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Multinomial coefficients
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Today’s reading: 1.5

Reading for next class: 2.1 + 2.2

Don’t forget: no class Monday due to

MLK Day holiday. (No office hour
either.)
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Today’s draft problem

To be presented by today’s draftee.
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LL OR BOWL AP B A\
Oy € B AN
1 Choose your 2 Add your Protein 3 Select your
Wl‘ap or BOWI This determines the price of your roll FrQSh PrOd uce
: h hree(3) i
Lol o o e 048 sach
Wraps: Teriyaki Chicken $799
Seaweed Short Rib Beef $9.99 Aquragus
Soy + $0.99 Roasted Tofu $799 English Cucumber
Crabstick $799 Mango
Bowls: Spicy Crab Mix ~ $7.99 Avocado
Sushi Rice Tempura Shrimp ~ $8.99 Carrot
Green Leaf Lettuce Spicy Shrimp $8.99 Green Onion
Raw: Jalapefio
poub'e \}“’“: Tuna* $8.99 Strawberries
ptOte‘ggo Spicy Tuna* $8.99 Cream Cheese
Hours $2. Marinated Tuna*  $8.99 Pickled Radish
Mon - Fri 10:30a - 8p Salmon* $8.99 Sweet Peppers

Sat fla-9p Spicy Salmon* $8.99

Sun Tla - 9p ‘ Smoked Salmon*  $9.99
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How many wraps or bowls can
you create at Sushi Boss with
the following assumptions:

1. You pick exactly one
Protein and exactly 3 Fresh
Produce items?

2. Same as before, except you
double your protein?

3. You pick either Oor 1
Proteinsand 0, 1, 2 or 3
Fresh Produce items?
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Putting things in buckets

How many ways are there to put M (distinct) marbles into B

(distinct) buckets? (Not a trick question)
o
Answer: BM
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Putting specific numbers of things in buckets?

How many ways are there to put M (distinct) marbles into B
(distinct) buckets if we are required to put m; marbles in the first
bucket, m, marbles in the second bucket, ..., mp in the last bucket?

Answer: It depends.

fm; + my, +---+my > M, then the
answer is 0.

Solet’'sassumem; +my, + -+ my < M
and figure it out.
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Figuring it out

How many ways are there to put M (distinct) marbles into B
(distinct) buckets if we are required to put m; marbles in the first
bucket, m, marbles in the second bucket, ..., mp in the last bucket,
assumingmq{ + my, + .-+ my < M?
Answer: We might as well work through the buckets one-by-one. For th
first bucket, we can choose any m,; marbles from the M total we have.
After making that choice, for the second bucket, we can choose any m,
marbles from the remaining M — m, we have. For the third bucket, we

e

can choose any m; marbles from the remaining M — m; — m, we have.

Continuing in this way, we see that we have

A4 ﬂf-—Tnl A4'_Tn1'_7n2'_’”'_7nb_1
my my mp

many ways total.
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Simplifying

How many ways are there to put M (distinct) marbles into B
(distinct) buckets if we are required to put m; marbles in the first
bucket, m, marbles in the second bucket, ..., mp in the last bucket,

assumingmq{ + my, + .-+ my < M?

M\(M—-—m{\(M—my—m, M—m;y—my—--—mp_q
my m; ms mp

_ M! (M—ml)' (M—ml—mz)' (M—ml—mz——mb_l)'
T m! (M —m)'my! (M —my —my)!ma! (M —my —my, —m3)! my! (M —my —my — - —my_g —my)!
M!
myImyl--my!(M —my; —my — - —my_; —my)!
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Important special case

How many ways are there to put M (distinct) marbles into B
(distinct) buckets if we are required to put m; marbles in the first
bucket, m, marbles in the second bucket, ..., mp in the last bucket,
assuming every marble goes into a bucket—that is, assuming m, +

my + -+ my = M?

Answer: The work we just did simplifies.

M!

mymyl--my!(M —m; —m, —---—my_; —my)! mylm,!---my!0!
M!

Tnl!Tnz!”'Tnb!
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Multinomial coefficients

Definition:

Ifn, + n, + -+ n, = n, we define the multinomial
coefficient (n1 n:‘ , ) by
Mooy

n n!
Ny, Ny, e, Ny nydnytl--n,!

counts the number of ways to divide

The number ( )
n{,ny,...Ny

n distinct things into r distinct groups of sizes nq, n,, ...,and n,
(respectively).

E PURDUE Department of Mathematics

UNIVERSITY 1/16/2025 9




An example with two approaches

Suppose we play a card game with a standard deck of 52 cards and 4
players (distinct buckets) where every player gets dealt 10 cards. How
many deals are possible?

Solution 1: Have 52 “marbles” (cards) and 4 “buckets” (players), but not
every marble will go in a bucket.

Using our analysis from above, the number of possible deals is:
52\ (42\ (32\ (22
10/\10/\10/\10
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An example with two approaches

Suppose we play a card game with a standard deck of 52 cards and 4
players (distinct buckets) where every player gets dealt 10 cards. How
many deals are possible?

Solution 2: Have 52 “marbles” (cards) and 5 “buckets” (4 players, along
with a fifth special bucket that will hold the cards that don’t get dealt).
10 cards will go into each of the player buckets, and 12 cards will go into
the special bucket.

Thus, the number of possible deals is: You should be sure you
grok why these two
approaches
52 give the same answer!!
10,10,10,12
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Something fun to think about

We saw on Wednesday that if we have a word of length n consisting
of r types of letters, where the it" letter is repeated n; times (so
n, +n, +---+n,, = n), then there are

n! n
nydnyl---n,l Ny, Ny, ., Ny

many ways to permute the letters of the word.

Can you see for yourself why this “should” be a multinomial
coefficient?

(Hint: think of the types of letters as the buckets, and the different
positions of the letters in the words as the marbles.)
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Multinomial theorem

Generalizes binomial theorem:

(g + x5 + )" = z

(nq1,n5,...Ny) :
NnNi+Nno+-+ Npr=n

(

n
Ny, Ny, e, Ny

)

nq _no
X1 %o

-.x

ny

r

27

PURDUE

UNIVERSITY

Department of Mathematics

1/16/2025

13




ANY QUESTIONS
ABOUT
MULTINOMIAL
COEFFICIENTS?
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Wednesday’s draft problem

To be presented by the draftee at the beginning of class on Wednesday.

a) Give an algebraic proof that

n [k n\/n—j
;)= )=

a) Now give a combinatorial proof
of the same identity. (Hint: the
picture on the left is of a
Congressional subcommittee.)
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LET’S DO
SOME
PRACTICE
EXERCISE
NOW
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