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' Gection 3.5. Products of Series

X an (15} [75] as a4 as
bo | aobo a@1bo  a2bo azbo asbo asbo
by | apby  aibr ashr ashy  ashy  ash
bz 2] b2 aibs ﬂ'&bz azbz  agbe  asbe
by | aghs @i1bs azbs asbs asbs  ashs
by | aobs  @1by  a@2bs asbs  @abs  asby
bs | apbs  a1bs axbs  ashs  asbs  asbs

Figure 3.3. The product of the two series 3 0° ax and Y 5° bx.

(which with = 1 is the same question we just asked)? The now obvious
answer is

aobo + (aobi + a1bo)x + (apbz + a1by + aghp)x?
+(a0b3 + a1bs + asb + a3b0)1v3 +....

Notice that this method of grouping the terms corresponds to summing along
diagonals of the rectangle in Figure 3.3.
This is the source of the following definition.

Definition 3.51 The series

[e o]

2

k=0
is called the formal product of the two series

i ar and i b
k=0 k=0

provided that

k
cL = Z aibp_;.
i=0 '

Our main goal now is to determine if this “formal” product is in any way
a genuine product; that is, if

oo oo oo
ch = Zak X Zbk.
k=0 k=0 k=0

The reason we expect this might be the case is that the series Y heo Ck
contains all the terms in the expansion of

(a0f+a1+02+a3+...)(bo+bl+bz+b3+...).
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A good reason for caution, powever, is thab the series’ 3 0
these terms only in 2 paIticular arrangement and we know that series can
be sensitive to rearrangement.

3.8.1 Products of Absolutely Convergent Series

It is & general rule in the study of geries that absolutely convergent series
permit the best theorems. We can rearrange such series freely as wWe have
seen alveady in Section 3.7.1. Now we chow that we can form products of
such series. We shall have to be much more cautious about forming products
of nonabsolutely convergent series.

Theorem 3.52 (Cauchy) Suppose that S 0 Ce is the formal product of
two absolutely convergent series

oo )
chk and Zbk'

k=0 k=0
Then S spe0 €K converges absolutely t00 and
o o0 o0
S S
=0 k=0 k=0

Proof We write

n

o0 o0
A'-:Za'ki A' :zla’k\) An :E:a'kn
=0

k=0 k =0
o0 oo ™
B=) bk B = bl and Bn= D bk
Jo=0 =0 |e=0
By definition
k
Ck = z aibl-i
=0
and sO
N N k N N
S el é}:zw\ br—il & (Z lﬂi\) (z\bd) < A'B.
k=0 k=0 i=0 =0 i=0

Since the latter two series convergewthis provides an upper bound A'B'
for the sequence of partial sums Sl and hence the series kD Ck
converges absotutely.
Let us recall that the formal product of the two series ig just a pa;rtifﬂllaI
rearrangement of the terms aib; taken OVET ali > 0,7 Z 0. Consid '
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any arrangement of these terms. This must form an absolutely convergent
series by the same argument as before since A’B’ will be an upper bound for
the partial sums of the absolute values |azb;|. Thus all rearrangements will
converge to the same value by Theorem 3.48.

We can rearrange the terms a;b; taken over all 2 > 0, j > 0 in the
following convenient, way “by squares.” Arrange always so that the first
(m+ 1)2 (m =0,1,2,...) terms add up to ApBp,. For example, one such
arrangement starts off

agho + a1bp + aghy + a1by + azbo + a2 + apba + aibz + ashs +....

(A picture helps considerably to see the pattern needed.) We know this
arrangement converges and we know it must converge to
lim A, B, = AB.
mn—oc

In particular, the series Z;io c; which is just another arrangement, con-
verges to the same number AB as required. |

It is possible to improve this theorem to allow one {but not both) of the
series to converge nonabsolutely. The conclusion is that the product then
converges (perhaps nonabsolutely), but different methods of proof will bé
needed. As usual, nonabsolutely convergent series are much more fragile,
and the free and easy moving about of the terms in this proof is not allowed.

3.8.2 Products of Nonabsolutely Convergent Series

Let us give a famous example, due to Cauchy, of a pair of convergent series
whose product diverges. We know that the alternating series

S T
2V T

is convergent, but not absolutely convergent since the related absolute series
is a p-harmonic series with p = %
Let

o0
D
k=0

be the formal product of this series with itself. By definition the term ¢ is
given by

1y ! ! LI N
=1 1/1-(k-|-1)+1/2-(k)+\/3-(k—1) +\/(k+1)-1'
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