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IH1  Lim'ts and ConHinuidy,

let £ bhe o fuchon of Awo vanabler whose doemain D includer
ponts arbitrarly clse o (a,b). Then the limit c‘)Q feay) as
(X,-.j) a ppeeaches (a,b) b L and we weite

‘fuij) = L

]f 'ﬁ)r ev"‘J numbey €50 there v @ CarveSpond numbe, §>0

such et " hy)eD  and  O<x-a)t + (y-b)? < Yhen
ey -l <€

Alss  may wete fugp) = L as  (4y) = (a,b).

Remark Thiy sags of we 9et arbifmrilj clode H Tha
poink  (4,b)  (inside & dise of radius § “center (a,b)),
Hen we will be arb'mrariﬁ close 4o Fhe yalue ||

Yim
(ny) = (a)

Reaall et <~ osne vanable -Fbr e limit 4o edast, bstl
the ‘ft- ond na\r\&—\mm\ Umits  wmust exist and be agual.
Witk  ws variables, Hhare § ne lf" ad 'p\akt-‘, but wre
need the limi b alog _q._g_;j p&:{L v @,b) h be the Same,

Lh  other wodds 1{: -Jc(x,j)—'" L, as (x,j)-—i(a,b) al e

pth G ad fug) > Ly as Cop) = (ab) along G, Li#h,
then  limugaee fy) dwes pot exst.

Example 1 _ooxy : -
g b an T L"\.g;/\—s(qo) —f("vp b
Selutipn Alm\ﬂ Phe ryac\'\\ x= 0,
L.
‘F(O/ ‘j)= 37' = Ol b""‘*_ ah‘*ﬁ \\‘]:x/
fioy = 3 7 %
So {()(,cj) — 0 aloiﬁ X=0, \pu.f‘ fulj) - ’%_' 4[03 j:)(,

S0 the \mr  does not  exsd.
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A —fur\cﬁccho{ Twe  varidbles U u;\ﬂnuus et (g,b) \"?
(X:‘j§"’wl\¢\ab) fu"ﬁ) -"‘f(“‘b)‘

We < O contipudwS on D ; U OnbPvwews at e
Point j(ﬁ,fla) LA -F f qu
Sjm*eq}, '_Fv _cg,&pdng \imits

Tg Ccmpu".e (Xul;)gh-nh) ?b("ﬁ) =L’
1) ’S} f b omwe  ar (a)p), then L= -f(q,b).

) po! F U netr Conthusus of  (a,b)

@) Tnj —fachf“u\% / Srmp)ihy | a\ae\ora:o\%
(LJ MS a . '\Y\j-b w‘\gulﬁ’\b\j\\‘s b,j ‘H\e W:J\?er
) L ‘jw Suspeet tha \imit  DNE, '1"'5 variouws paths
* X=0
" y= mx (for fixed w)
Yz mx® (fr foxed w)
’Df these e ihSwfﬁc\m’g on \jw've pnb«hl_.j vode o mutake
U e contest of Huis class enty ).

Example 7 vaxpvd-c The limik, -.'f it exusts,

(o) (x']j\)gw) sim ( xe
i XY
) lx.\~3§\:” (0,0) )("-\—3q
©  lim xt-uwe
Lxlj\——’) (,0/0) Xq_ _r\j‘l.
) lm i
th)—J(OJD) W <t

Soluhob (a) Vutl u  (onhiueg at 0. eypmenh‘a\ and Sine INZ \y)N)
% -
art W\jj Contnunows, sy the Lomptsition Y pntihweus,  So Fhe limit 4

S‘\h(O' eﬁ) = D,
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Uo) Trj X=0: get 0/3‘1 =0,
Tnj 3—.—.0\;(: Q.e-\

X)) x>t 3 b i P
X% +mx )" xErmixt T (1t miy®) 14mY yt x-ve,
2 k3
¥y Y 4
A A . "—Z.

(y)" vy 2y
So the limit  does net exist.
@ Mon  x=0, get Y/

-1, bud alonj Y=0, 32‘1’

X7x* =1, S lwit DNE
) x4y OEWE 4 O+ ) (g +1 +0 )
\777\5_‘7\ - PEAR (x* ry241) -~

= m +\ ™ 2 a5 b{,bHLDab)-

4.3 Pewtial derivatives
In one \lo.v‘\os\ale, 3=—fu), %'—f'(y) gives tha rete wfdm.rag
o  the Sbpe of The  danent  line

[ v
But ¢ -fuu,ﬁbn aF o oanzlohs %=fu-'j\ gives < Su(fku».
So there are nfniledy vy dagent Lret Soowe  muse spe
o direchitn., The most ~ osbhviows chovaed are the x-direction and ydﬂ'd\w\\

Fx y=b, than The partral dervative Wik vespet Yo x ot(e,b)
b .F*(Q'b)= 3'(&), where  q(x)= f(x,b).
Similar  nstion 'fur Y.
Notethiors -ﬁ;« portial  dorNativer, 2=f (xi9)
f,(x.gp‘v-]; * %%- = %aa?jf(x,\j) - 8% *Df = Duf
Fylug)fy = B = Ffouy - 35 - DDy,
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Th order o v\d (A Parha.l devivatie wyt x, we eqyd
e\l ey varebVg as costamts, and take Yhe dendedive \ike
n Cale ).

Exaukg\e3 Find ?, and .
«F(y\j)‘ 3 - X"'ﬁ

(b) f(x, )= xted

) fu.j\- tar { xy®)

Selutiyn
‘Fx : 0—'2><j= “2"‘j ) —];-— 331‘ - x*

. b R Y
© F" b - i xy4d 103 - 1+ x*y9
& fi- 2x e -Fj = -x*e3d

\'\_\gher deyvohines
We Can consider Yhe secend Pa-(hk( derivetyves , 2""]00"1): Hhen

e = fu =585 - 8% - 22

oy = fy= B (30~ 25, s
) = & i(%) Tesy - Sy
)y = f %y (’%%) '%" "?‘:

Brampe 4 Find tha seand partel derivehives .})
-F(x.-j\= x>+ x*s - 2yh.
So\vt‘hnv\ F,_=3)(z -\-2){33 ) {33 3)(131 - 1{3
FX‘J: L""ji, )[xx s ("X*Qf ’ ‘ij> (oxzj' 4, fﬂxr xy®
,\Ejlc'v 'F*-j‘ 'F-:)x. tl\‘f;d,
Qlairaut’s Theecern  Suppose ‘F U defved on a disk D Yk

Contrins the  pant Bp). TF the  funchiow {;3 ard{.,, ore
bot. continusus en D,  Hen

'F;hj(‘\;b) L 'F:" LQ,‘D)-
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Cm\ alss  fall obowt »\law ordev oleriielves | ke
‘F}}x, 7(".1*1 703"':’3‘) £9<.,

Eﬁs mlc S5 Lex 3 2

fops {22 b wg o)
0 ]‘% Q(,lj) 2(0,0)

Then i+ can be Sheown  that fw 6{,3)#-(':,0)/ we hauve
7(;, (x,3l= Xy ¢ dy2y®— oS

S X))t
(u)e X = Y3y - xyd
f& ! ‘js Q(I.Hjt)k

and  flo,0) = filo,0) = 0.
I+ Con ngb be S»\Nh %‘k fx\j(ojb)z -‘J »u-*' 7(5;(0,0) B '.

Thi  dees not contredict  Clairaut's Thesem, however, heceute

for loy) =+ lo.0),
x(l *qyﬂ “X_qleq _3l‘
1015 *

gt )
whidh U ek Confinwews at (o).




