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152 Double inkegrals owv qeneral vegion
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O Vvey BH) b\j

‘f‘g ‘f("-'j) dA = Hg Flxy) dA.
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To evaluate sudh  an '.Mesm\, we Cnosse cu rec}uﬁ\x
R= [a,b7] x[c,d] Containig D. Then by  Fubini,

f‘g Play ab = ﬁn Flay)d A =L‘°£"' Flay dydy

But sine F(x.3)=o it Y4<q ) or yr29.0y),
d 9aln) galw
L Fu"j) d3 . jlg.u-\ F(x“j)dj * Jg. ) Jc“"j) dy
Since  Flay) = ]C(x,j) for 31w £ 42 qutx.
Thus  © ntegrate  aver D of  fype T, we have
b (o)
ﬂp 'g(""ﬁ) dA= Sa Jﬁ.l*) f("“‘i\ dy dx.

D % 'F type T t‘-\> b:{(x,j\\ csysd, k.tg)ﬁ-xi\r\ml‘j)i
R{ exa.vnp\c?'-

Bj The some Y‘Easbr\'\\j we have v AW cape
4 rhaty)
S‘(\D ?L*-‘j\ dk & j;_ ‘(‘\\.(;: —S:(l‘l'j) dx dﬁ

Rerat- Yo meed A Ao e regon of iokqrime b gve
Yourse\f (and Whoever vesds Your werk) a Cleay Prchure c& Wik
1S W!ﬂ.

Exanpe 1 Bvabiete [l *424) dA, where D& brunded by yey,
3‘; x‘s_, X2 O.
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Selutin  We {R«s’r Aran .

Y,
|

(we "‘lj want  the Space hetween
3 Prem with x206.)

=X
> x Note Hat +he two cuvves intergecd
ok (6,0) and (L), Mereove,, D UL
o} ‘\’3?< T, <o,
=y V¥
K XT\: (X1+7->tj)d¥\ = -(o S;‘-i (x> +'7-133 dy d ¥
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Example 2 SS;) e dA, wher Dluy) | 0¢ye 3, o4x 1yl

Selution
Sinee X varges ‘fmvk c oy,

I: _[: e_\jt dx dy f: 56-3x dy

= ze
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Rervale €3 doesnt Yuwe on anMdevivele  tn Aex mS
& e)w*o.\r\j fun chiows, Jet We can \ndegmde Tk In Seme Corvexty
AW vonaleles!

Sewma regions D aee buth pe T and type T. Tn s case,
The odler o Andey ki we  Choote deperds on Wk [ eamer
(or pussx\,.,\e). The reyton VO als type T in Exewmpe 2, So
we could hose  wyitles
3r3y _\»
L L e’ dy dx.
Bur as we W‘\\\Md} é"ii s ne ont deviptive, S s m\esm.\ 1S impasble.
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El&eh 3  Sek wp bet.  ordes o[— 1 Mearo.hm
Sgp\ﬁdk , D oounded oy y=x2, x=4"
Sb\\;\hﬁK

Notsee +his b o Hhpe ¥
%=Y reyron. S we Can urike

_[T S\;:l Y dx dy.

But 'u{ we  dvad o vertieal
line of x=1, we have divided
Dintdy D, and D, , which can bott
he ceen as ‘h‘jve't reqions .

Yy=x-2
Or Xx= 5&"1—

Now 3‘:3" sq)om,ks mnh \j=\ﬁ and \3-=-\Y§. Se
\ VX
ﬁ; 34‘\ = ‘Yo ‘[ﬂ Y dy dx ond
4 T
ﬁb’_ 3dk = S‘ J"M_ y dydx o

1 VX Y 0%
As You mxﬁk& expect SSD xjdt\‘- gog_n \;\o\\gdx Gl g, L_,_ Y dydx.

Tp s cage we wold  vodhey do T f""" m*eﬁm\ sinee Xy
Mudh  ess o\,

e do ral §
1) ﬂD [—ka,%)\- 3(:«.3)_) ah = Sfbfu,js ah + SS_D 3u,3) di\
7_) SK“ U{U.\J) dh = ¢ SSD §(x,3) dA, Ve cel.

3) 1‘§ funp 2 o4y n D, then SSD fu.p dh 2 SSD gxy) dA

) I o dhe T Sug dh+ 5] Swq) db, wiee D=DUD,
ond D, Dy ds notr over lap  excepd fw theiv Boundarel

5) 8, A dh = AD), where AW = Aven of D.
L) TF meflxu) €M for all (y) €D Hhen
mAD ¢ §§ foua) dh ¢ MR,
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Etample 4 Fnd 4o vowme enclosed by the cylnders 2-2x2,
Y=x?, and the planes 2:=0, 4= 4.
T4
V- S:_l Sx" i dde
;ii(qxi-x") dy
= 2—&: (L‘V:L'Xq)dx
-2 (82551,

:1(%“%)2 \’}?

Average Volue

Recall e overege velue o \5-_{(.1) on Ce,b) o
\ b
,FM L L=a Sa ‘Fﬁy) dsx.

M\bsou,s(y, tf— we wank  tha average velwe, e{’. %"“F("“l) an O,
W CompPwie
\
‘FM = ;\_L;S SSD 'F(xl‘l) dp\-

1‘3;-,_3 Doulole ﬁ\&%rab n pdav Coocdinales.

Giwen e regron wik  rotational sjme‘hj) Sswetimes ivr
Convengnt % use pv&w coordi naleS, Egq_ reqrons like

X4y %%\« L yta o
N

)

x"f‘\‘ =

R=1(Cr,0)) 02v21 0<0 203 R-1r6) 1 14v22, 0503
Nere we are usivy X'yt %= res®, Y= rsinb.
The cegron R= 1(r9) \a&r‘—b,uﬁef‘ﬁ b Cilled a polar nedmgl,'
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Ckwa iy .1 Poar Coocdinates tn o double n\mm(

b -F U  ConPnuwowd on & ?b\o.w rectanale
Gja‘rsb ebsp, Whare O ¢RB- asz’n ‘\’Lu\ ven

b, Sepabs 152 Btecoss, cme) rdr do.

Netice There & o fachor of v in the polar integul
Where does r ome fom?

Aix%( ss dh= (rde)(dr)= rdrde.

Exampe§S Evaluaie Ug (2x-4) dA  whave R &4 e regron  enclosed
\” e ciccle x*? t:s =4, e \ines =0, Y=x, In the fivst quadrant.

Selution
R=16,0) | 0¢vr<2, 0<c0< ™3
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- 15'\{\9 + (oSO ‘,:Iq + trsl:
(3 }E)
4= - &
Tf f u cntinwows on a polar vegion of Wa form

D=icd\ w2028, pedcr Wl e

m
ﬂb £y dA = f., \“,;; —f(m:so vsin) rdrdo

y=x

xt+y* =Y

v
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Example b Use o double h‘\\‘%ul b fwo\ ara enclosed by
bne  loop e = cos 4P.
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