
Lecture 9.2
Normal ra ndom var iab les
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Today’s reading: 5.4
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Next class: 5.4.1

HW7 now available.  Due Friday



Today’s draft problem

To be presented by today’s draftee.
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The PDF of 𝑋 is given by

𝑓 𝑥 = ቊ
𝑎 + 𝑏𝑥2, 0 < 𝑥 < 1

0, 𝑒𝑙𝑠𝑒

If 𝐸 𝑋 = 3/5, find 𝑎 and 𝑏.



Normal random variables

Definition (more-or-less from the book):
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A continuous ℝ-valued random variable 𝑋 (on a sample space 𝑆 with probability 
measure 𝑃…) is called normal with parameters 𝜇 and 𝜎2 if its PDF is given by

𝑓 𝑥 =
1

𝜎 2𝜋
𝑒− 𝑥−𝜇 2/2𝜎2

We will show momentarily on the chalkboard why this is a valid PDF, i.e., why

න

−∞

+∞
1

𝜎 2𝜋
𝑒− 𝑥−𝜇 2/2𝜎2dx = 1



Standard normal random variables

Definition (more-or-less from the book):
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A normal random variable is standard normal if its parameters are 𝜇 = 0 and 
𝜎2 = 1. 

If 𝑋 is a normal random variable with parameters 𝜇 and 𝜎2, then the random 

variable Z =
𝑋−𝜇

𝜎
 is standard normal. (Why?)

In particular, it will be fairly easy to transfer most results about the standard 
normal random variable to results for general normal random variables.

Motivation:
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Properties of normal random variables

Let 𝒁 be a standard normal random 
variable.  Then:
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▪ The PDF of 𝑍 is a valid PDF.

▪ 𝐸 𝑍 = 0

▪ 𝑉𝑎𝑟 𝑍 = 1

Let’s justify these on the board.

Now let 𝑋 be any normal variable with 
parameters 𝜇 and 𝜎2.  Then:

▪ The PDF of 𝑋 is a valid PDF.

▪ 𝐸 𝑋 = 𝜇

▪ 𝑉𝑎𝑟 𝑍 = 𝜎2

Justifying these is easy now!



CDFs of normal random variables

Let 𝒁 be a standard normal random variable.  Then:
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We denote its CDF by Φ(𝑎).  That is,

Φ 𝑎 =
1

2𝜋
න

−∞

𝑎

𝑒−𝑦
2/2 𝑑𝑦

Now let 𝑋 be any normal variable with parameters 𝜇 and 𝜎2.

We can use Φ(𝑥) to compute the CDF of 𝑋, using that 

FX a = P X ≤ 𝑎 = න

−∞

𝑎
1

𝜎 2𝜋
𝑒− 𝑥−𝜇 2/2𝜎2dx = න

−∞

(𝑎−𝜇)/𝜎
1

2𝜋
𝑒−𝑦

2/2𝑑𝑦 = Φ
𝑎 − 𝜇

𝜎
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Friday’s draft problem

To be presented by Friday’s draftee.
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Variation of Ex. 4d (with more accurate numbers)
An expert witness in a paternity suit testifies that the length (in 
days) of human gestation is approximately 280 days with a 
standard deviation of 14 days.  The defendant in the suit (a long 
haul trucker) is able to prove that he was not in the mother’s 
time-zone for a period of 40 days that began 300 days before the 
child’s birth.

If the defendant were the father, what is the probability that the 
mother had the kind of exceptionally long or short gestation 
period implied by the evidence?
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