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o3 Line in¥gyals, Tundamentnl Theorem

b
Recall,  the MM*‘&\ thesrem of Galculus saus L F'6)dx = Fv)-Fla)
where F' b conbwows  on (a1] . ﬂejdrditj v{ aS Sert pf the
&Cr'\qc.‘\’\'e uF -L we have a Fmdw‘h‘ '“\ﬂﬂemdz lne \nﬁ%fals.

Theorem Let C be a smooth  curwe poroamedrized by F(t), att<b.
let § be a differertiable multivanate funciron, whese gradient
VS: B Confinuous on C. Then

L 9p-a¢ = few) - ferw).

pod [ V47 - fo wfew)) v dt
blof g
rEs - Eedea
b
= fa 'at J{(?(tw at (C\'\a'm rule )

= f@) - fF@)  (Furdamertal Thm of Galeulis)

&mrks 1) We hawe prbve;\ e theorem in tha case that

%’ b o Rmchm ef Yvee vVaridbles and C 4 sSmesth. This can be
rfadi\kj 5ehemh’t-¢d T e F.hd‘i\x f uf ony nurber of variebles aned
alw € H be just precewise -smosth.

(2) The hesrem sagr we con elaluate the ltine m-\aml of a
Conservotive Vectr f\‘c\c\ (F‘V-F) bj V—Aow\ﬂﬂ the value ojf f
o  The G\d?s\n‘tS.

(3) This means ot f F=Vf, deen

J, #ear - [ Foae

for any Wo smesth curws  with the same iniflal ond ermi
?s\nﬁ. Th this case, we say _f‘_ F.A% v -‘M i‘ 2@\4\,

The theerer~ alove Yos @ ConSeguane ‘fw clsed  Curves; fhat 1S,
a cwrve  Were the nital and drmined puntt Goinaide, Rgain we
0ssyume Y vy o ConbPnuows  vechor ﬁcld with domain D.

Thves res~ j‘c?-d? U Independent og pa'\\* in D i{ and onlj ‘E
fo#.at-0 fe ey closed path € an D.



Date: HI3)1y Lecture 19 Page Z-of 5

29_& Su?Po.Se .fc T:d'r' V) \Y\dﬁpehd?ﬁ’f of ?c\‘\n We want + Shew
ffar-=0 -]C,v any clbsed curve C ymD. So et C be ¢ clyel
curve 1nD. Prde Poivts A ond © on C. Then we an Yhink o]C C
os & path ( fmm A 1o B Rl hj
R + A.

Ce B

ARARCED Raaiiin
A fa

M’ - - _ = L A2 - S _.: T T - TN
_S; F -dy = j;'F a1 IQF-dr = Lr ar _‘(c;F ar -0
sine G and -G hawe the Same mihal  ad  der minal Pos nis.

Conversely, suppose [ F-d7 =0 for eeny Cloed curve C in D Let
G and G be an-j ™o paths 'F“"“ A v B Then () ‘ﬁllowd‘ 'ob-C-z
U & clsed cuve, Say C Then
of Far = [ toar +fFar 2 Far - [Foar
C C_‘ 'Cj_ c| cl

L

Ths o B.af = f B

Ir Tuns out that  the only veche flelds that o indeperdent of
Poth s ComServative:

’\ve[o@ Swpw F o a Continuous  vechr ﬁtu on an pew Connected
fgon D. Tf JoFdF U indeperdent of path in D, then ¥ 4
0 Consorvative vechr feld in D

Recell et Dy open ‘.f ‘]Qe( any Point P in D Yhere
W o gk cenered oy P \yivey entirey 10 D. And D connected
weons ook amj ‘o ?w\ﬂ n "D, P,Q. can be ib’\r\ecl by c pa.‘l'\\.

- r' ] Q. “
¢ '\-' " -D
¢ .'"
D ! B
D \/-!l . F. ‘D

Open, Connecied N not  connected
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Thesrem  Tf  Fluy) = CPloy), Qluy)) v o corservative vechr field,
where ¥ and Q hove continuns fist -oder porhal derwodives
on o  domain (open tonnec +ed) D, then -\*\r\ro\ﬂ\mou& D, we have

of 98
g\j_gx-

We'te relly jnlerested in a Converse o the aowe thesrem. That &
given & Continuous verhw freld F. when can we Say F o comenuie?

