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Shallow Neural Networks and Free Knot Linear Splines

▶ C 0 piecewise linear functions on a fixed mesh in [0, 1]:

S0
1 (∆) =

{
n∑

i=1

ciϕi (x) : ci ∈ R

}
,

where

ϕi (x) =


(x − xi−1)/(xi − xi−1), x ∈ (xi−1, xi ),

(xi+1 − x)/(xi+1 − xi ), x ∈ (xi , xi+1),

0, otherwise.

▶ C 0 piecewise linear functions on a moving mesh in [0, 1]:

S0
1 (n) =

{
n∑

i=1

ciϕi (x ; xi−1, xi , xi+1) : ci ∈ R, , xi ∈ [0, 1]

}
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Shallow Neural Networks and Free Knot Linear Splines

▶ One-dimensional shallow neural network:

Mn([0, 1]) = Mn(I ) =

{
c−1 +

n∑
i=0

ciσ(x − bi ) : ci ∈ R, bi ∈ [0, 1]

}
,

where σ(t) = max{t, 0}.
▶ Important relation1:

S0
1 (n) ⊂ Mn(I ) ⊂ S0

1 (n + 1)

1I. Daubechies et al. “Nonlinear Approximation and (Deep) ReLU Networks”.
English (US). in: Constructive Approximation 55.1 (Feb. 2022), pp. 127–172. issn:
0176-4276. doi: 10.1007/s00365-021-09548-z.
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Shallow Neural Network

Let

Mn(I ) =

{
c−1 +

n∑
i=0

ciσ(x − bi ) : ci ∈ R, 0 ≤ bi ≤ 1, bi < bi+1

}

Given b = (b0, b1, . . . , bn)
T , let

H(x) := (σ′(x − b0), σ
′(x − b1), . . . , σ

′(x − bn))
T .

Coefficient matrix: A(b) =

∫ 1

0
H(x)H(x)Tdx
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Mass matrix

Let
Σ(x) := (σ(x − b0), σ(x − b1), . . . , σ(x − bn))

T .

Mass matrix: M(b) =

∫ 1

0
Σ(x)Σ(x)Tdx

Lemma

The condition number of the mass matrix M(b) is bounded above by
O
(
n/h3min

)
.
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1D Diffusion Reaction Problem

We consider the 1D problem{
−u′′(x) + u(x) = f (x), x ∈ I = (0, 1),

u(0) = α, u(1) = β

Ritz formulation: find u ∈ H1(I ) such that

u = argmin
v∈H1(I )

v(0)=α,v(1)=β

{
1

2

∫ 1

0
(v ′(x))2dx +

1

2

∫ 1

0
(v(x))2dx −

∫ 1

0
f (x)v(x)dx

}
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Modified Ritz formulation

Given γ > 0, let J : H1(I ) → R be the modified energy functional given by

J(v) =
1

2

∫ 1

0
(v ′(x))2dx+

1

2

∫ 1

0
(v(x))2dx−

∫ 1

0
f (x)v(x)dx+

γ

2
(v(b)− β)2

Ritz neural network approximation: find un(x) ∈ Mn(I ) such that

J(un) = min
v∈Mn(I )
v(0)=α

J(v)
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Error estimate

Proposition

Let u be the exact solution and un ∈ Mn(I ) be the Ritz neural network
approximation. There exists a constant C depending on u such that

∥u − un∥a ≤ C
(
n−1 + γ−1/2

)
,

where ∥v∥2a =
∫ 1
0 (v

′(x))2dx +
∫ 1
0 (v(x))

2dx + γ(v(1))2.
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Systems of algebraic equations

Let

un = un(x) = un(x ; c,b) = α+
n∑

i=0

ciσ(x − bi )

be a solution of the previous minimization problem. Then the linear and
nonlinear parameters

c = (c0, . . . , cn)
T and b = (b0, . . . , bn)

T

satisfy the following system of algebraic equations

∇cJ (un) = ∇cJ(c,b) = 0 and ∇bJ (un) = ∇bJ(c,b) = 0.
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Linear parameters c

The equation ∇cJ(c,b) = 0 has the form(
A(b) +M(b) + γddT

)
c = f(b) + γ(β − α)d.

where

▶ A(b) is the coefficient matrix

▶ M(b) is the mass matrix

▶ f(b) =

(∫ 1

0
f (x)σ(x − b0)dx , . . . ,

∫ 1

0
f (x)σ(x − bn)dx

)T

▶ d = (b − b0, . . . , b − bn)
T
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Linear parameters c

We derived factorizations of the form

M(b)−1 = TT
1 T−1

2 T1,

(M(b) + A(b))−1 = TT
1 (T2 + T3)

−1T1,

where T1,T2,T3 are tridiagonal matrices.
Hence, the system of linear equations(

A(b) +M(b) + γddT
)
c = f(b) + γ(β − α)d.

can be solved in 30(n + 1) operations.
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Nonlinear parameters b

Lemma

The Hessian matrix ∇2
bJ(c,b) has the form

H(c,b) + γccT = D(c)D(g) + D(c)A(b)D(c) + ccT ,

where D(g) = diag(un(b0)− f (b0), . . . , un(bn)− f (bn)) and
D(c) = diag(c0, c1, . . . , cn).

Useful factorization:

H(c,b)−1 =
(
I + D(c)−1A(b)−1D(g)

)−1
D(c)−1A(b)−1D(c)−1.
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A Damped Block Newton (dBN) Method

Let
(
c(k),b(k)

)
be the previous iterate. We then compute the current state(

c(k+1),b(k+1)
)
by doing the following:

(i) Compute the current linear parameters c(k+1) solving

∇cJ(c,b
(k)) = 0.

(ii) Set the search direction

p(k) = −H(c(k+1),b(k))−1∇bJ(c
(k+1),b(k)).

(iii) Compute the stepsize ηk

ηk = argmin
η∈R+

J(c(k+1),b(k) + ηp(k)).

Set the current nonlinear parameters by

b(k+1) = b(k) + ηkp
(k).
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Numerical Experiments

The first test problem involves the function

u(x) = x

(
exp

(
−
(x − 1

3)
2

0.01

)
− exp

(
− 4

9× 0.01

))

Figure: u(x) approximated by NN. Left: 21 uniform breakpoints, en = 0.238.
Right: optimized NN model with 21 breakpoints, 500 iterations, en = 0.101.
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Singularly Perturbed Reaction-Diffusion Equation

{
−ε2u′′(x) + u(x) = f (x), x ∈ I = (−1, 1),

u(−1) = u(1) = 0.

Figure: Graph of the test function u(x) for f (x) =

−2
(
ε− 4x2 tanh

(
1
ε (x

2 − 1
4 )
))(

1
cosh ( 1

ε (x
2− 1

4 ))

)2

+ tanh
(
1
ε (x

2 − 1
4 )
)
− tanh

(
3
4ε

)
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Singularly Perturbed Reaction-Diffusion Equation

Figure: u(x) approximated by NN. ε = 0.01 Left: 32 uniform breakpoints,
en = 0.889. Right: optimized NN model with 32 breakpoints, 100 iterations,
en = 0.090.
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Singularly Perturbed Reaction-Diffusion Equation

Figure: u(x) approximated by NN. Left: Scientific Machine Learning
approach2,1-32-32-24-24-1, 2962 parameters, about 14 hours. Right: dBN
method, 1-32-1, 64 parameters, 2 minutes (100 iterations).

2Zhiqiang Cai et al. “Deep least-squares methods: An unsupervised learning-based
numerical method for solving elliptic PDEs”. In: Journal of Computational Physics 420
(2020), p. 109707. issn: 0021-9991.
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