THE REAL AND COMPLEX NUMBER SYSTEMS .-

W; shall ncw prosre the exnstence of nth roots of posmve reazls ;l"hls . B}.l £~k <y, which cont_radicts the fact‘that 1 s the st apper bous

S is 77 -k .
dtﬂiculty pomted out in the ‘Introduction (irratio o

_ proof wﬂl show- how the

_ _ahty of \/_) can be han dle d m R AR . S Hence y" : X, and the proof is complete

121 Theorem For every. real x>0 and e”e’y integer >0 there is one - orollary

Ifa and b are po.mwe real numbers and n is a pasztwe integer, the
k and only one. pos:twe real y such that y' x. 7

(ab)lln - al/nblln

'*i'Thjs*-hunaBer'-y is‘writ't'e;n '-'{'/x -Orkx=" e

* Proof . That there is at most orie such y s clear, since 0 < Y1 <y, implies : ab=a"f" = (ap),
J"i <y'£ E b th t consmtmg Of all posmve real numbers t such that ' since multiplication is commutattve [Ax1om (M2) in Definition 1. 12
' - Let E be. € se

, The umqueness assertion of Theorem 1.21 shows therefore that.
. = fo t= x/(l + x) then 0 <t< L Hence t" <t<x Thus teE, and (@) = af = a””bm
'_ Ei is not empty '

~Proof - Put g = g'/n, ﬂ b”" Then

1 -22 Decimals We conclude this sectton by pomtmg out the relation. betwee
- b nd of E e _ : real numbers and. declmals
- boun SRR : e

chce Theor em 1. 19 1mphes the exlstence of “Letx > 0 be real. Let no' be'the largest mteger such that Hy < x. (Note tha

e exlstence of ng depends on the archimedean property of R, ) Havmg chose1
»Miy -, My, let g be the: Iargest integer such that

n0+i'6+ st.

t E be the set of these numbers

10
',:—-f_sup'E. ’_l"he__ declma_lzexp;iﬁsibn of xis’

Mgk fo- Lysie b a0,1,2,.. )

no My, ﬂ3 ) L o
: SRR e L o -onversely, for any mﬁmte decimal (6) the set £ of' numbers (5)1is boundec
_ Put a = y, b .V + 2 Then ' o ' ' and-(6) is the decimal expansxon of sup'E.
B (y + h)u y" < hn(y + h)" 1 <hn(y + )" 1. <x y D ince we- shall never use: declmals we do not enter into a detalled
cussmn
Thus (y + h)n < X, and ¥ + h € E Smce y + h > y, thlS contradu:ts thi
fact thaty isan upper bound ofE T : e o ARt e .
Assume y" = x Put ' XTENDED REAL NUM—BER' SYSTEM

inition The extended reaI number system consists of the real ﬁeld R
k lude that e _ 'mbols +o0.and- —~c0. We preserve the ongmal order. in R, and
Then0<k<y Ift>y weconc T SR .

PErSY G-k <y =y =,

: : ;- s—w<x<+w
Thus o > x,-and- réE It follows that y— k is an upper bound. St "