A ‘Fe\«) d’-‘[\f\t'\'\bl\g-
A Smple curde U one that  deesn't ater secd i’rSelf

c\ssed ¢ osed
A Simply-tonnede rearen v the plane U a Connected rgton
VD such et Simple closed curve n T enclges on15 pants

ot ore W D D s ro holes.

an TR @@

i Conhecked
5“'?\3' m\' S‘n?\.j (snnecied

[heoren T‘:’<?, RY a vechy ‘fvclo\ en & Smp‘j tonnected dswmin
D. Suppose P and Q have conbnuows fist-ocder partial derjutives

ond >f o
-;5\3 = 5y Muk -
Then F O onsecvalive.
&2‘3\1 e Ll Determine whethey Hha vechr -[:tlo\ = UV Conservetive .
) ¢(x.\j)= (X-j ) x-17)

*

W) Pl s <Br2ay, x*-39* 1.



Date: T13/14 Lecture 19

Page _4of S

Solutin @) Plrg)= xoq = By ~ -1 while Gloy)= x2 = 2B = |
S %

24 #+ &%\ Se F O rnof ConSer\}o»hV’ec

(b) Plriy)~ 3*7"3 = %233 =2x ond Qu'j) = x’g\ja =5 %D; =2x.
Se %ﬁ. 3&,%1. P*\Sn, The dum'mdo v v 'D:Rll whidh 0
open and Siv{v«p\j Cannected. e F §  ConServotive
Ho w do

we ‘Bnol The ?oien’na\ ’f\deOh ‘Y U_:.-=§]f-37 We use
Soet b “parhal nteqration.”

@_Q_V_Wg\_c;z Deter mine whether & U conser yahive, Tf So, fonal f Such,
et 9f = F.

% ‘<\51 - 2x 4 ')—ij
Solubim Ploy) = g

S A5l ad Byt 2y hgam
The domain °¥ Fu K so Fiu Censervabve S 3{ Such ‘Hu.{-ﬂf*ﬁ
Thet iy,

Doy od {2 2x cy

Nb\ﬁ‘ ?)\ - ‘31,2)( =) ,f(x‘\j) = x‘j'l- == x1 + 9(‘3) (\nﬂjf&“’a wrct X),
Thus 'F‘J * Uy ‘j'“j)

But ffvm %) we know that -)Cj': Lxy,. Thuws 3' (4) =0 S 9y)= K,
Some  ConStant. Se f(x,jh x\j‘ - x* + K.

Since we are Just  leski

Y-
'i;v o —f\mn‘\‘\ov\ -?, we Gn pick K:O, & ‘f(J‘u\:)h)l\d‘ —x? sd-ssﬁu Vf-‘-':,
Dlample 3 Determine whether ¥ 4 consorvetive, if so find F w/ Vf-=\_=.'.

( vakig portial wrt 3\.

F(X.3)=<\5€’, eX 1e%)
Selutron @5(\3e“)= e* = Bz (e ve1) ard the d»mmuf F o R
So ¥ U Conservedive.

fu=yet  and 4= e aed,
So fluy)= ye' +gly), and  fy=e¥ 1q'ly) =e¥ved = gly) =ed

So glyr € ¥K. Se flay) = y€ + 3 + K. Again, we @ chesse K =0



Date: 3/13/!% Lecture 19 _ Page S of &

Exaople 4 Find ¢ furcton f sudh Yt 9f = F, then evaluie

L?wi?. ﬁ:(?,-t?xj"" Zx‘j\) and C iy Y arc of the
Yy per boa  y= Y from (LD (Y, )

fx= 3+lxyt  and fyr 24y,
Se f(x.\jB = 3x +x? 9o 4 gly) = ‘sz 1xty +3'ly) = Lxty =>gy)=K.
Thus {:L""j\ = 3x x"j‘ Sahsfm V%\ ~F,
New [ #.aF = [ a2 (4 ) - LOL0 = (en)-Bh) = 9




