,37 . Sketde e semd Y epresented.

Selutign  We \ﬂej\n bj S\Li*f—\'\'t"j e sold, Hhen USe 3&;&0_‘\'\!:,
T Compule  the  volume.

F LR "l‘-] o? a CO\(ML» of-
vodnS 3 ond "‘“3“ 4. S,
o V=74 n3) 4 = 9.
Y
xy
Tierated Trniegrals

Obvlov.Sl) we need a betler Wty to compute integrals. Suppose
f u wegrable on R= a3 x[6,d). T Then

fcd )Cl.:{,xj\ C\\j

densles  The  pachial ttegml Wit vespect vy Tt 4, we held
A constant  and use o Tundawentel Thewen of Gleuluw 4w
Compute e nlexral. Since encl o{» these diperds on ¥, e
OLC\‘W,QQj Yowe o an.ﬁb\\ c‘¥ X
d
Aty = L ]C(x,\j\ c\\j.
Now we have o Cale 1 mkﬁfcv\,‘

Lb Aty dy = jqb [S:\ ‘f(x.j\ d\j] dx.
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The RWS called an iterated integral  We usually duw
weike  the brackets, s

Lb.ﬂd {tayy dyax = Lb U: Fugp dy ] da.
j: L\’ Flg) dxdy = Ld ”b feap d*] dy.

Blcmng\e 3 Evduak Yhe levated \w\edro.\; .
4 pr T
@ [ xry-2x) ayax W [ " (g - 20) dudy

5 c\u. on

—s.

(@) j‘lqg:((oxta -’lx)duﬂdxﬁ y"-l[ 3x*y" - szj]n:i dx

Y=o
= flq (\’Lx"‘-— Ux) dx

4
= '-ng—’Lx"'—J‘ = 212

o [ by g

Si wiadly,

4

1

j‘i (\7.(93 = 15-) d\j
W3yt -15y), = 222,

Remaric TA's 3eec\ practice fv label He bounds tha  nsSide
-,_n_s-esro.\ Tov remind \Awse\f wwride  Jorialle You P\ Yem n o
THS  ner o Concidence Yok these \MejralS ave the Same-.
Yubini 's Theorem T f U Continuouws on  the rec:\-ars\c
R=[ak]) xlc,d], ;M .
bpd b
H; g(x.\j‘) dA = L L gix.SJ dydy = L L fu.j\c\xdj.

More 3ey~er¢“ls' we sk need o be integrable.
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&Mv-g\-ob\ Evaluate 'D‘ﬂg -%:;'_3 dA’ whe pe R‘(O,\'IXCOJ\—.I .

olrkion By Rdowi, v doesat matier f  we do dxdy ev dyds’.

=)
T -= j‘"£| \:xj dﬁ A b= J;!j‘& L du dx us l+ay

9co dus x dy
:j;‘ (l03(|+!3)__]:._:: dy

| ]
= S\o loj( bev) dx = Q4x) log(iew) - x]o (Integra tion
; 2[937_ MY b:] pav'\'S)

S\»?pose %‘Lx,3)= 3(&)\/&3)_ Then  FubiniS Thesens  gives
b ~d
§§ flug) ab = eg B flag) dyds

Y:K: q(x) hiy) dqd‘j

= j‘cd[k(\s) _fqb 3(_\()(1!] d‘j hiy) Constont Wet .

n

= U‘Qbsu)dw)(jcd Ng)dﬁ) j‘:gtﬂ dX § & cenStant.

Thus s{i ‘f(x,\j) = g(\t) N‘S) we  Qan fﬂ.d‘\r '“Ne’\\\i'@sﬂl\.
EXQ_’L‘Q\Q S
W

I“-h-.rﬁh' j‘ SVIL
o Jds Sinxcesy d.xan: o Sinxadyx J, Cos \y dy
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