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Shallow Neural Networks and Free Knot Linear Splines

CY piecewise linear functions on a fixed mesh in [0, 1]:

S?(A) = {Z cioi(x): ¢ € ]R} ,

where

(x —xi—1)/(xi — xi—1), x € (xi—1,Xi),
oi(x) = ¢ (X1 — x)/(Xit1 — xi), x € (xi, Xi41),

0, otherwise.

CY piecewise linear functions on a moving mesh in [0, 1]:

51 {Z cidi(x; xi—1,xi, xi+1) : ¢ € R, x; € [0, 1]}

i=1
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Shallow Neural Networks and Free Knot Linear Splines

One-dimensional shallow neural network:
./\/ln([O, 1]) = ./\/ln(/) = {Cl + Z C,'U(X — b;) 1 Ci € R, b,' S [0, 1]} ,
i=0

where o(t) = max{t,0}.

Important relation’:

S2(n) € Mu(l) € S2(n+1)

“Nonlinear Approximation and (Deep) ReLU Networks".
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Shallow Neural Network

Let
./\/l,,(/) = {C_1+ZC/J(X—b;) : C;GR,OSb,’S].,b,’<b,’+1}
i=0

Given b = (bg, b1,...,b,) 7, let

H(x) := (¢/(x — bo),0’(x — b1),...,0'(x — b)) 7.

1
Coefficient matrix: A(b) = / H(x)H(x) T dx
0
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Mass matrix

Let
Y(x) := (0(x — bg),0(x — b1),...,0(x — by))T.

1
Mass matrix: M(b) = / ¥ (x)X(x) " dx
0

The condition number of the mass matrix M(b) is bounded above by

O (n/h2,)-

min
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1D Diffusion Reaction Problem

We consider the 1D problem

{ —u"(x) + u(x) = f(x), xel=(0,1),
ul0)=«a, u(l)=2p

Ritz formulation: find u € H*(/) such that

u= e\x/regHrlr}ilr)l {;/Ol(V,(X))de+ % /Ol(v(x))2dx — /01 f(x)v(x)dx}

v(0)=ayv(1)=5
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Modified Ritz formulation

Given v > 0, let J: H*(/) — R be the modified energy functional given by
1t 1 /! 1 N

J(V) = / (\//(X))2dx—|—/ (V(X))zdx—/ f(X)V(X)dX—}—l (V(b) 70‘3)2
2 Jo 2 Jo 0 2

Ritz neural network approximation: find u,(x) € M,(/) such that

Jun) = veTAi?(/) V)
v(0)=c
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Error estimate

Proposition

Let u be the exact solution and u, € M,(/) be the Ritz neural network
approximation. There exists a constant C depending on v such that

Ju—uall < C (nfl +472),

where [|v[[2 = [o(v/(x))2dx + [ (v(x))2dx + 7(v(1))2.
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Systems of algebraic equations

Let

n
Up = Up(x) = up(x;¢,b) = a + Z cio(x — bj)
i=0

be a solution of the previous minimization problem. Then the linear and
nonlinear parameters

c=(co,...,cn)" and b= (bg,...,bs)"
satisfy the following system of algebraic equations

Ved (up) =Ved(e,b) =0 and VyJ(u,) = VpJ(c,b) =0.
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Linear parameters c

The equation V¢J(c,b) = 0 has the form
(A(b) + M(b) + fyddT) c = f(b) + (8 — a)d.

where
A(b) is the coefficient matrix
M(b) is the mass matrix

f(b) = ( /0 1 F(x)o(x — bo)dx, . ... /0 1 F(x)o(x — b,,)dx)
d=(b—bg,....b—by)T

T
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Linear parameters c

We derived factorizations of the form

M)t =T/ T, Ty,
(M(b) + A(b)) ' = Ty (T2 + T3) ' T,

where Ti, T, T3 are tridiagonal matrices.
Hence, the system of linear equations

(A(b) + M(b) + yddT> c = f(b) +v(8 — a)d.

can be solved in 30(n + 1) operations.
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Nonlinear parameters b

The Hessian matrix V2J(c,b) has the form

H(c,b) + vec” = D(c)D(g) + D(c)A(b)D(c) + cc’,
where D(g) = diag(un(bo) — f(bo), - - ., un(bn) — f(bn)) and
D(c) = diag(co, c1, - - -, Cn)-

Useful factorization:

1

H(c,b)™' = (1 + D(c) *A(b) 'D(g)) "~ D(c) *A(b) 'D(c) .
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A Damped Block Newton (dBN) Method

Let (c(k)7 b(k)) be the previous iterate. We then compute the current state
(ct+1) b(k+1)) by doing the following:

Compute the current linear parameters (k1) solving
VeJ(c, by = 0.
Set the search direction
pf) = — 2 (ckHD) b))~y (kD) pK),
Compute the stepsize 7

Nk = argmin J(c(k+1), b(k) 4+ np(k)).
neRy

Set the current nonlinear parameters by
b(k+1) — p(k) 4 lep(k)-
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Numerical Experiments

The first test problem involves the function

- CE Vi N A
u(x) = x | exp 0.01 P\ " 9x0.01

035 035
0\ —u H N —u
N T 11 =

030 A % Break points 030 % Break points
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u(x) approximated by NN. Left: 21 uniform breakpoints, e, = 0.238.
Right: optimized NN model with 21 breakpoints, 500 iterations, e, = 0.101.
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Singularly Perturbed Reaction-Diffusion Equation

{ —e2u"(x) + u(x) = f(x), x€l=(-1,1),
u(—1) =u(l) =0.

Graph of the test function u(x) for f(x) =

2
—2 (e —4x?tanh (1(x* - 1))) (m) +tanh (3(x? — 1)) —tanh (2)

-1.00-0.75-0.50-0.25 0.00 0.25 050 0.75 1.00
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Singularly Perturbed Reaction-Diffusion Equation
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u(x) approximated by NN. ¢ = 0.01 Left: 32 uniform breakpoints,
e, = 0.889. Right: optimized NN model with 32 breakpoints, 100 iterations,
e, = 0.090.
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Singularly Perturbed Reaction-Diffusion Equation
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(a) FOSLS u with Leaky ReLU

u(x) approximated by NN. Left: Scientific Machine Learning
approach?,1-32-32-24-24-1, 2962 parameters, about 14 hours. Right: dBN
method, 1-32-1, 64 parameters, 2 minutes (100 iterations).

2 “Deep least-squares methods: An unsupervised learning-based

numerical method for solving elliptic PDEs".
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For example, the condition number of the NN mass maitrix for quasi-uniform meshes is at least O(n“) We present a factorization of the mass matrix that enables
salving the systems of linear equations in O(n) operations. To determine the non-linear parameters (the weights and bias of the hidden layer). one step of a damped
Newton method is employed at each iteration. A Gauss-Newton method is used in place of Newton for the instances in which the Hessian matrices are singular. This
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