2.2.2. Necessary conditions for a sequence
of continuous functions to have a continuous
limit function

We have seen in the preceding paragraph that the uniformity
or at least quasi-uniformity of the convergence of a sequence of
continuous functions ensures that the limit function be also
continuous. We shall prove now that in certain cases these
sufficient conditions are also necessary.

Drnr’s ToworeEM. Suppose fy, far -+ -y Jno ... are continuous
fumctions on a compact point set H, and the sequence {fn} converges
on H monotonically (increasing or decreasing) to a limit function
f, which is also continuous on H. Then the convergence Sa—>F
is uniform on H.

Proor. It suffices to consider monotonically decreasing sequen-
cos, and we may also assume that f(P) =0 since the general

case can be reduced to this one by replacing each fn by fn—
(which is also continuous). Thus we consider the case

PYZflPY= ... 2fulPY = 5 fdPY—0.
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Let there be given an ¢ > 0. By virtue of the convergence to 0
there corresponds to each point P ¢ H an index m =— m(P)
for which

Im(P) < e.

By virtue of the continuity of the function f,, there is a neigh-
borhood k(P) of P such that for any point @ of H lying in
k(P) we also have

Im(@) <e.

Thus we have assigned to each point P ¢ H an index m(P)
and a neighborhood k(P); the system of all these neighbor-
hoods obviously covers the set H. By Borel’s theorem, - this
system contains a finite subsystem {&(P,), k(P,), co k(P
which also covers the set H; thus any point Q € H lies in at

Ieast one of these nelghborhoods If @ lies in %(P;) then the
inequality

(@) < &

holds for the index # = m{P;), and by the monotonicity of the
sequence it holds therefore for all the indices n > m(P;) too.
Putting
7y = max {m(Py), ..., m{P,)},

this inequality certainly holds for » > n, Now, the index Ty
does not depend on the choice of the point ¢ (it depends only
on &). This proves that the convergence of the sequence { fn} is
uniform on H,

If we omit the condition of monotonicity, the theorem 'falls
However, we can prove

ArzmrA’s THHOREM. Suppose {fn} 18 o sequence of continuous
Junctions on the compact point set H, converging on H to a con-

tinuous limit function f. Then the convergence is mecessarily
quast-uniform.

Proor. We may again suppose that f(P)=0.In order to
prove the quasi-uniformity of the convergence, take ¢ = 0 and
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